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“I have done a terrible thing, I have postulated a particle that cannot be
detected”

Wolfgang Pauli, 1930
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Abstract

The main objective of the present Thesis is to explore the exotic neutral-
current (NC) neutrino processes, predicted by theories beyond the Standard
Model (SM) of the electroweak interactions to take place in the field of nucle-
ons and nuclei. The subject of neutrino non-standard interactions (NSI) plays a
leading role in recent studies of lepton flavour violating (LFV) processes, now that
the three oscillation in propagation paradigm is put in rather solid grounds. In
particular, we concentrate on the vector NSI of neutrino scattering off nuclear sys-
tems, detectors of ongoing and designed extremely sensitive experiments searching
for LFV. It is, furthermore, shown that within the framework of tensorial neut-
rino NSI, electromagnetic (EM) neutrino properties are also predicted, which are
complementary to distinguish the Dirac or Majorana nature of neutrinos. For the
case of neutrino EM interactions a thorough investigation is devoted demonstrat-
ing that neutrino-nucleus scattering is a promising probe to search for physics
beyond the SM.

The first stage of our research involves the development of the mathematical
formalism where the relevant NSI operators are parametrised assuming typical
phenomenological four-fermion contact interaction Lagrangians. The impact of
the nuclear structure properties is studied through the appropriate transforma-
tion of the quark-level Lagrangians to the nuclear-level one. The corresponding
neutrino-nucleus cross sections are evaluated by employing the nuclear method
of the multipole decomposition of the hadronic current, established by Donnelly-
Walecka. In addition, the various flavour preserving and flavour changing in-
teraction channels, predicted to occur within NSI, are taken into consideration
through the evaluation of the respective matrix elements entering the relevant
cross sections.

The nuclear physics aspects of these processes are systematically studied in
the context of the state-of-the-art quasi-particle random phase approximation
(QRPA). Specifically, for the case of coherent elastic neutrino-nucleus scatter-
ing (CENNS), the nuclear ground state is constructed by solving iteratively
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the Bardeen-Cooper-Schrieffer (BCS) equations. This way, realistic strong two-
nucleon pairing forces are taken into account maximising the reliability of the
obtained results. Such nuclear structure corrections improve previous CENNS
calculations ignoring the nuclear form factor, by even one order of magnitude.

From the experimental physics perspective, for the case of both conventional
and exotic neutrino processes, the accuracy of the obtained cross sections is ex-
ploited in order to compute with high significance the corresponding convoluted
cross sections that represent the signal expected to be recorded by terrestrial nuc-
lear detectors. Furthermore, we evaluate reliably other important experimental
observables such as the differential event rates and the number of neutrino scatter-
ing events expected to be measured in Supernova (SN), Spallation Neutron Source
(SNS) and reactor neutrino experiments. We illustrate that, such measurements
may be very sensitive to neutrino-quark NSI or neutrino EM interactions (mag-
netic moment, mean charge-radius, milli-charge) and could provide more severe
constraints as compared to those expected in future neutrino factory experiments.
To this end, our study involves extensive calculations for a set of promising tar-
get materials throughout the periodic table of nuclides. Focusing on astrophysical
(SN) and laboratory (SNS and reactor) neutrino sources as well as dark matter
and multipurpose experiments, our results refer to the 20Ne, 40Ar, 76Ge and 132Xe
isotopes, i.e. the target nuclei of ongoing and future experiments including the
COHERENT, TEXONO, GEMMA and the direct detection of Cold Dark Matter
(CDM) experiments. Therefore, this type of calculations is of primary import-
ance for experiments searching for WIMP-nucleus scattering, since CENNS events
constitutes an irreducible background.

In view of the operation of extremely intense laboratory neutrino fluxes (at the
SNS, J-PARC, Fermilab, PSI, etc.), the sensitivity to search for new physics will
be largely increased, and, therefore, through CENNS measurements, several open
questions (involving neutrino NSI, neutrino magnetic moment, sterile neutrino
searches and others) may be answered. Our present results, in conjunction with
those expected from sensitive muon-to-electron conversion experiments (Mu2e at
Fermilab, COMET at J-PARC), may offer significant contribution to understand
the fundamental nature of electroweak interactions in the leptonic sector and to
constrain the parameters of beyond the SM Lagrangians.



Εκτεταμένη Περίληψη

Το αντικείμενο της παρούσας Διδακτορικής Διατριβής εντάσσεται στο χώρο
επικάλυψης της πυρηνικής αστροφυσικής, της αστροσωματιδιακής φυσικής και των
θεμελιωδών ηλεκτρασθενών αλληλεπιδράσεων. Κύριος σκοπός της εργασίας αυτής
είναι η διερεύνηση των ανοιχτών ερωτημάτων της σύγχρονης έρευνας της φυσικής
των νετρίνων, δίνοντας ιδιαίτερη έμφαση στη μελέτη των εξωτικών διαδικασιών
ουδετέρου-ρεύματος των νετρίνων που λαμβάνουν χώρα στο πεδίο των πυρήνων
και των νουκλεονίων. Οι εν λόγω αντιδράσεις προβλέπονται από θεωρίες πέραν
του Καθιερωμένου Προτύπου (Standard Model, SM) των ηλεκτρασθενών αλλη-
λεπιδράσεων ενώ παράλληλα αναζητούνται από εξαιρετικής ευαισθησίας πειράματα
που λειτουργούν ή σχεδιάστηκαν να λειτουργήσουν στα ανά τον κόσμο μεγάλα
Ερευνητικά Κέντρα.

Το ζήτημα των μη-συμβατικών αλληλεπιδράσεων (non-standard interactions,
NSI) των νετρίνων διαδραματίζει σημαντικό ρόλο στη σύγχρονη έρευνα των
διαδικασιών παραβίασης λεπτονικής γεύσης (lepton flavour violation, LFV) καθ΄
ότι το φαινόμενο των ταλαντώσεων των νετρίνων, με το οποίο έχει αποδειχθεί η
εν λόγω παραβίαση στον λεπτονικό τομέα ουδετέρων σωματίων, έχει τεθεί πλέον
σε ισχυρές βάσεις. Οι ανωτέρω αντιδράσεις προβλέπεται επίσης ότι λαμβάνουν
χώρα υπό τις ακραίες συνθήκες που επικρατούν σε αστροφυσικό περιβάλλον (π.χ.
συνθήκες έκρηξης Υπερκαινοφανούς αστέρα) επιβάλλοντας σημαντικές αλλαγές στα
φαινόμενα εξέλιξης ενός Υπερκαινοφανούς κατάρρευσης καρδιάς (core collapse Su-
pernova). Επιπρόσθετα, αναμένεται να παρατηρηθούν από επίγειους πυρηνικούς
ανιχνευτές σύγχρονων εργαστηρίων όπως στο Oak Ridge National Lab (πείραμα
COHERENT) καθώς και σε πειράματα νετρίνων πυρηνικών αντιδραστήρων ισχύος
(πειράματα TEXONO, GEMMA, κλπ.). Πιο συγκεκριμένα, η παρούσα έρευνα
επικεντρώνεται στη μελέτη της διανυσματικής συνιστώσας των NSI στη σκέδαση
νετρίνων από πυρηνικούς ανιχνευτές σύγχρονων πειραμάτων υψηλής ευαισθησίας,
η οποία οδηγεί σε παραβίαση της λεπτονικής γεύσης. Επιπλέον, καταδεικνύεται
ότι η τανυστική συνιστώσα NSI των νετρίνων, συνεπάγεται την ύπαρξη ηλεκτρο-
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μαγνητικών (ΕΜ) ιδιοτήτων των νετρίνων, οι οποίες μπορούν να συμβάλλουν στη
διαλεύκανση της Dirac ή Majorana φύσης των νετρίνων. Σχετικά με τις ΕΜ
ιδιότητες των νετρίνων, πραγματοποιείται εκτεταμένη μελέτη η οποία μέχρι τώρα
έχει αναδείξει την σκέδαση νετρίνου-πυρήνα ως μία πολλά υποσχόμενη διαδικασία
διερεύνησης της φυσικής πέρα από το SM.
Αρχικά, στην παρούσα εργασία, αναπτύσσεται κατάλληλος φορμαλισμός στον

οποίο οι σχετικοί τελεστές των NSI παραμετροποιούνται θεωρώντας φαινομεν-
ολογικές Λαγκραντζιανές αλληλεπιδράσεως επαφής τεσσάρων-φερμιονίων (four-
fermion contact interaction). Στο πλαίσιο της παρούσας Διατριβής, λαμβάνεται
υπόψη η εξάρτηση της ενεργού διατομής σκέδασης από τις ιδιότητες της πυρηνικής
δομής στην οποία μεταβαίνουμε μέσω κατάλληλου μετασχηματισμού των σχετικών
Λαγκραντζιανών από το επίπεδο των κουάρκς, στο πυρηνικό επίπεδο. Στους
λεπτομερειακούς υπολογισμούς των ενεργών διατομών υιοθετείται η μέθοδος της
πολυπολικής ανάπτυξης του πυρηνικού αδρονικού ρεύματος (μεθόδος Donnelly-
Walecka). Επιπρόσθετα, τα διάφορα κανάλια αλληλεπίδρασης, διατήρησης ή
παραβίασης της λεπτονικής γεύσης, των οποίων η ύπαρξη προβλέπεται στο πλαίσιο
των NSI, μελετώνται μέσω αντίστοιχων υπολογισμών των πυρηνικών στοιχείων
πίνακα που υπεισέρχονται στην ενεργό διατομή της υπό μελέτη αντίδρασης.
Η συστηματική μελέτη των πτυχών της πυρηνικής δομής στις ανωτέρω διαδι-

κασίες, επιτυγχάνεται χρησιμοποιώντας την μέθοδο της προσέγγισης τυχαίας
φάσης με ημι-σωμάτια (quasi-particle random phase approximation, QRPA). Συγ-
κεκριμένα, στην περίπτωση του συναφούς καναλιού ελαστικής σκέδασης νετρίνου-
πυρήνα (coherent elastic neutrino-nucleus scattering, CENNS), η βασική πυρηνική
κατάσταση κατασκευάζεται μέσω της επαναληπτικής επίλυσης των εξισώσεων
Bardeen-Cooper-Schrieffer (BCS). Κατά συνέπεια λαμβάνεται υπόψη με ρεαλ-
ιστικό τρόπο η ισχυρή αλληλεπίδραση ζεύγους δύο-νουκλεονίων το οποίο οδηγεί
σε ενίσχυση της αξιοπιστίας των ληφθέντων αποτελεσμάτων. Τέτοιου είδους υπο-
λογισμοί, βασιζόμενοι στη λεπτομέρεια της πυρηνικής δομής, οδηγούν σε διαφορές
έως και μίας τάξης μεγέθους των παρόντων αποτελεσμάτων σε σύγκριση με προ-
ηγούμενα στα οποία αγνοήθηκε πλήρως η εξάρτηση από τον πυρηνικό παράγοντα
δομής.
Από πειραματική έποψη, στην περίπτωση των συμβατικών και εξωτικών

