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Crab Nebula-composite image 

                                        This Work is Part of a Larger, Ongoing Effort to  
                          Explore the Nuclear and Astrophysical Equations of State –  
                Establish relevance of laboratory experiments to simulations of the  properties of   low density  
                  surfaces in supernovae and binary mergers  and to nucleosynthesis in neutrino driven winds 
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CLUSTER FORMATION Influences  neutrino flux,heating, nucleosynthesis 
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Nuclear Equation of State   
  
 
  
 

A focus on  Employ near- Fermi energy nuclear collisions to probe low to medium temperature 
nuclear matter, primarily  at sub-nuclear densities   



Velocity Plots 
Light Charged Particles- Most Violent Collisions 

TLF 

NN 

Experiments 
47A MeV Projectiles 

From Fitting Velocity Plot Protons 
40Ar+124Sn  

Thesis  L-J Qin PLF 

V parallel 

Evaporation-like 

Coalescence-like  
       fireball 

NN 

Sum of Source Fits 

Sampling the GAS-early emission faster particles 

Sampling the Liquid – late emission 

Evaporation-like 

Sampling the Liquid – late emission 

    NIMROD-  ISiS      4 Pi Charged Particles 
                                       - 4 Pi Neutrons 



IV PLF TLF 

V‖ 
~vp 

~ ½vp 

V ⊥
 

Supernova 
Mass: 4.6 ± 1.8 M☉. (~9.2x1030kg) 

IV Source femtonova 

Mass: 20-30 amu  (~3.3x10-26 kg) 

http://en.wikipedia.org/wiki/Solar_mass
http://en.wikipedia.org/wiki/Solar_mass


Analysis Based upon Thermal 
Coalescence Model Approach 

K. Hagel et al.,Phys. Rev. C 62, 034607 (2000) 



TemperaTures and densiTies 

47 MeV/u 40Ar + 112Sn 

PRL 108, 172701 (2012). 
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COmpOsiTiOn- ChemiCal reaCTiOn QuOTienTs and  

eQuiliBrium COnsTanTs 
The reaction quotient, Q, of a chemical reaction at any time,t  

is  
 
 

The equilibrium constant of a chemical reaction is the value of the reaction quotient 
when the reaction has reached equilibrium.  

  
 
 

For a general chemical equilibriumthe thermodynamic equilibrium constant can be defined such that, at equilibrium,[ 
 
 
 
 

 
where curly brackets denote the thermodynamic activities** of the chemical species.. 

 
An equilibrium constant value is independent of the analytical concentrations of the reactant and product species in a mixture, but depends on 
temperature and on ionic strength. Known equilibrium constant values can be used to determine the composition of a system at equilibrium. 

 
 

The equilibrium constant is related to the standard Gibbs free energy change for the reaction. 
 
 

If deviations from ideal behavior are neglected, the activities of solutes may be replaced by concentrations, [A], and the activity quotient becomes 
a concentration quotient, Kc. 

 
 
 
 

Kc is defined in an equivalent way to the thermodynamic equilibrium constant but with concentrations of reactants and products instead of 
activities. (Kc appears here to have units of concentration raised to some power while K is dimensionless; however  the concentration factors in Kc 

are properly divided by a standard concentration so that Kc is dimensionless also.  
 

Assuming ideal behavior, the activity of a solvent may be replaced by its mole fraction, ( approximately by 1 in dilute solution). The activity of a 
pure liquid or solid phase is exactly 1. The activity of a species in an ideal gas phase may be replaced by its partial pressure. 

 

** In chemical thermodynamics, activity) is a measure of the “effective concentration” of a species in a mixture. The species' chemical potential depends on the activity   Activity 
depends on temperature, pressure and composition of the mixture, among other things. The difference between activity and other measures of composition arises because 
molecules in non-ideal gases or solutions interact with each other, either to attract or to repel each other.  

Q 
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http://en.wikipedia.org/wiki/Gas
http://en.wikipedia.org/wiki/Solution


Equilibrium constants for α-particles 

• Many tests of EOS are done using 
mass fractions and various 
calculations include various different 
competing species. 

• If any relevant species are not 
included, mass fractions are not 
accurate. 

• Equilibrium constants are more 
robust than mass fractions. 

• Differences in the equilibrium 
constants may offer the possibility to 
study deviations from ideality-
interactions between species 

• Models converge toward ideality at 
lowest densities.   
 

PRL 108 (2012) 172701. 
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Comparison With EOS Models   

• Two groups of calculations 
– n, p, α calculations which 

predict Keq(α), but cannot 
predict other species. 

– Models with n, p, d, t, 
3He, α 

• Low densities 
– All Keq(α) converge to 

ideal gas 
– They are below 

experimental data which 
result from the very late 
stages of the reaction  

• Models that treat all light 
particles are generally 
within error bars 
M. Hempel et al. 
 Phys. Rev. C 91, 045805 (2015). 

