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Hot neutron stars Momentum dependent interaction model

Momentum dependent interaction model

The energy of asymmetric nuclear matter is given by the relation

E(nn, np, T ) = Enkin(nn, T ) + Epkin(np, T ) + Vint(nn, np, T ), (1)

kinetic part: Enkin(nn, T ) + Epkin(np, T )

interaction part: Vint(nn, np, T )
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Momentum dependent interaction model

• Enkin(nn, T ) + Epkin(np, T )

Eτkin(nτ , T ) = 2

∫
d3k

(2π)3

~2k2

2m
fτ (nτ , k, T ), (2)

where the Fermi-Dirac distribution is

fτ (nτ , k, T ) =

[
1 + exp

(
eτ (nτ , k, T )− µτ (nτ , T )

T

)]−1

, (3)

with nucleon density and single particle energy evaluated through

nτ = 2

∫
d3k

(2π)3
fτ (nτ , k, T ), and eτ (nτ , k, T ) =

~2k2

2m
+ Uτ (nτ , k, T ). (4)
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Momentum dependent interaction model

• Vint(nn, np, T )

Vint(nn, np, T ) = VA + VB + VC , (5)

where

VA =
1

3
Ans

[
3

2
−
(

1

2
+ x0

)
I2

]
u2, (6)

VB =
2
3
Bns

[
3
2
−
(

1
2

+ x3

)
I2
]
uσ+1

1 + 2
3
B′
[

3
2
−
(

1
2

+ x3

)
I2
]
uσ−1

, (7)

VC = u
∑
i=1,2

[
Ci
(
J in + J ip

)
+ I

(Ci − 8Zi)

5

(
J in − J ip

)]
, (8)

ns denotes the saturation density and u = n/ns

I = 1− 2Yp is the asymmetry parameter and Yp is the proton fraction

[A,B,B′, Ci] are the parameters for SNM, [x0, x3, Zi] are the parameters for ANM

J iτ = 2
∫

d3k
(2π)3

g(k,Λi)fτ (nτ , k, T ) with g(k,Λi) =

[
1 +

(
k
Λi

)2
]−1
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Bulk thermodynamic quantities

Helmholtz free energy

F (n, T, I) = E(n, T, I)− TS(n, T, I), (9)
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Bulk thermodynamic quantities

The free energy F (n, T, I) and the internal energy E(n, T, I) can be expressed by the
following parabolic approximations

F (n, T, I) = F (n, T, I = 0) + I2Fsym(n, T ), (16a)

E(n, T, I) = E(n, T, I = 0) + I2Esym(n, T ), (16b)

The key quantity of Eq. (15) can be obtained by using Eq. (16a) as

µ̂ = µn − µp = 4(1− 2Yp)Fsym(n, T ). (17)

It is intuitive to assume, based mainly on Eqs. (16a) and (16b), that the entropy must
also exhibit a quadratic dependence on asymmetry parameter I, that is according to the
parabolic law

S(n, T, I) = S(n, T, I = 0) + I2Ssym(n, T ), (18)

In general: Qsym = Q(n, T, I = 1)−Q(n, T, I = 0), where Q = F,E, S
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Leptons contribution

β decay and electron capture would take place simultaneously as

n −→ p+ e− + ν̄e, and p+ e− −→ n+ νe. (19)

I Isothermal process

n + p + e

µn = µp + µe

Yp = Yp(n)

I Isentropic process

n + p + e + νe

µn + µνe = µp + µe

Yp = Ye and Yl = Ye + Yνe

key relation

µ̂ = µn − µp = 4(1− 2Yp)Fsym(n, T )

• In isentropic case we consider that: Yp = 2/3Yl + 0.05 within 3% accuracy 3

3 T. Takatsuka, PThPh 95, 901-912 (1996).
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Leptons contribution

The energy density and pressure of leptons are calculated through the following formulas
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Equation of state

Total energy density

Et(n, T, I) = Eb(n, T, I) +
∑
l

El(n, T, I), (22)

where
Eb(n, T, Yp) = nFPA + nTSPA. (23)

Total pressure

Pt(n, T, I) = Pb(n, T, I) +
∑
l

Pl(n, T, I), (24)

where

Pb(n, T, Yp) = n2 ∂FPA(n, T, Yp)

∂n

∣∣∣∣∣
T,ni

. (25)
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El(n, T, I), (22)

where
Eb(n, T, Yp) = nFPA + nTSPA. (23)

Total pressure

Pt(n, T, I) = Pb(n, T, I) +
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l

Pl(n, T, I), (24)

where

Pb(n, T, Yp) = n2 ∂FPA(n, T, Yp)
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T,ni

. (25)
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key quantity for the calculation of proton fraction
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4 J.J. Lu et al, Phys. Rev. C 100, 054335 (2019).
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Free energy and proton fraction