διαδικασιών νετρίνου-πυρήνα, η ακρίβεια των ληφθέντων ενεργών διατομών αξι-
οποιείται για τον υπολογισμό αντίστοιχων αναδιπλωμένων ενεργών διατομών, οι
οποίες προσομοιάζουν το αναμενόμενο σήμα στους επίγειους πυρηνικούς ανιχνευτές.
Επιπρόσθετα, στην παρούσα έρευνα πραγματοποιούνται ακριβείς υπολογισμοί
σχετικοί με άλλες πολύ σημαντικές πειραματικές ποσότητες όπως, ο διαφορικός
ρυθμός γεγονότων και ο ολικός αριθμός γεγονότων που αναμένεται να ανιχνευθούν
σε πειράματα ανίχνευσης Υπερκαινοφανών νετρίνων, SNS νετρίνων καθώς και σε
πειράματα νετρίνων αντιδραστήρων ισχύος (reactor neutrino experiments). Υπο-
γραμμίζουμε ότι μετρήσεις τέτοιου είδους ενδέχεται να έχουν υψηλή ευαισθησία σε
αλληλεπιδράσεις νετρίνου-κουάρκ ή ΕΜ φύσεως αλληλεπιδράσεις των νετρίνων (μαγ-
νητική ροπή, μέση ακτίνα φορτίου, χιλιοστο-φορτίο) και κατά συνέπεια αναμένεται



να θέσει αυστηρότερα όρια στις προαναφερθείσες εξωτικές ιδιότητες των νετρίνων
σε σχέση με μελλοντικά πειράματα που θα διεξαχθούν στα neutrino factories.
Στην κατεύθυνση αυτή, η παρούσα μελέτη περιλαμβάνει υπολογισμούς οι οποίοι
αναφέρονται σε διάφορα πυρηνικά συστήματα που καλύπτουν όλο το φάσμα του
περιοδικού πίνακα ισοτόπων.
Η επικείμενη λειτουργία εξαιρετικά ισχυρών δεσμών εργαστηριακών νετρίνων

(στα SNS, J-PARC, Fermilab, PSI, κλπ.), προϋποθέτει ότι, η ευαισθησία στην
αναζήτηση νέας φυσικής θα αυξηθεί δραματικά και συνεπώς μέσω μετρήσεων της
CENNS, πολλά ανοιχτά ζητήματα (όπως NSI νετρίνου, μαγνητική ροπή νετρίνου,
η ύπαρξη sterile νετρίνο και άλλα) αναμένεται να διαλευκανθούν. Τα παρόντα απο-
τελέσματα, σε συνδυασμό με εκείνα που αναμένονται από τα πειράματα έρευνας της
αντίδρασης μετατροπής μιονίου σε ηλεκτρόνιο, αφενός θα συνεισφέρουν σημαντικά
στην κατανόηση των θεμελιωδών ηλεκτρασθενών αλληλεπιδράσεων στον λεπτονικό
τομέα και αφετέρου στον περιορισμό των ορίων των παραμέτρων των Λαγκραντ-
ζιανών διάφορων μοντέλων που προχωρούν πέρα από το SM.
Η ύλη της παρούσας Διδακτορικής Διατριβής οργανώνεται ως εξής:
΄Επειτα από μια γενική εισαγωγή στα ανωτέρω ερευνητικά θέματα (Κεφάλαιο

1), το Κεφάλαιο 2, περιλαμβάνει το θεωρητικό υπόβαθρο της Διατριβής από
την άποψη της σωματιδιακής φυσικής. Αρχικά, παρατίθεται μια σύντομη
επισκόπηση του Καθιερωμένου Προτύπου των ηλεκτρασθενών αλληλεπιδράσεων
εστιάζοντας στις θεμελιώδεις διαδικασίες των νετρίνων με πολύπλοκους πυρήνες.
Για λόγους πληρότητας, συζητούνται επιπλέον οι βασικές πτυχές των SM και
NSI αντιδράσεων νετρίνου-ηλεκτρονίου ουδετέρου- και φορτισμένου-ρεύματος.
Επιπρόσθετα παρουσιάζεται ο κύριος φορμαλισμός για την περιγραφή της
σκέδασης νετρίνου-νουκλεονίου ουδετέρου-ρεύματος στο πλαίσιο του Καθιερωμένου
Προτύπου καθώς και η απαραίτητη επέκτασή του ώστε να καταστεί δυνατή η περι-
γραφή των αντίστοιχων μη-συμβατικών αλληλεπιδράσεων νετρίνου-νουκλεονίου.
Στο Κεφάλαιο 3, αρχικά δίνεται ιδιαίτερη προσοχή στις μεθόδους μελέτης της

δομής σύνθετων πυρήνων (με μαζικό αριθμό A > 12) μέσω μίας εκτεταμένης περι-
γραφής των σύγχρονων πυρηνικών μοντέλων που χρησιμοποιούνται. Η εκτενής
μελέτη της δομής των πυρήνων που επιλέχθηκαν στην παρούσα έρευνα (βλέπε
Κεφάλαια 4-8) από την άποψη της θεωρητικής πυρηνικής φυσικής γίνεται στο πλαίσιο
μιας εκλέπτυνσης τηςQRPA και αποτελούν το βασικό θεωρητικό υπόβαθρο των Κε-
φαλαίων αυτών. Στην περίπτωση της CENNS, η βασική πυρηνική κατάσταση κατα-
σκευάζεται μέσω της επαναληπτικής επίλυσης των εξισώσεων BCS. Τοιουτοτρόπως
λαμβάνεται υπόψη με ρεαλιστικό τρόπο η ισχυρή αλληλεπίδραση ζεύγους δύο-
νουκλεονίων θεωρώντας το δυναμικό (ανταλλαγής ενός-μεσονίου) Bonn C-D, το
οποίο οδηγεί σε ενίσχυση της αξιοπιστίας των ληφθέντων αποτελεσμάτων. Στη
συνέχεια, μέσω υπολογισμών πυρηνικής δομής της μεθόδου που αναπτύχθηκε στο
πλαίσιο της παρούσας Διατριβής (σε γλώσσα προγραμματισμού FORTRAN 77),
παρουσιάζονται αποτελέσματα πυρηνικών παραγόντων δομής (nuclear form factors).
Ο έλεγχος της ανωτέρω μεθόδου και της ακρίβειας των αποτελεσμάτων, πραγμα-
τοποιήθηκε μέσω ανάπτυξης ειδικού κώδικα (με χρήση του πακέτου MATHEMAT-



ICA) ο οποίος υλοποιεί κατάλληλη επεξεργασία πειραματικών δεδομένων σκέδασης
ηλεκτρονίου-ηλεκτρονίου και επιστρέφει τους αντίστοιχους παράγοντες δομής για
άμεση σύγκριση. Στην κατεύθυνση αυτή, οι παράγοντες δομής μελετούνται
περαιτέρω θεωρώντας το πυρηνικό μοντέλο φλοιών (nuclear shell model) καθώς
και μέσω μιας εκλέπτυνσης της μεθόδου των μερικών πιθανοτήτων κατάλληψης
(fractional occupation probabilities) των νουκλεονικών επιπέδων.
Στο Κεφάλαιο 4, με βάση τη θεωρία που ήδη περιγράφηκε στα Κεφάλαια 2

και 3, στο πλαίσιο του SM πραγματοποιείται λεπτομερής μελέτη της CENNS σε
μία ομάδα πυρηνικών ισοτόπων που καλύπτουν ένα ευρύ φάσμα του Περιοδικού
Πίνακα των νουκλεϊδίων. Στους λεπτομερειακούς υπολογισμούς των ενεργών δι-
ατομών υιοθετείται η πυρηνική μέθοδος της πολυπολικής ανάπτυξης του αδρονικού
ρεύματος των Donnelly-Walecka, η ακρίβεια της οποίας αξιοποιείται στον αντίστοιχο
υπολογισμό των αναδιπλωμένων ενεργών διατομών, οι οποίες προσομοιάζουν το
αναμενόμενο σήμα ανίχνευσης των υπό συζήτηση αντιδράσεων στους επίγειους
πυρηνικούς ανιχνευτές. Εστιάζοντας σε πειράματα νετρίνων, αστροφυσικών (SN)
και εργαστηριακών (SNS) πηγών (αποτελούν ταυτόχρονα και πειράματα ανίχνευσης
της σκοτεινής ύλης), δίνεται ιδιαίτερη έμφαση στη χρήση των πυρηνικών συστημάτων
20Ne, 40Ar, 76Ge και 132Xe. Τα ανωτέρω ισότοπα αποτελούν τα κύρια υλικά των
ανιχνευτών του πρόσφατα σχεδιασθέντος πειράματος COHERENT που αποσκοπεί
στην έρευνα της CENNS, καθώς και στην άμεση ανίχνευση της Ψυχρής Σκοτεινής
΄Υλης (CDM). Οι διορθώσεις στον υπολογισμό της πρωτογενούς ενεργού διατομής,
οι οποίες προέρχονται από τα φαινόμενα της πυρηνικής φυσικής (βλέπε Κεφάλαιο
3) κρίνονται πολύ σημαντικές καθώς οδηγούν σε διαφορές άνω του 30% στα
ληφθέντα αποτελέσματα. Κατά τον τρόπο αυτόν, για τα προαναφερθέντα πειράματα,
παρουσιάζονται με μεγάλη ακρίβεια ο διαφορικός και ο ολικός ρυθμός γεγονότων
που αναμένεται να ανιχνευθούν.
Στο Κεφάλαιο 5, επεκτείνεται η μέθοδος που αναπτύχθηκε στο Κεφάλαιο 4

και μελετάται η συνεισφορά της διανυσματικής συνιστώσας των μη-συμβατικών
αλληλεπιδράσεων (NSI) στην ενεργό διατομή νετρίνου-πυρήνα. Οι σχετικοί
τελεστές των NSI παραμετροποιούνται θεωρώντας φαινομενολογικές Λαγκραντ-
ζιανές αλληλεπιδράσεων επαφής τεσσάρων-φερμιονίων. Στο πλαίσιο της παρούσας
Διατριβής, μελετάται εκτενώς η εξάρτηση από τις ιδιότητες της πυρηνικής δομής,
μεταβαίνοντας μέσω κατάλληλου μετασχηματισμού των σχετικών Λαγκραντζιανών
από το επίπεδο των κουάρκς, στο πυρηνικό επίπεδο. Επιπρόσθετα, τα διάφορα
κανάλια διατήρησης ή παραβίασης της λεπτονικής γεύσης, η ύπαρξη των οποίων
προβλέπεται στο πλαίσιο των NSI, μελετώνται μέσω υπολογισμών των αντίστοιχων
πυρηνικών στοιχείων πίνακα που υπεισέρχονται στην ενεργό διατομή της εκάστοτε
μελετούμενης αντίδρασης. Για τους επιμέρους υπολογισμούς (σε αναλογία με το
Κεφάλαιο 4) χρησιμοποιήθηκαν ως πυρήνες-στόχοι τα 20Ne, 40Ar, 76Ge και 132Xe
για την ανάλυση των εξωτικών διαδικασιών νετρίνου-πυρήνα στο πείραμα CO-
HERENT. Επιπρόσθετα, μελετούνται οι (διαδικασίες υποβάθρου) NSI Υπερκαιν-
οφανών νετρίνων με τα πυρηνικά συστήματα των 27Al και 48Ti, που επιλέχθηκαν
ως ανιχνευτές στα μελλοντικά πειράματα αναζήτησης γεγονότων της εξωτικής