4He d 

3He t 



The equation of state and symmetry energy of low density nuclear matter 
K. Hagel, G. Roepke and J. Natowitz ,  EPJA, 50, 39  (2014)  
See also         S. Typel et al., Phys. Rev. C 81, 015803 (2010). 
                          J.B. Natowitz et al.,   Phys.Rev.Lett.104:202501 (2010 ). 
 
          NOTE CHEMICAL EQUILIBRIUM ASSUMPTIONS FOR FIREBALL 
 

            SYMMETRY ENERGY LOW DENSITY LIMIT 
At Low Density The Symmetry Energy is Determined by Cluster Formation. Analysis of  Cluster Yield  
Ratios For Different N/Z Systems (ISOSCALING) Allows Determination of The Symmetry Free Energy. 
Employment of Entropies Calculated with the QSM Model of Roepke, Typel et al (shown to be 
appropriate by other measured quantities) Allows Extraction of The LOW Density Symmetry Energy    
Fsym  + T∙Ssym  = Esym 



In Medium Effects-Density Dependent Binding 
Energies – Mott Points 

• From Albergo, recall that 
• Invert to calculate binding energies 
• Entropy mixing term  

𝑙𝑙 𝐾𝑐/𝐶(𝑇) =
𝐵
𝑇
− 𝑍𝑙𝑙

𝑍
𝐴

− 𝑁𝑙𝑙(
𝑁
𝐴

) 

𝑲𝒄(𝑨,𝒁) = 𝐂 𝐓 𝒆
𝑩(𝑨,𝒁)
𝑻  

Δ𝐹 = 𝑇 𝑍𝑙𝑙
𝑍
𝐴

+ 𝑁𝑙𝑙
𝑁
𝐴

 

PRL 108 (2012)  
062702 



GANIL Xe + Sn 

TAMU  Ar +Mo 

Can we explore 
lower Rho, Lower 
T Region ? 



Clustering in the Skins of Leptodermous Systems 
 Should Be A Universal Property 

Neutron Star 
   r ~ 10 km       Nucleus 

r ~  10 -17 km 

Core Collapse Supernova 
            r ~ 100 km 



252Cf - Thesis  T U Darmstadt 

While the probability of ternary fission relative to binary 
fission is very small (~1/500) 

        Ternary Fission is a Unique Tool to Study the Energetics 
         and Dynamics of the Fission  Process at Scission 

LCP Emission in Spontaneous and Thermal Neutron Induced Fission is a Well Studied Process 

                   Question- Can Ternary Fission Be Used to Probe  
                the Equation of State of Low Density Nuclear Matter ? 
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GANIL Xe + Sn 

TAMU Ar + Mo 



(5He decay  contribution removed) 

Experimental Determination of KEQ(α) 

Coalescence Model Volume Calculation -   (Mekjian Model) -  2937 fm3     

Particle Densities                Kα
EXPT  

Rho n   3.64E-05 3.02E+18+-1.07    

Rho p   1.19E-08 

Rho α   5.65E-07 

 NSE    Kα 4.86E+18 

PAIS Kα  (FSU-GOLD,0.85) 2.99E+18 

Evidence of a 
medium Effect? 
 

Ternary yields from the relevant literature 

PAIS Kα  (FSU-GOLD,0.92) 3.75E+18 

(equatorial emission only) 



G 

Pais Calculation(0.92) Includes 
Koster Reported Isotopes   
59  
AND 
31 Particle Unstable States 
> 268 Gamma decaying States 

BNL ENSDFENSDF Evaluated 
Nuclear Structure Data File, 
https://www.nndc.bnl.gov/ 
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Derivation of Z=1,2 Lagrange  Multipliers for Six Different Systems 

A somewhat different approach-Shannon Information Entropy. No a priori Assumption of Equilibrium. 
        Using a Virial Equation of State including continuum corrections the evolving distribution is 
characterized by  time dependent Lagrange Multipliers,λT,λp,λn. 
In the limit of thermodynamic equilibrium, the information entropy can be identified with the 
thermodynamic entropy, and the Lagrange Multipliers, ; can be identified with the thermodynamic 
variables T,μp,μn.  
 
 



Comparison of Observed and Calculated Yields 



   

The Answer is Yes 
 
For Equatorially Emitted Isotopes With A< 10 Isotopes   
Chemical Equilibrium Appears to be Achieved. A Virial EOS successfully reproduces the observed yields. 
 
For Heavier Isotopes the Data Indicate That There is Insufficient Time for Equilibrium to be Reached   
 
Data of Higher Accuracy Would Allow Careful Evaluation of In-Medium Effects  
 
Explorations of Equatorial LCP and Fragment Emission in Mid=Peripheral Collisions Might Allow Investigation of a 

Broader Range of ρ and T. 

                   Question- Can Ternary Fission Be Used to Probe  
                the Equation of State of Low Density Nuclear Matter ? 
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