It is related not only to the specific structure of a neutron star but also to some
dynamical processes, including mainly the cooling of the star through various forms
of the dURCA process
While in the low density region the proton fraction is very sensitive to the
temperature, in the high density region thermal effects are very mild. This is a direct
consequence of the similar sensitivity of the free energy per particle to temperature
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Equation of state, adiabatic index and speed of sound

I Mass-radius diagram for isothermal equations of state
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5 H. Shen et al, Nuc. Phys. A 637, 435-450 (1998).
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I Mass-radius diagram for isentropic equations of state
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MDI model prevents the EOS from reaching the causality point.
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Sequences of constant baryon mass on rotating neutron stars

Sequences of constant baryon mass are a very useful way to study thermal effects on
the evolution, as well as on the instability conditions of hot neutron stars

Using isothermal EOSs, we have constructed a sequence related to the cooling of a
neutron star

The quantities under consideration are the Kepler frequency, the central baryon
density, and the temperature of each EOS
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Moment of inertia, kerr parameter and ratio T/W on rotating neutron stars

The dimensionless moment of inertia provides an important constraint for the
interior structure of neutron stars

The increase of temperature/entropy per baryon, except for some specific cases
(T < 2 MeV/Yl = 0.2, 0.3 and S = 1), leads to lesser compact objects than the
cold EOS
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6 P.S. Koliogiannis and Ch.C. Moustakidis, Phys. Rev. C 101, 015805 (2020).
7 K.S. Thorne, ApJ 191, 507-520 (1974).
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8 S.M. Morsink et al, ApJ 510, 854-861 (1999).
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Hot, rapidly rotating remnant: at least T ≥ 30 MeV for isothermal EOSs, S = 1
and Yl = 0.2 for isentropic ones
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toward the dynamical instabilities
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I Baryon Mass
The dominant quantity that manifests the thermal effects in neutron stars, is the baryon
mass
Supramassive limit: In the cold case the baryon mass is 3.085 M� while for a hot one at
T = 30 MeV is 2.427 M� and at S = 1 is 3.05 M�
Merger components (assuming equal masses of components): ∼ 1.5425 M�,
∼ 1.2135 M�, and ∼ 1.525 M� baryon masses respectively

GW170817 → 2.7 M� remnant

X Cold EOS

× Isothermal EOS

X Isentropic EOS

GW190425 → 3.7 M� remnant

× Cold EOS

× Isothermal EOS

× Isentropic EOS

Rotation

Uniform rotation

Differential rotation?
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A very recent event, the GW190814, had one of the components with mass ∼ 2.6 M�. It
is believed to be either the lightest black hole or the most massive neutron star.
However, an approach in Ref. Most et. al, MNRAS 499, L82-L86 (2020) suggests that
this star was rapidly spinning with K in the range [0.49, 0.68]

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
Kerr parameter

2.0

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8
Gr

av
ita

tio
na

l M
as

s (
M

)

GW190814

MTOV = 2.08 M

MTOV = 2.3 M

S = 0
Yl = 0.2, S = 1
GW190814
Most et al.
Koliogiannis et al.

P.S. Koliogiannis (AUTh) Thermal properties of hot and dense matter 14-16/05/2021 24 / 27



LogoAUTHblack300ppi.png

Conclusions

Concluding remarks

MDI+APR1 EOS

This approach coincide with the supramassive limit of the MDI+APR1 EOS, both in cold
catalysed matter and isentropic one with S = 1 and Yl = 0.2.
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7 P.S. Koliogiannis and Ch.C. Moustakidis, Phys. Rev. C 101, 015805 (2020).
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As the entropy per baryon and temperature (until T = 15 MeV) increases for
isentropic and isothermal EOSs respectively, moment of inertia decreases leading to
lower values of torques that the neutron star needs in order to change its rate of
rotation than the cold case.

The endpoint from kerr parameter is that thermal support cannot lead a star to
collapse into a maximally rotating Kerr black hole. On the other hand, it is
fascinating the effect on the star. Although in the cold case, after ∼ 1 M�, kerr
parameter is stabilized at a constant value, when temperature is added, kerr
parameter becomes an increasing function of the gravitational mass leading to a
maximum value.

Instabilities driven by gravitational radiation never occur in a hot, rapidly rotating
neutron star.

For temperatures T ≥ 30 MeV, a linear relation holds on between Kepler frequency
and central baryon density, leading to a universal behavior and description for the
central baryon density at the mass-shedding limit. This relation defines the allowed
region on both the central baryon density and Kepler frequency, for a rotating hot
neutron star at its mass-shedding limit.
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Future work...

Rotating configurations based on differential laws

The threshold mass and the hot, rapidly rotating remnant
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Conclusions

Thank you for your attention!
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