αντίδρασης της μετατροπής μιονίου σε ηλεκτρόνιο (µ− → e− conversion) όπως το
Mu2e στο Fermilab, και το COMET στο J-PARC. Εκμεταλευόμενοι την εξαιρετική
ευαισθησία των πειραμάτων αυτών, κατέστη δυνατό να θέσουμε νέα άνω όρια για
μερικές από τις παραμέτρους που χαρακτηρίζουν την ισχύ της NSI αλληλεπίδρασης.
Στο Κεφάλαιο 6, διερευνάται στο πλαίσιο των τανυστικών NSI αλληλεπιδράσεων

των νετρίνων, η ύπαρξη ανιχνεύσιμων ηλεκτρομαγνητικών (ΕΜ) ιδιοτήτων των
νετρίνων. Παρουσιάζονται και συζητούνται αναλυτικά οι προκύπτουσες τανυστικές
NSI ενεργές διατομές καθώς και τα σχετικά πυρηνικά στοιχεία πίνακα. Επιπρόσθετα,
διερευνώνται εκτενώς οι φαινομενολογικές συνέπειες της εν λόγω θεωρίας που
σχετίζονται με ενδιαφέρουσες φυσικές ποσότητες όπως η μαγνητική ροπή (magnetic
moment) και το χιλιοστο-φορτίο (milli-charge) του νετρίνου. Για τον σκοπό
αυτό, μέσω της ευρέως χρησιμοποιούμενης στατιστικής μεθόδου χ2 (chi-square
fit), αναλύονται τα ληφθέντα αποτελέσματα που αφορούν τα ισότοπα 28Si και 76Ge
για τους πυρηνικούς ανιχνευτές σε πειράματα νετρίνων αντιδραστήρων ισχύος, όπως
τα TEXONO και GEMMA. Από την μελέτη αυτή, εξάγεται το συμπέρασμα ότι τα
ανωτέρω πειράματα έχουν υψηλή ευαισθησία σε διαδικασίες που προβλέπονται στο
πλαίσιο των τανυστικών NSI και επιπλέον η παρούσα έρευνα οδηγεί σε αυστηρότερα
άνω όρια για τις παραμέτρους που υπεισέρχονται στις αντίστοιχες Λαγκραντζιανές
της θεωρίας. Κατά συνέπεια, προϋποθέτονται βελτιωμένες τιμές στα άνω όρια για
τη μαγνητική ροπή και το χιλιοστο-φορτίο του νετρίνου, βελτιώνοντας προηγούμενα
αποτελέσματα.
Στο Κεφάλαιο 7, πραγματοποιείται διεξοδική έρευνα των ΕΜ ιδιοτήτων των

νετρίνων τύπου Majorana (το σωμάτιο ν συμπίπτει με το αντισωμάτιο ν̄) μέσω
της CENNS. Εκτιμάται η αποδοτικότητα των πειραμάτων COHERENT και TEX-
ONO ως προς την ανίχνευση αλληλεπιδράσεων ΕΜ φύσεως λόγω μαγνητικών
ροπών νετρίνου μιονίου (νµ) και αντινετρίνου ηλεκτρονίου (ν̄e) αντίστοιχα. Τα απο-
τελέσματα της μελέτης μας καθιστούν πρόδηλη τη δυναμική των προαναφερθέντων
πειραμάτων, ως προς την εύρεση νέας φυσικής πέρα από το Καθιερωμένο Πρότυπο
μέσω της ανίχνευσης ΕΜ σημάτων νετρίνων. Συγκεκριμένα, παρουσιάζονται αυσ-
τηρότερα άνω όρια για τις ποσότητες µνµ και µν̄e, βελτιώνοντας τα αντίστοιχα
υπάρχοντα στην μέχρι τώρα διεθνή Βιβλιογραφία κατά 50%. Επιπρόσθετα
ποσοτικοποιείται η ευαισθησία των προαναφερθέντων πειραμάτων αναφορικά με την
μέση ακτίνα φορτίου των νετρίνων (neutrino mean charge radius). Στην περίπτωση
αυτή, η βελτίωση ανέρχεται σε έως και μία τάξη μεγέθους. Επιπρόσθετα, εξετάζεται
η προοπτική πραγματοποίησης ελέγχων ακριβείας των βασικών παραμέτρων του
Καθιερωμένου Προτύπου. Εξάγεται το συμπέρασμα ότι μέσω της μέτρησης
της σκέδασης νετρίνου-πυρήνα χαμηλών ενεργειών, καθίσταται δυνατός ο αυσ-
τηρός προσδιορισμός της γωνίας ανάμιξης των ηλεκτρασθενών αλληλεπιδράσεων
(electroweak mixing angle, θW ).
Στο Κεφάλαιο 8, μελετάται η δυνατότητα ανίχνευσης στείρων (sterile) νετρίνων

μέσω της διαδικασίας σκέδασης νετρίνου-πυρήνα στα πειράματα TEXONO και CO-
HERENT καθώς και η προοπτική μέτρησης των αντίστοιχων παραμέτρων ανάμιξης,
χρησιμοποιώντας εξαιρετικά ευαίσθητους πυρηνικούς ανιχνευτές 76Ge χαμηλού κατ-



ωφλίου ενέργειας. Εστιάζοντας στο μοντέλο (3+1) των sterile νετρίνων, τα απο-
τελέσματα που προέκυψαν καταδεικνύουν την CENNS ως ένα πολύτιμο εργαλείο
στην έρευνα του πεδίου των ταλαντώσεων των νετρίνων σε εργαστηριακό επίπεδο.
Με χρήση της μεθόδου που περιγράφηκε στα προηγούμενα Κεφάλαια, μέσω στατ-
ιστικής ανάλυσης των υπό μελέτη πειραμάτων, παρουσιάζονται οι σχετικές καμπύλες
αποκλεισμού (exclusion curves) για τα επίπεδα (sin2 2θee,∆m

2
14), (sin

2 2θµµ,∆m
2
14)

και (sin2 2θee,∆m
2
14). Επιπλέον, πραγματοποιείται μία σύντομη περιγραφή των φαιν-

ομενολογικών συνεπειών των σχετικών παραμέτρων ανάμιξης στην απλή διάσπαση-
βήτα καθώς επίσης και στη διπλή διάσπαση-βήτα χωρίς νετρίνα. Οι ανωτέρω υπ-
ολογισμοί είναι χρήσιμοι για πειράματα που αναζητούν γεγονότα προερχόμενα από
αντιδράσεις WIMP-πυρήνα, δεδομένου ότι τα CENNS αποτελούν αναπόφευκτα γε-
γονότα υποβάθρου.
Τα σημαντικότερα συμπεράσματα που εξήχθησαν από την έρευνα που πραγμα-

τοποιήθηκε στο πλαίσιο της παρούσας Διδακτορικής Διατριβής συνοψίζονται στο
Κεφάλαιο 9. Επιπλέον παρατίθενται οι βασικές προοπτικές επέκτασης και εξέλιξης
των υπό μελέτη θεωριών, που ενθαρρύνονται από την έκβαση της παρούσας ερ-
γασίας, περιλαμβάνοντας ενδιαφέροντα ανοιχτά θέματα του συναφούς αντικειμένου
της εκπονηθείσας έρευνας.
Κλείνοντας, στα Παραρτήματα περιλαμβάνεται μια συνοπτική περιγραφή των

συμβάσεων που υιοθετήθηκαν στην εργασία και συζητούνται οι απαραίτητες
συμπληρωματικές πληροφορίες όπου κρίνεται απαραίτητο. Τέλος, παρατίθεται μία
σύγχρονη και εκτενής Βιβλιογραφία η οποία αποτέλεσε το βασικό υπόβαθρο καθώς
και το κίνητρο της Διδακτορικής Διατριβής.
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Chapter 1

Introduction

1.1 The subject of the present research and mo-

tivation

The Standard Model (SM) of strong and electroweak interactions is for over
three decades the most successful theory of elementary particle physics. Even
though its predictions have been tested through various high-energy collider ex-
periments resulting to exceptional agreement, our current understanding for the
SM is that it only constitutes a low-energy approximation of a more complete
“theory of everything”. Towards this direction, the scientific community has de-
voted a special effort towards formulating possible extensions of the basic theory
in order to describe phenomena beyond the SM.

After the recent discovery of the Higgs boson, the neutrino remains the most
enigmatic particle that exhibits the solid structure of the SM. The robust discov-
ery of neutrino oscillations in the propagation of solar and atmospheric neutri-
nos, confirmed at accelerator and reactor neutrino sources, has provided us with
a rather solid proof for the existence of neutrino masses and mixing and hence
the clearest evidence for the need of physics beyond the SM. These results have
prompted a great rush to produce adequate SM extensions with small neutrino
masses. Many questions related to: the absolute neutrino mass, the total number
of neutrino flavours, the Dirac or Majorana nature of neutrinos, potential exotic
neutrino interactions, the neutrino electromagnetic (EM) properties and others
remain yet open.

In recent years, a considerable part of research activities related to neutrino
physics, focuses on interdisciplinary phenomena into the interplay between nuc-
lear astrophysics, astroparticle physics and cosmology, both from a theoretical
and experimental point of view. Despite the smallness of its mass and the weak-
ness of its interaction with other particles, the neutrino constitutes a prime vehicle
that plays instrumental role in astrophysical searches since it can escape from the
interior of distant stars carrying away important information. It is, thus, not an

3
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exaggeration to say that neutrinos serve as an excellent astronomical messenger
and presently the most efficient nature’s telescope to look deep inside the Earth,
Sun, stars and so on up to Big Bang. Currently several experiments designed
to operate with very high sensitivities, have put very stringent limits on various
physical observables and/or particle model parameters while searching to see new
physics beyond the current SM of electroweak interactions.

From the perspective of experimental nuclear physics, it became feasible that
atomic nuclei provide a remarkable micro-laboratory to explore basic properties
of the fundamental strong and electroweak interactions. In the latter interactions,
among various processes that take place in the field of nuclei, neutrino-nucleus
scattering plays a crucial role, while from a nuclear theory point of view, the
accurate description of the nuclear states is of key importance. The nucleus,
being a complex many-nucleon system, cannot be described with conventional
methods to a satisfactory level and towards this purpose, advanced techniques
have been developed over the last decades. Among the most prominent ones,
the quasi-particle random phase approximation (QRPA) stands out as a highly
efficient tool for studying the nuclear structure. The various modern versions of
this method, based on the consideration of realistic strong two-nucleon forces,
provides a reliable description for the nuclear transition matrix elements entering
the cross section of lepton-nucleus processes.

The subject of the present study, falls within the overlap area of nuclear, as-
troparticle physics and cosmology. More specifically, this Thesis addresses the
lepton flavour violating (LFV) non-standard neutrino interactions (NSI) that are
not allowed to occur within the SM of particle physics. These processes, are
also predicted to take place under the extreme conditions prevailing in an as-
trophysical environment (Supernova explosion) causing significant alterations to
the expected evolution phenomena, e.g. those occurring during the core collapse
Supernova. Moreover, they are very likely to be observed by terrestrial nuclear
targets employed at: i) the Spallation Neutron Source facilities at Oak Ridge
National Lab in the COHERENT experiment (SNS neutrinos) and ii) the experi-
ments using neutrinos produced in nuclear reactor plants (reactor neutrinos) such
as TEXONO and GEMMA.

Underpinning the ultimate origin of neutrino mass stands out as one of the
biggest challenges in particle physics. A generic feature of many such schemes is
the presence of non-vanishing neutrino EM properties. While the neutrino masses
indicated by oscillation data are perhaps too small to induce sizeable magnetic
moments, this issue is rather model dependent, and one cannot exclude this pos-
sibility on general grounds. If large enough, these may still play an important
sub-leading role in precision neutrino studies, despite the good agreement found
within the three-neutrino oscillation picture. Non-zero diagonal magnetic mo-
ments exist for massive Dirac neutrinos. In contrast, in the general Majorana
neutrino case all magnetic moments are transition-type. Therefore, the study of
neutrino magnetic moments would be a powerful tool towards distinguishing their



1.2. Overview of the Thesis 5

Dirac or Majorana character.

1.2 Overview of the Thesis

The material of the present Thesis has been organised as follows:

In Chapter 2, we briefly review the Standard electroweak model paying special
attention on the fundamental neutrino interactions as they are described within
the assumptions of this theory. For the sake of completeness, the main features
of the SM and NSI neutrino-electron interactions are also addressed. In addition,
we provide the basic aspects of the SM neutrino-nucleon interaction and we show
how potential exotic neutrino-nucleon interactions may be obtained.

Chapter 3, is devoted to a thorough discussion of the basic theoretical back-
ground and the relevant theory describing the nuclear physics aspects considered
in the calculations that are presented in the main research Chapters of the Thesis.
We also discuss in detail and provide a compact mathematical description of the
Bardeen-Cooper-Schrieffer (BCS) method which is employed for the explicit con-
struction of the nuclear ground state in even-even nuclei. We proceed with the
analysis of the quasi-particle random phase approximation (QRPA) and specific-
ally, we illustrate the main features of the charge conserving pp-nn QRPA that is
appropriate for the inelastic channels of the neutral-current neutrino processes.
Eventually, apart from BCS, alternative complementary techniques for obtaining
nuclear form factors of high accuracy, are presented and discussed.

In Chapter 4, we provide a detailed description for the SM neutrino scattering
off complex nuclei by illustrating the relevant matrix elements which account for
elastic and inelastic processes. In the context of the multipole decomposition
theory of Donnelly-Walecka, the evaluated cross sections come out with high
accuracy by incorporating the nuclear corrections addressed in Chapt. 3. For the
case of coherent scattering, we furthermore, demonstrate convoluted cross sections
calculations as well as differential and total event rates for a set of interesting
nuclei. Focusing on Supernova and Spallation Source neutrinos as well as dark
matter and multipurpose experiments, our results refer to the 20Ne, 40Ar, 76Ge
and 132Xe isotopes, i.e. the target nuclei of ongoing and future experiments
including the COHERENT and the direct detection of Cold Dark Matter (CDM)
experiments GERDA, WARP, SuperCDMS, XENON100, etc.

In Chapter 5, we extend the formalism of Chapt. 4 and incorporate the vec-
torial NSI neutrino scattering off nuclei. Towards this direction, the adopted
model is based on typical phenomenological four-fermion contact interaction Lag-
rangians, parametrised in terms of the NSI parameters. The latter parameters
describe the existence of flavour-preserving (non-universal) and flavour-violating
terms, leading to corrections of the SM weak interaction involving new physics
phenomena. For the various exotic interaction channels, we provide the form-
alism for the NSI nuclear matrix elements entering the corresponding NSI cross
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sections.
In Chapter 6, we review the basic theory describing the subject of neutrino

EM properties and then we show that the context of tensorial NSI leads to EM
neutrino interactions. The corresponding tensorial NSI cross sections and the
relevant nuclear matrix elements are formulated and discussed. Predictions on
NSI transition neutrino magnetic moments and neutrino milli-charges, are also
addressed. Through a statistical χ2 analysis of the coherent neutrino-nucleus
events, we explore the sensitivity of COHERENT experiment to tensor NSI para-
meters.

In Chapter 7, we study the Majorana neutrino EM properties on the basis of
a χ2 fit analysis. Through neutral-current coherent neutrino-nucleus scattering,
we examine the efficiency of experimental facilities that use stopped pion-muon
beams and reactor plants in detecting the effects of neutrino EM interactions due
to muon-neutrino and electron-antineutrino magnetic moments, respectively. We
furthermore explore their expected sensitivity to probe the neutrino charge-radius
and to perform SM precision tests through the determination of the weak-mixing
angle.

In Chapter 8, we first review the basic theory of neutrino oscillations in
propagation. Then, we illustrate the potentiality of TEXONO experiment to
probe light sterile neutrinos through coherent neutrino-nucleus scattering. Fur-
thermore, interesting phenomenological consequences of the corresponding mixing
parameters on the simple beta-decay and the neutrinoless double-beta decay in
the presence of massive Majorana neutrinos are discussed.

Chapter 9, summarises the main conclusions extracted in the present Thesis
and discusses the prospect of extending the developed method for the study of
dark matter physics and specifically (WIMP-nucleus processes), charged lepton
flavour violating processes (muon-to-electron conversion in nuclei) as well as
double charge exchanging processes (neutrinoless double-beta decay).

Eventually, the Appendices review the adopted notations and conventions as
well as the required additional information and details related to the present
study are included. Before closing, an extensive and modern Bibliography is also
presented.



Chapter 2

The Standard Model and beyond

2.1 Introduction

In this Chapter we will review the main features of the Standard Model (SM)
setting the framework on which, all aspects beyond the SM addressed in the
present Thesis to be accommodated. Within the SM, the strong, electromag-
netic, and weak interactions of elementary particles are described in the context
of quantum field theory that consists of three sectors: quantum chromodynamics
(QCD) to account for strong interactions, and quantum electrodynamics (QED)
which involves the electromagnetic and weak forces, as introduced firstly by Wein-
berg [1], Glashow [2] and Salam [3]. Its main principle is gauge invariance which
puts together in the same framework the matter particles, their interactions as
well as the gauge vector bosons that mediate them. The SM is based on the local
symmetry group SU(3)c ⊗ SU(2)L ⊗ U(1)Y, with c, L and Y being the colour,
left-handed chirality and weak hypercharge respectively, assuming that the inter-
actions and the number of vector gauge bosons that correspond to the generators
of the group are determined in a unique way. There are eight massless gluons,
corresponding to the eight generators of SU(3)c , that mediate strong interactions
and four gauge bosons; three massive (W± and Z) and one massless (γ), that
correspond to the three generators of SU(2)L and the one generator of U(1)Y,
to mediate the electroweak interactions, while the fermions are assigned to the
fundamental representations of the group.

2.2 Standard electroweak model

The electroweak interactions, based on the SU(2)L ⊗U(1)Y part of the SM
symmetry group, can be studied independently of the strong interactions since
the symmetry under the colour group is unbroken, and thus, only SU(2)L and
U(1)Y get mixed up in the process of symmetry breaking (there is no mixing
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8 Chapter 2. The Standard Model and beyond

between SU(3)c and SU(2)L ⊗ U(1)Y sectors). The symmetry group SU(2)L is
called weak isospin. The subscript, L, indicates that the elements of the group
act in a nontrivial way only on the left-handed chiral components of the fer-
mion fields (the right-handed chiral components are singlets under weak isospin
transformations) [4]. The group generators, are denoted by Ta, a = 1, 2, 3 1.
The symmetry group U(1)Y, namely the hypercharge group, is generated by the
hypercharge operator Y . The two group generators are related to the charge
operator, Q, through the Gell-Mann-Nishijima relation

Q = T3 +
Y

2
. (2.1)

2.2.1 Gauge bosons

To satisfy local gauge invariance, the four gauge bosons characterising the
electroweak sector of the SM are categorised into three vector gauge boson fields
W i

µ (i = 1, 2, 3 one for each generator Ti = τi/2) that transform as the adjoint
representation of SU(2)L and one vector gauge boson field Bµ associated with the
generator, Y , of U(1)Y. The latter are written in terms of the coupling constant
g of SU(2)L, the coupling constant g′ of U(1)Y, and the completely antisymmetric
three dimensional tensor ǫabc, as [5]

W a
µν =∂µW

a
ν − ∂νW a

µ − gǫabcW b
µW

c
ν ,

Bµν =∂µBν − ∂νBµ .
(2.2)

Then, the kinetic part of the electroweak Lagrangian being invariant under the
separate local gauge transformations of SU(2)L and U(1)Y, takes the compact
form

LG = −1
4
W a

µνW
µν
a −

1

4
BµνB

µν . (2.3)

The gauge boson fields transform as

W a
µ

τa

2
→W ′a

µ

τa

2
= ULW

a
µ

τa

2
U−1
L +

i

g
∂µULU

−1
L ,

Bµ →B′
µ = Bµ +

i

g′
∂µUY U

−1
Y ,

(2.4)

with
UL = eiα

a τa

2 , UY = eiαY , αa ≡ α(x)a , (2.5)

and τa being the Pauli matrices for isospin. For infinitesimal transformations,
Eqs.(2.4) reduce to

δW a
µ =− ǫabcαbW c

µ −
1

g
∂µα

a ,

δBµ =− 1

g′
∂µαY .

(2.6)

1They satisfy the angular momentum commutation relations [Ta, Tb] = iǫabcTc.



2.2. Standard electroweak model 9

It should be noted that, boson self-couplings enter the Lagrangian (2.3), a conclu-
sion being in agreement to what one would expect by recalling the non-Abelian
nature of the SU(2)L group [5].

2.2.2 Matter fields

It is well-known that, within the SM the matter fields (leptons and quarks)
are of fermionic nature and are classified into three generations. For the sake of
convenience we distinguish the left and right helicity states as

ψL =
1− γ5

2
ψ ,

ψR =
1 + γ5

2
ψ ,

(2.7)

where the left-handed components are grouped into weak isospin doublets under
the SU(2)L group while the right-handed components transform as singlets. In
the SM, it is assumed that the neutrino fields have only left-handed components
which furthermore implies that neutrinos are massless. For instance, the first
generation matter fields are shown below

LL =

(
νe
e−

)

L

≡
(
νeL
e−L

)

, QL =

(
u
d

)

L

≡
(
uL
dL

)

, e−R, uR, dR . (2.8)

Their transformation under finite local gauge transformation reads

ψL →ψ′
L = eiα

a τa

2 eiαY
Y
2 ψL ,

ψR →ψ′
R = eiαY

Y
2 ψR .

(2.9)

The principle of gauge invariance establishes that the component of the Lag-
rangian that describes the gauge interactions of the fermions, is obtained from
the kinetic energy part of the Lagrangian, LG, after substituting the derivative
by the covariant derivative [5]

∂µψL →DµψL =

(

∂µ + ig
τa

2
W a

µ + ig′
Y

2
Bµ

)

ψL ,

∂µψR →DµψR =

(

∂µ + ig′
Y

2
Bµ

)

ψR .

(2.10)

The latter leads to the conclusion that the covariant derivatives have indeed the
appropriate transformation properties, i.e.

DµψL →Dµψ
′
L = eiα

a τa

2 eiαY
Y
2 DµψL ,

DµψR →Dµψ
′
R = eiαY

Y
2 DµψR .

(2.11)
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After symmetry breaking, by performing a rotation in the plane of the neutral
gauge bosonsW 3

µ and Bµ through an angle θW (the weak mixing angle, also called
the Weinberg angle), they mix giving a massless photon Aµ and one massive field
Zµ, as

W 3
µ =sin θWAµ + cos θWZµ ,

Bµ =cos θWAµ − sin θWZµ ,
(2.12)

with

e = g, sin θW = g′ cos θW ,
g′

g
= tan θW . (2.13)

The field, Wµ, that annihilates W
+ bosons and creates W− bosons, is defined as

W±
µ =

W 1
µ ∓ iW 2

µ√
2

. (2.14)

Then, the covariant derivative for left- and right-handed fields can be cast in the
more convenient form

DµψL =∂µψL + i

[

g√
2

(
0 W+

µ

0 0

)

+
g√
2

(
0 0
W−

µ 0

)

+
g

cos θW

(
T3 − sin2 θW

)
Zµ + eQAµ

]

ψL ,

DµψR =∂µψR + i

[

− g

cos θW
sin2 θWQZµ + eQAµ

]

ψR ,

(2.15)

where Q is the charge (with respect to the elementary charge e) defined according
to the charge operator in Eq.(2.1). Therefore, the kinetic Lagrangian for the
fermion fields that is invariant under local gauge transformations reads (mixing
among quarks are neglected)

Lkinetic
f =

∑

doublets

iψ̄Lγ
µDµψL +

∑

singlets

iψ̄Rγ
µDµψR

=
∑

f

iψ̄fγ
µ∂µψf

− e
∑

f

Qf ψ̄fγ
µψfAµ −

g

2 cos θW

∑

f

ψ̄fγ
µ(gfV − gfAγ5)ψfZµ

− g

2
√
2

∑

doublets

ψ̄uγ
µ(1− γ5)ψdW

+
µ −

g

2
√
2

∑

doublets

ψ̄dγ
µ(1− γ5)ψuW

−
µ ,

(2.16)
where the last two terms involve summations over all doublets of the theory
defined as

ψL =

(
ψu

ψd

)

L

≡
(
νe
e−

)

L

,

(
u
d

)

L

, · · · . (2.17)
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Fermions gfL gfR gfV gfA

νe, νµ, ντ
1
2

0 1
2

1
2

e, µ, τ −1
2
+ s2W s2W −1

2
+ 2s2W −1

2

u, c, t 1
2
− 2

3
s2W −2

3
s2W

1
2
− 4

3
s2W

1
2

d, s, b −1
2
− 1

3
s2W −1

3
s2W −1

2
+ 2

3
s2W −1

2

Table 2.1: Fundamental couplings of the SM fermion fields to the Z-boson in
terms of the weak mixing angle defined as sin2 θW ≡ s2W .

In general, the coupling of a left- and right-handed SM fermion field f to the
Z-boson is given by

gfL = T f
3 −Qf sin

2 θW , (2.18)

gfR = −Qf sin
2 θW . (2.19)

The corresponding vector and axial vector couplings read

gfV = gfL + gfR = T f
3 − 2Qf sin

2 θW , (2.20)

gfA = gfL − gfR = T f
3 , (2.21)

where T f
3 is the third component of the weak isospin and Qf the fermion charge.

For the fermion fields, the corresponding values of gL, gR, gV and gA are listed in
Table 2.1.

2.2.3 Neutral-current neutrino-lepton interactions

Focusing on the leptonic sector, and by assuming the diagonal parts of the
interaction Lagrangian given in Eq.(2.16) we get the neutral-current (NC) inter-
action Lagrangian, which may be decomposed as

LNC = Lγ + LZ . (2.22)

The electromagnetic interactions are involved in the first term, written in terms
of the elementary charge, e, and the electromagnetic field, Aµ, as follows

Lγ = −ejµγAµ , (2.23)

with
jµγ = −ēγµe . (2.24)

Neutrinos do not couple to the electromagnetic field since they are neutral
particles. The second term in Eq.(2.22) is recognised as the leptonic weak NC
Lagrangian and takes the form 2

LZ = − g

2 cos θW
jµZZµ , (2.25)

2Unless otherwise mentioned for the rest of the Thesis when we refer to the NC Lagrangian
we will always assume that LNC ≡ LZ .
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(−)
να

(−)
να

Z

ℓ±
α

ℓ±
α

Z

ℓ±
α

ℓ±
α

γ

Figure 2.1: Weak interaction neutral-current diagrams demonstrating graphically
the trilinear couplings arising from Lagrangian (2.22) (generalised to the three
lepton generations).

where the associated leptonic weak NC reads

jµZ =2gνLν̄eLγ
µνeL + 2glLēLγ

µeL + 2glRēRγ
µeR

=ν̄eγ
µ(gνV − gνAγ5)νe + ēγµ(glV − glAγ5)e .

(2.26)

In order to include the three lepton generations (see Table 2.2), we may generalise
our discussion by writing the leptonic NC as

jµZ = 2gνL
∑

α=e,µ,τ

ν̄αLγ
µναL + 2

∑

α=e,µ,τ

(
glLℓ̄αLγ

µℓαL + glRℓ̄αRγ
µℓαR

)
. (2.27)

The above expression can be cast in the more convenient form

jµZ =
1

2

∑

α=e,µ,τ

ν̄αγ
µ(1− γ5)να =

∑

α=e,µ,τ

ν̄αLγ
µναL , (2.28)

with α = {e, µ, τ} being the neutrino flavour. Here, for simplicity we have not
shown the contribution due to charged leptons. The corresponding Feynman
diagrams are shown in Fig. 2.1.

2.2.4 Charged-current neutrino-lepton interactions

For the sake of completeness, we mention that the off-diagonal parts of the
interaction Lagrangian given in Eq.(2.16) give rise to the charged-current (CC)
interaction Lagrangian

LCC ≡ LW =− g

2
√
2
ν̄eγ

µ(1− γ5)eWµ + h.c.

=− g

2
√
2
jµW,LWµ + h.c. ,

(2.29)

where the leptonic CC is defined as

jµW,L ≡ ν̄eγ
µ(1− γ5)e = 2ν̄eLγ

µeL . (2.30)
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generation particle antiparticle Le Lµ Lτ

e− e+ +1 (-1) 0 0
1st

νe ν̄e +1 (-1) 0 0

µ− µ+ 0 +1 (-1) 0
2nd

νµ ν̄µ 0 +1 (-1) 0

τ− τ+ 0 0 +1 (-1)
3rd

ντ ν̄τ 0 0 +1 (-1)

Table 2.2: Summary Table of the three generations of leptons, including the
lepton numbers of the particles. The lepton number of the antiparticles is shown
within the brackets. Each of the three generations forms an SU(2) doublet.

ℓ−
α να

W

ν̄α ℓ+
α

W

να ℓ−
α

W

ℓ+
α ν̄α

W

Figure 2.2: Weak interaction charged-current diagrams demonstrating graphically
the trilinear couplings arising from (generalised to the three lepton generations)
Lagrangian (2.29). The first two originate from Eq.(2.32) while the second two
from the corresponding hermitian conjugate current.

The corresponding hermitian conjugated leptonic CC reads

jµ†W,L ≡ ēγµ(1− γ5)νe = 2ēLγ
µνeL . (2.31)

Analogously to the NC case, incorporating the previous lines in order to extend
the formalism and taking into account the three lepton generations, the corres-
ponding CC weak lepton currents can be trivially obtained through Eq.(2.30),
as

jµW,L ≡
∑

α=e,µ,τ

ν̄αγ
µ(1− γ5)ℓα = 2

∑

α=e,µ,τ

ν̄αγ
µℓα , (2.32)

with ℓα = {e−, µ−, τ−} denoting the charged leptons that correspond to the neut-
rino flavour α. The associated Feynman diagrams are shown in Fig. 2.2.

2.2.5 Mass generation

Up to this point, all fermions and gauge bosons are considered to be massless.
Indeed, the invariant under SU(3)c ⊗ SU(2)L ⊗ U(1)Y Lagrangian (2.16) does not
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Higgs doublet φ+ φ0

T3
1
2
−1

2

Y 1 1
Q 1 0

Table 2.3: Higgs doublet eigenvalues of the third component of the weak isospin
T3, the hypercharge Y , and the charge Q with respect to the SM gauge group
SU(3)c ⊗ SU(2)L ⊗ U(1)Y.

contain any mass term, since the left- and right-handed components of the fermion
fields transform differently under the gauge group. Moreover, there is no mass
term for the gauge bosons compatible with the symmetry. In addition, it is
impossible to add fermion and gauge bosons “by hand” because it would lead to
gauge invariance breaking.

The Higgs mechanism (also called the Englert-Brout-Higgs-Guralnik-Hagen-
Kibble mechanism) [6–8], is the relativistic extension of the spontaneous sym-
metry breaking theory [9], which introduces masses preserving the gauge invari-
ance of the Lagrangian. In this context, a spontaneously broken symmetry is
preserved by the Lagrangian, but it is not a symmetry of the ground state of the
system. Thus, an SU(2)L scalar doublet Φ is introduced

Φ(x) =

[
φ+(x)
φ0(x)

]

, (2.33)

where φ+(x) and φ0(x) are charged complex and neutral complex scalar fields
respectively with the quantum numbers shown in Table 2.3.

We proceed our discussion, by writing the Lagrangians

LH =(DµΦ)
† (DµΦ)− µ2Φ†Φ− λ

(
Φ†Φ

)2
,

LYuk =−
∑

ij

[

Y ℓ
ij ℓ̄

′
iLΦℓ

′
jR + Y u

ij ū
′
iLΦ̃u

′
jR + Y d

ij d̄
′
iLΦd

′
jR + h.c.

]

,
(2.34)

where Φ̃ = iσ2Φ
∗ is a doublet with Y = −1 in order to make the Yukawa Lag-

rangian invariant under the gauge group. The coefficient of the quartic self-
couplings of the Higgs fields must be positive, λ > 0, while the squared mass-like
coefficient must be negative, µ2 < 0 so that the potential

V (Φ) = µ2Φ†Φ+ λ
(
Φ†Φ

)2
, (2.35)

is bounded from below. By defining

υ ≡
√

−µ
2

λ
, (2.36)
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and neglecting the (irrelevant) constant term, υ4/4, the Higgs potential can be
written in the form

V (Φ) = λ

(

|Φ|2 − υ2

2

)2

, |Φ|2 ≡ Φ†Φ . (2.37)

In a quantised theory, this leads to the appearance of a non-zero vacuum expect-
ation value of Φ, as

〈|Φ|〉 = υ√
2
=

√

−µ
2

2λ
. (2.38)

Following Ref. [5], the prime notation for ℓ′, u′, d′ is introduced in order to
avoid confusion of the aforementioned weak eigenstates with the mass eigenstates
that will be discussed below. The relevant covariant derivative reads

Dµ =
[

∂µ + i
g√
2

(
τ+W+

µ + τ−W−
µ

)
+ i

g

2
τ3W

3
µ + i

g′

2
Bµ

]

Φ

=
[

∂µ + i
g√
2

(
τ+W+

µ + τ−W−
µ

)
+ ieQAµ

+ i
g

cos θW

(τ3
2
−Q sin2 θW

)

Zµ

]

Φ .

(2.39)

One can perturbatively expand Φ around one of the continuous set of true vacua,
by parametrising the scalar field in terms of the three fields θa and H . According
to the Goldstone theorem [10, 11], if the SU(2)L symmetry was a global symmetry
of the Lagrangian, then θa would correspond to physical fields with vanishing
mass. To gauge away the fields θa, it is convenient to adopt the unitary gauge
(physical gauge) in which the physical states of the theory appear explicitly. To
this purpose, the following transformations are used

Φ(x)→Φ′(x) = exp

(

−iθ
a(x)

υ

τa

2

)

Φ =
1√
2

[
0

υ +H(x)

]

,

W a
µ →W ′a

µ ,

Bµ →B′
µ = Bµ .

(2.40)

By combining Eq.(2.34) with Eq.(2.40) and rotating the gauge bosons through
Eq.(2.12) we arrive at the result

LH =
1

2
(∂µH)2 − 1

2
M2

HH
2 − 1

4
λH4 − λυH3 +

1

2
υg2W+

µ W
−µH

+
1

4
υ

g2

cos θW
ZµZ

µH +
1

4
g2W+

µ W
−µH2 +

1

8

g2

cos θW
ZµZ

µH2

+
1

2
M2

ZZµZ
µ +M2

WW
+
µ W

−µ + λ
υ4

4
,

(2.41)
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with the masses MW , MZ , MH given by

MW =
υ

2
g, MZ =

υ

2

√

g2 + g′2 =
MW

cos θW
, MH =

√

−2µ2 =
√
2λυ2 . (2.42)

Therefore, after spontaneous symmetry breaking, the fields Z and A are the phys-
ical mass eigenstates, while the photon remains massless since electromagnetism
remains unbroken because the electric charge must be exactly conserved.

In the unitary gauge, the Yukawa Lagrangian is written as

LYuk = −
∑

ij

[

ℓ̄′iLM
ℓ
ijℓ

′
jR + ū′iLM

u
iju

′
jR + d̄′iLM

d
ijd

′
jR

+
H√
2
ℓ̄′iLY

ℓ
ijℓ

′
jR +

H√
2
ū′iLY

u
iju

′
jR +

H√
2
d̄′iLY

d
ijd

′
jR + h.c.

]

,

(2.43)

where the corresponding masses read

M ℓ
ij = Y ℓ

ij

υ

2
, Mu

ij = Y u
ij

υ

2
, Md

ij = Y d
ij

υ

2
. (2.44)

By introducing the unitary matrices Uf
ij , the weak eigenstates are related to the

mass eigenstates as follows

ℓiL =U ℓ
Lijℓ

′
jL, uiL = Uu

Liju
′
jL, diL = Ud

Lijd
′
jL ,

ℓiR =U ℓ
Rijℓ

′
jR, uiR = Uu

Riju
′
jR, diR = Ud

Rijd
′
jR .

(2.45)

We stress, however, that neutrinos remain massless since the SM does not contain
right-handed neutrinos and we cannot write down any mass term. Then, the
Yukawa Lagrangian can be cast in the form

LYuk = −
∑

i

[
mℓ

i ℓ̄iℓi +mu
i ūiui +md

i d̄idi
]
+ · · · , (2.46)

with mf
i being the physical fermion masses.

Within this framework, the charged-current Lagrangian that contains the
physical mass eigenstates takes the form

LCC = − g

2
√
2
ūiγ

µ (1− γ5) V CKM
ij djW

+
µ + h.c. , (2.47)

where
V CKM = Uu

LU
d†
L (2.48)

is the so-called Cabibbo-Kobayashi-Maskawa matrix [12, 13].
The NC interaction couples fermions with the same electroweak charges and

therefore it holds UfUf† = 1. Thus, the corresponding NC Lagrangian, remains
flavour-diagonal and reads

LNC = −e
∑

f

Qf ψ̄fγ
µAµ −

g

2 cos θW

∑

f

ψ̄f

(

gfV − gfAγ5
)

ψfZµ . (2.49)
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This notable result implies that within the SM, flavour changing neutral-current
(FCNC) interactions are absent. This mechanism has been established long ago
by Glashow-Iliopoulos-Maiani and it is well-known as the GIM mechanism [14].

2.3 Effective low-energy CC and NC Lagrangi-

ans

In the present Thesis, we are mainly interested in phenomena for which the
energy involved is much lower than the masses of W and Z gauge bosons, an
approximation which is also referred to as the low-energy regime (energies≪MW

and energies ≪ MZ). In this case the exact propagators of the W and Z boson
fields [15, 16]

GW
µν(x− x′) =〈0|T

[
Wµ(x)W

†
ν (x

′)
]
|0〉 = lim

ǫ→0
i

∫
d4p

(2π)4

−gµν + pµpν
M2

W

p2 −M2
W + iǫ

e−ip·(x−x′) ,

GZ
µν(x− x′) =〈0|T [Zµ(x)Zν(x

′)] |0〉 = lim
ǫ→0

i

∫
d4p

(2π)4

−gµν + pµpν
M2

Z

p2 −M2
Z + iǫ

e−ip·(x−x′) ,

(2.50)
for low momentum transfer can be well-approximated by

GW
µν(p) =

|k|2≪M2

W−−−−−→ i
gµν
m2

W

, GZ
µν(p) =

|k|2≪M2

Z−−−−−→ i
gµν
m2

Z

. (2.51)

This means, that the internal boson lines in the relevant Feynman diagrams can be
contracted to a point, leading to the known effective four-fermion Fermi contact
interaction. The graphical illustration of the latter approximation is shown in
Figs. 2.3 and 2.4 for CC and NC processes respectively.

Specifically, for the case of CC processes the effective current-current Lag-
rangian is written in terms of the Fermi constant GF , as

Leff
CC = −GF√

2
j†Wµj

µ
W , (2.52)

where
GF√
2
=

g2

8M2
W

. (2.53)

In an analogous way, the NC low-energy Lagrangian is written as

Leff
NC = −GF√

2
jZµj

µ
Z , (2.54)

with

2ρ
GF√
2
=

g2

4 cos2 θWM2
Z

. (2.55)
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↓

f3
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←
−ig2

8M2

W

Figure 2.3: Point contraction of the W gauge propagator for low-energy charged-
current processes involving generic fermions fi.

←
i

M2

Z
Z

f3

f1

f4

f2

↑
−ig

2 cos θW

−ig
2 cos θW

↓

f3

f1

f4

f2

←
−ig2

4 cos2 θWM2

Z

Figure 2.4: Point contraction of the Z gauge propagator for low-energy neutral-
current processes involving generic fermions fi.

The parameter, ρ, is defined as

ρ =
M2

W

M2
Z cos2 θW

(2.56)

which, within the SM is set equal to unity, i.e. ρ = 1.

The Fermi constant can be also written in terms of the fine structure constant
aem = e2/4π, the weak mixing-angle, θW , and the W (or Z) gauge boson mass,
according to the relation

GF√
2
=

πaem
2 sin2 θWM2

W

=
πaem

2 sin2 θW cos2 θWM2
Z

. (2.57)

In the latter expressions we used the fact that M2
W = cos θWM

2
Z .
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2.4 Standard and non-standard neutrino-

electron interactions

The experimental confirmation of the existence of NC interactions was first
established in 1973 through the observation of the ν̄µ + e− → ν̄µ + e− process in
the Gargamelle experiment [17]. In this Section we review the basic formalism
needed to describe the elastic NC interactions within the SM and we discuss
briefly potential contributions to this process originating due to non-standard
interactions beyond the SM, namely NSI. We stress that, these processes play
key role in solar neutrino searches using water Cherenkov detectors.

At low-energies, neutrinos (or antineutrinos) of flavour α = {e, µ, τ} interact
weakly with electrons through the elastic scattering process

να + e− → να + e− . (2.58)

For the case of electron-neutrinos, νe, this process receives contributions from
both CC and NC interactions, while for νµ and ντ only the relevant NC diagram
contributes.

2.4.1 SM neutrino-electron cross sections

In the picture of neutrino scattering, from the constituents of strongly bound
systems like the nucleons inside a nucleus (see Subsect. 2.5.2), the scattering of
neutrinos from point-like particles (e.g. electrons) will serve as a benchmark for
our main study presented in the main research Chapters (see Chapt. 4–8).

After performing a Fierz reordering, the effective low-energy Lagrangian of
Eq.(2.16) for νee

− scattering is written as

LCC+NC
eff = −GF√

2
[ν̄eγ

µ(1− γ5)νe]
[
ēγµ

(
(1 + glV )− (1 + glA)γ5

)
e
]
. (2.59)

For νµ,τ scattering off electrons the corresponding effective Lagrangian contains
only a NC term, as

LNC
eff = −GF√

2
[ν̄αγ

µ(1− γ5)να]
[
ēγµ

(
glV − glAγ5

)
e
]
, α = {e, µ} . (2.60)

The kinetic energy of the recoil electron, Te, is one of the most interesting
physical quantities measured by relevant experiments. The differential cross sec-
tion with respect to Te in the laboratory frame is written as

dσ(Eν , Te)

dTe
=

σ0
me

[

g21 + g22

(

1− Te
Eν

)2

− g1g2
meTe
E2

ν

]

, (2.61)
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where Eν denotes the incident neutrino energy, me is the electron mass and

σ0 =
2G2

Fm
2
e

π
≈ 88.06× 10−46 cm2 . (2.62)

The parameters g1 and g2 entering the differential cross section of Eq.(2.61) de-
pend on the flavour of the (anti-)neutrino. For νe and ν̄e, we have

g
(νe)
1 =g

(ν̄e)
2 = 1 +

gℓV + gℓA
2

= 1 + gℓL =
1

2
+ sin2 θW ,

g
(νe)
2 =g

(ν̄e)
1 =

gℓV − gℓA
2

= gℓR = sin2 θW ,

(2.63)

while for νµ,τ and ν̄µ,τ the corresponding expressions are

g
(νµ,τ )
1 =g

(ν̄µ,τ )
2 =

gℓV + gℓA
2

= gℓL = −1
2
+ sin2 θW ,

g
(νµ,τ )
2 =g

(ν̄µ,τ )
1 =

gℓV − gℓA
2

= gℓR = sin2 θW .

(2.64)

The kinematics of the reaction allow to change variables by expressing the
scattering angle, θ, in terms of the electron recoil energy as

Te =
2meE

2
ν cos

2 θ

(me + Eν)
2 − E2

ν cos
2 θ

, (2.65)

and by differentiating we obtain

dTe =
4meE

2
ν (me + Eν)

2

[
(me + Eν)

2 − E2
ν cos

2 θ
]2 cos θ d cos θ . (2.66)

Then, the differential cross section with respect to the scattering angle is readily
written as

dσ(Eν , θ)

d cos θ
=

4σ0E
2
ν (me + Eν)

2 cos θ
[
(me + Eν)

2 − E2
ν cos

2 θ
]2

[

g21 + g22

(

1− 2meEν cos
2 θ

(me + Eν)
2 − E2

ν cos
2 θ

)2

− g1g2
2m2

e cos
2 θ

(me + Eν)
2 − E2

ν cos
2 θ

]

.

(2.67)
From Eq.(2.65), for forward-scattering (cos θ = 1) the maximum recoil energy,

Temax
, is

Temax
(Eν) =

2E2
ν

me + 2Eν
, (2.68)

while the minimum electron energy required to produce a given kinetic energy Te
reads

Eνmin
=
Te
2

(

1 +

√

1 +
2me

Te

)

=

{√

meTe/2 for Te ≪ me ,

Te +me/2 for Te ≫ me .
(2.69)
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Figure 2.5: Allowed region for 1σ error in the gV − gA plane and in the sin2 θW
axis, extracted from a combined analysis of TEXONO reactor antineutrino and
LSND neutrino electron scattering off electrons. (Figure adopted from Ref. [19]).

Neutrino-electron scattering is a purely leptonic process that is exactly evalu-
ated in the electroweak theory. Its experimental cross section measurement with
reactor neutrinos provides a new window to study the SM electroweak paramet-
ers [18]. Figure 2.5 presents the current status of experimental constraints of the
SM parameters in the gV − gA plane.

2.4.2 Non-standard neutrino-electron cross sections

Assuming a typical phenomenological Lagrangian at the four-fermion approx-
imation, in principle one can also consider sub-dominant non-standard interac-
tions (NSI) of neutrinos in addition to the SM ones. In this framework, the NC
Lagrangian given in Eq.(2.60) will contain an additional part that accounts for
NSI, as [20]

LNSI
eff = −GF√

2

∑

α=e,µ,τ

[ν̄αγ
µ(1− γ5)νe]

([
ǫeLαe ēγµ (1− γ5) e

]
+
[
ǫeRαe ēγµ (1 + γ5) e

])
.

(2.70)
The parameters ǫePαe , P = {L,R} represent the left- and right-handed NSI of
neutrinos with electrons, and are classified in non-universal (NU) ǫePee and flavour-
changing, ǫePαe , interactions.
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Figure 2.6: Constraints at 90% C.L. on the diagonal NSI parameters ǫeLee and ǫeRee ,
extracted from a combined analysis of TEXONO reactor antineutrino and LSND
neutrino electron scattering off electrons. (Figure adopted from [24]).

Then, the differential cross section for the process νee→ ναe becomes [21]

dσ(Eν , Te)

dT
=

σ0
me

[(

g̃2L +
∑

α6=e

|ǫeLαe|2
)

+

(

g̃2R +
∑

α6=e

|ǫeRαe |2
)(

1− Te
E2

ν

)2

−
(

g̃Lg̃R +
∑

α6=e

|ǫeLαe||ǫeRαe |2
)

me
Te
E2

ν

]

,

(2.71)

with g̃L = g1 + ǫeLee and g̃R = g2 + ǫeRee . Equation (2.71) is used to put upper
limits on various NSI parameters [22, 23]. Figure 2.6 shows the most recent
constraints on the diagonal NSI parameters ǫeLee and ǫeRee . For further information
and a summary of the current status of the NSI parameters discussed above, the
reader is referred to [24]. Motivated by the successful application of NSI in the
leptonic sector, in the same spirit extensive details will be presented in Chapt. 5
and 6 for the case of NSI in neutrino-quark and neutrino-nucleus scattering.

2.5 Standard and non standard neutrino-

nucleon interactions

2.5.1 Neutrino-nucleon cross sections

For NC coherent elastic neutrino scattering off complex nuclei, a rather de-
tailed analysis focusing on possible alterations of the expected event rates due to
NSI is performed in Refs. [25–27]. Motivated by the latter, here we first present
an improved formalism and consider NC neutrino-nucleon reactions within the
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framework of NSI. The studied processes are of the form

να(ν̄α) + n→ νβ(ν̄β) + n , να(ν̄α) + p→ νβ(ν̄β) + p , (2.72)

with α, β = {e, µ, τ} being the neutrino flavour. As we will see, these processes
are closely related to the neutrino-nucleus scattering studied in Chapt. 4, 5 and 6.

2.5.2 NSI neutrino-nucleon cross sections

The study of the neutrino-nucleon cross sections, starts by writing down the
matrix element of the processes (2.72) in the usual V −A form

M =
iGF

2
√
2
jµ〈N |Jµ

Z|N〉 =
iGF

2
√
2
ν̄αγµ (1− γ5) νβ〈N |Jµ

Z|N〉 , (2.73)

where jµ (Jµ
Z) denotes the leptonic (hadronic) neutral-current. The hadronic

matrix element 〈N |Jµ
Z |N〉 (after neglecting the second class currents and the

contribution of the pseudoscalar component) is expressed in terms of the well-
known nucleon form factors as

〈N |Jµ
Z |N〉 = 〈N |F

NC:p(n)
1 (Q2) + F

NC:p(n)
2 (Q2)

iσµνqν
2mN

+ F
NC:p(n)
A (Q2)γµγ5|N〉 ,

(2.74)
where Q2 = −q2 with q2 being the four momentum transfer. In the latter expres-
sion F

NC:p(n)
1 (Q2), F

NC:p(n)
2 (Q2), F

NC:p(n)
A (Q2) denote the Dirac, Pauli and axial

vector weak neutral-current form factors, respectively.

Relying on the above nucleon matrix elements, within the simple relativistic
Fermi gas (RFG) model, for example, the SM differential cross section of the
reactions (2.72) reads [28]

dσ

dQ2
=
G2

FQ
2

2πE2
ν

[
A(Q2)± B(Q2)W + C(Q2)W 2

]
, (2.75)

where the plus (minus) sign accounts for neutrino (antineutrino) scattering and

W =
4Eν

mN
− Q2

m2
N

. (2.76)

(see e.g. Ref. [29]). In the latter expression, for the nucleon mass mN we assume
the value mN = 0.938 GeV.
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The form factors A(Q2), B(Q2) and C(Q2) are defined as follows [29]

A(Q2) =
1

4

{
(

F
NC:p(n)
A

)2

(1 + τ)−
[(

F
NC:p(n)
1

)2

− τ
(

F
NC:p(n)
2

)2
]

(1− τ)

+ 4τF
NC:p(n)
1 F

NC:p(n)
2

}

,

B(Q2) =− 1

4
F

NC:p(n)
A

(

F
NC:p(n)
1 + F

NC:p(n)
2

)

,

B(Q2) =
m2

N

16Q2

[(

F
NC:p(n)
A

)2

+
(

F
NC:p(n)
1

)2

+ τ
(

F
NC:p(n)
2

)2
]

,

(2.77)

where their explicit Q2 dependence has been suppressed and τ = Q2/4m2
N .

As it is well-known, the electromagnetic Dirac and Pauli form factors are
written in terms of the electric (E) and magnetic (M) form factors as follows [30]

F
EM:p(n)
1 =

G
p(n)
E (Q2) + τG

p(n)
M (Q2)

1 + τ
,

F
EM:p(n)
2 =

G
p(n)
M (Q2)− τGp(n)

E (Q2)

1 + τ
.

(2.78)

In this work, for the magnetic form factors we adopt the parametrisation of
Ref. [31]

G
p(n)
M

µp(n)

=
1 + αM

p(n),1τ

1 + bMp(n),1τ + bMp(n),2τ
2 + bMp(n),3τ

3
, (2.79)

where µp(n) denotes the proton (neutron) magnetic moment. The proton electric
form factor in a similar manner can be cast as [32]

G
p(n)
E =

1 + αE
p(n),1τ

1 + bEp(n),1τ + bEp(n),2τ
2 + bEp(n),3τ

3
, (2.80)

(for the fit parameters see Ref. [31]). The electric neutron form factor is usually
expressed through the Galster-like parametrisation

Gn
E(Q

2) =
Aτ

1 +Bτ
GD(Q

2) , (2.81)

with A = 1.68 and B = 3.63.

At this point, regarding the cross sections calculations performed below, we
find it useful to devote a separate Subsection and discuss some significant details
on the aforementioned form factors A(Q2), B(Q2) and C(Q2).
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2.5.3 NSI nucleon form factors

As it is well known, within the SM, the weak NC Dirac and Pauli form factors
are written in terms of the electromagnetic current form factors FEM

i , i = 1, 2
(assuming the conserved vector current theory) [30]. We furthermore consider
additional contributions originating from NSI that enter through the vector-type
NSI form factors. The latter could be written in terms of the fundamental NSI
neutrino-quark couplings ǫuVµe (ǫdVµe ) for u (d) quarks discussed in Refs. [25–27],
and take the form

εpVµe (Q
2) = (2ǫuVµe + ǫdVµe )GD(Q

2) ,

εnVµe (Q
2) = (ǫuVµe + 2ǫdVµe )GD(Q

2) .
(2.82)

Here, the above NSI form factors are considered to have the same momentum
dependence as those of the SM ones. Thus, the function GD(Q

2) may be assumed
to be of a dipole type form factor as

GD =

(

1 +
Q2

M2
V

)−2

, (2.83)

(for the vector mass a commonly used value is MV = 0.843 GeV). A dipole
approximation for GD(Q

2), apart from providing the correct momentum depend-
ence, ensures also that the event rate coming out of NSI has the correct behaviour
at high energies.

Then, the weak NC nucleon form factors for protons (plus sign) and neutrons
(minus sign) employed in our present calculations read

F
NC:p(n)
1,2 (Q2) = ±1

2

[

FEM:p
1,2 (Q2)− FEM:n

1,2 (Q2)
]

− 2 sin2 θWF
EM:p(n)
1,2 ± εp(n)Vµe (Q2) .

(2.84)

For the case of the axial form factor F
NC:p(n)
A , needed for the incoherent channels

of the NC neutrino-nucleus cross section, one may correspondingly take

F
NC:p(n)
A (Q2) = ±1

2
gA

(

1 +
Q2

M2
A

)−2

, (2.85)

with the static axial vector coupling gA being gA = −1.267 (it is determined
as usually through neutron beta decay), and the axial mass being MA = 1.35
GeV [33]. For simplicity, potential axial NSI form factors are neglected.

At first we calculate the differential cross sections of Eq. (2.75) for the SM weak
neutral-current process (2.72) as well as for the case of NSI based on Eqs. (2.82)-
(2.85). In Fig. 2.7 we demonstrate the total cross section evaluated through
numerical integration of the differential cross section (2.75), as

σ(Eν) =

∫ Q2
max(Eν)

0

dσ

dQ2
dQ2 , (2.86)
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Figure 2.7: Differential (left panel) and total (right panel) cross section as function
of the incoming neutrino energy due to SM and SM+NSI. Pauli blocking effects
are also taken into account.

where, for the upper limit of the momentum transfer Q2 we employ the value

Q2
max(Eν) =

4mNE
2
ν

mN + 2Eν
. (2.87)

Apparently, one sees that the integrated cross sections for both νp→ νp, νn→ νn
scattering channels are enhanced assuming potential non-zero NSI (in Chapt. 5
we used typical values of the flavour changing couplings). As expected the cross
section for the ν − n process is much larger than that of the ν − p reaction, for
both SM or NSI, which suggests the neutrino-nucleus scattering as a valuable
probe to study the nuclear neutron form factor.



Chapter 3

Description of the Nuclear Structure

3.1 Introduction

In this Chapter, we devote a thorough discussion in order to present the
nuclear physics methods employed in the present Thesis regarding the study of
the nuclear physics aspects of the processes in question. We illustrate that the
assumption under which the nucleus (A,Z) consists of point-like nucleons (N
neutrons and Z protons), in many cases is not a sufficient approximation to
provide reliable results.

From the perspective of nuclear theory, the nucleus is considered as a complex
many-body system having internal structure. Apart from the strong interaction
between the nucleons and the electromagnetic Coulomb force acting on the pro-
tons, a realistic description of this system requires to take into account the nuclear
correlations arising from short and long range mesonic and quark degrees of free-
dom. To this contribution, various evolved nuclear physics methods have been
formulated, a summary of which is presented below.

3.2 The nuclear Hamiltonian

In general, for nuclear systems with mass number A > 10−12 the correspond-
ing A-nucleon Schrödinger equation cannot be solved exactly, and a reasonable
diagonalisation of this many-body problem of strongly interacting particles, is
required. To this purpose, a common approximation is to treat the strongly
interacting system of particles as a system of weakly interacting quasi-particles
with kinetic energy T and potential energy V . In this way, the many-body nuclear
Hamiltonian contains (in addition to the kinetic energy T ) the strong interaction
between all pairs of nucleons i and j, v(ri, rj) (realistic nucleon-nucleon potential).

27
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Therefore, H can be cast in the form [34–38]

H = T + V =

A∑

i=1

t(ri) +

A∑

i<j=1

v(ri, rj) ,

=
A∑

i=1

−~2

2mN
∇2

i +
A∑

i<j=1

v(ri, rj) ,

(3.1)

with ri denoting the spatial coordinates of the i-th nucleon mN the nucleon mass.
Within the context of the independent particle Shell-Model, each nucleon is as-
sumed as moving independently within an overall attractive central potential VMF

that represents its interaction with the remaining A− 1 nucleons defined as

VMF =
A∑

i=1

U(ri) , (3.2)

and thus the nuclear Hamiltonian is written as

HMF =

A∑

i=1

t(ri) +

A∑

i=1

U(ri) =

A∑

i=1

h(ri) ,

=T + VMF .

(3.3)

In this sense, we define the scalar function, Hres, treated as a small perturbation
written as

Hres ≡ Hres(ri, rj) = V −
A∑

i=1

U(ri) =
A∑

i<j=1

v(ri, rj)−
A∑

i=1

U(ri) , (3.4)

which implies that the many-body nuclear Hamiltonian of Eq.(3.1) is separated
into a mean-field and a residual part as follows

H =

A∑

i=1

[t(ri) + U(ri)]

︸ ︷︷ ︸

HMF

+

[
A∑

i<j=1

v(ri, rj)−
∑

i=1

U(ri)

]

︸ ︷︷ ︸

Hres

. (3.5)

Within the Born approximation (i.e. Hres ≈ 0), the solution of the many-
nucleon Schrödinger equation for the unperturbed mean-field Hamiltonian HMF =
∑A

i=1 h(ri) is constructed in terms of a complete set of single-nucleon wavefunc-
tions, i.e. the solutions of the equation h(r)ψα(r) = εαψα(r). The nuclear state,
|f〉, is a totally antisymmetric product of the wavefunctions ψα(r) and in its
normalised form it is represented by the Slater determinant

|f〉 = 1√
A!








ψα,1(r1) ψα,2(r2) · · · ψα,A(rA)
ψα,1(r1) ψα,2(r2) · · · ψα,A(rA)

...
...

. . .
...

ψα,1(r1) ψα,2(r2) · · · ψα,A(rA)







. (3.6)
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More specifically, it is a product of single-particle wave functions obtained by
solving the one-nucleon Schrödinger equation for an external potential 1, that
yields a set of A-identical equations

h(ri)ψα(ri) = εαψα(ri), h(ri) = t(ri) + U(ri) =
−~2

2mN
∇2 + U(ri) . (3.7)

At this point it should be stressed that, in the general case, a central potential
such as VMF(r) is not the optimum choice to describe non-spherical nuclei at a
satisfactory level. The most important concern that should be taken into con-
sideration in order to determine an appropriate potential, VMF(r), is to seek the
particular one that minimises the residual interaction between the quasi-particles
(see Sect. 3.4.1). This becomes possible through the Hartree-Fock method or by
employing a phenomenological potential such as the Harmonic Oscillator or the
Woods-Saxon potential. In this work, for the case of the mean-field we use the
Woods-Saxon potential (see Sect. 3.3), while for the residual interaction we adopt
the well-known Bonn C-D potential (see Sect. 3.4.7).

3.3 The Woods-Saxon potential

For the purposes of the present work, as central potential we employ the
Woods-Saxon potential (see also the Appendix D.1)

VWS(r) =
−V0

1 + e
r−R
α

, (3.8)

where V0 is the potential well depth parameter, R is the nuclear radius and α the
surface-thickness (or surface diffuseness) parameter. The well depth is adopted
to be different for neutrons and protons (see e.g. the left panel of Fig. 3.1).
Figure 3.1 (right panel) illustrates graphically a comparison between the Woods-
Saxon potential and the Harmonic Oscillator potential defined as

VHO(r) = −V1 + kr2 = −V1 +
mNω

2
r2 , (3.9)

(more details are given in Appendix D.2).
To obtain higher reliability of our present results we include Coulomb correc-

tions (only for protons) and we also take into account contributions originating
from the spin-obit l·s interaction. More specifically, assuming a uniformly charged
sphere, the static Coulomb potential of the nucleon inside the nucleus reads

Vc(r) = (Z − 1)e2

{
3−(r/Rc)2

2Rc
], r ≤ Rc ,

1
r
, r > Rc .

(3.10)

1Indeed the A-nucleon Schrödinger equation HMFΨ0(r1, r2, · · · , rA) = EΨ0(r1, r2, · · · , rA)
is separated using the fact that Ψ0(r1, r2, · · · , rA) =

∏A
i=1

ψαi(ri) and the definition E =
∑a

i=1
εαi.
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Figure 3.1: (Left panel) The Woods-Saxon potential for protons and neutrons.
The magic numbers and shells of states are indicated with rough energies. (Right
panel) Comparison between the Woods-Saxon and the Harmonic Oscillator poten-
tial. The parameters in both cases are selected so that they become approximately
equivalent. (The figure is reproduced from Ref. [38]).

The Coulomb interaction yields an additional difference between the single-
particle potential for neutrons and protons, i.e. the nuclear depth for protons
is deeper.

To achieve higher reproducibility of the experimental data of the single-
particle energies, the employed spin-orbit correction is described by the potential

Vls(r) =

(
~

mNc2

)2
1

r

d

dr

(
Vs

1 + e(r−Rs)/αs

)

l · s , (3.11)

where l denotes the orbital angular momentum and s the spin of the nucleon.
With the latter correction, Mayer and Jensen [39] achieved reproducibility of the
energy gaps which correspond to the so-called magic numbers (2, 8, 20, 28, 50,
82, 126, etc.). Indeed, this becomes possible since the l · s, splits the states that
correspond to a given quantum number l as j = l ± 1/2, with j being the total
single-particle angular momentum. Eventually, the mean-field Coulomb corrected
Woods-Saxon potential with additional spin-orbit corrections as described above,
is given by

VMF =

A∑

i=1

U(ri) =

A∑

i=1

[VWS(ri) + Vc(ri) + Vls(ri)] . (3.12)

In this work the adopted parametrisation for the parameters entering the defini-
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tion of the Woods-Saxon potential follows Ref. [40]

V0n =− 53.3 + 27.0
(N − Z)

A
,

V0p =− 53.3− 27.0
(N − Z)

A
− 0.4

Z

A1/3
,

(3.13)

with α = 0.65, R = 1.25, while for the spin-orbit interaction we have Rs = 1.25,
αs = 0.47 and Vs = 15.0. Our code however, offers the possibility to employ the
corresponding parametrisation established by Bohr and Motelson [41] or Bertch
and Esbensen [42]. Moreover, in the literature, one may also find the Tanaka
parametrisation (that is beyond our scope) which is appropriate for very heavy
nuclei [43].

3.4 Theoretical description of the nuclear

ground state

Long ago, experimental data showed that the nucleons within the field of a
nucleus have the tension to couple in pairs so as their total angular momentum
vanishes. This nuclear physics phenomenon in 1950 inspired Mayer [44] who
provided a reasonable explanation to the question: why even-even nuclei carry
vanishing total spin, whereas in odd-odd nuclei the total spin is equal to the
spin of the last non-coupled particle. Soon after, in 1952, Flowers and simultan-
eously Racoli and Talmi introduced the seniority scheme for the description of
the coupling in nuclear physics.

In 1957, Bardeen, Cooper and Schrieffer formulated the so-called BCS the-
ory in order to provide a microscopic description of the superconductivity of
metals [45]. Its main feature is that the long-range effective attraction between
two electrons is mediated by quantised lattice vibrations, lattice phonons (the
correlated electrons form pairs with total spin zero). On the basis of the pairing
phenomenon in nuclei, Bohr, Mottelson and Pines [46] in 1958 and Belyaev [47]
in 1959 proposed the application of the BCS theory for the description of nuclei,
which become a standard part of nuclear structure calculations.

3.4.1 The nuclear BCS wavefunction

BCS is an advanced many-body theory that can be viewed as a Rayleigh-
Ritz variational problem and can be applied by using a relatively simple pairing
force. In this framework, the concept of quasi-particles, made out of particle and
hole components with certain occupation amplitudes, is introduced. Under these
considerations, the nucleons are assumed to couple in pairs with vanishing angular
momentum forming bosonic states and behave as being in a superconducting
state.
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In analogy to the BCS theory who determined the ground state of a semi-
conductor, in the nuclear BCS theory the ground state (g.s.) wavefunction of an
even-even nucleus can be represented by the ansatz [34]

|BCS〉 =
∏

α>0

(
ua − va c†α c̃†α

)
|core〉 . (3.14)

Note that, some authors [34, 36] use an opposite sign in the definition of |BCS〉.
This choice results to a different definition for the Bogoliubov-Valatin transform-
ation [see also Eq.(3.21)]. In Eq.(3.14) the operator c†αc̃

†
α creates an identical

nucleonic pair and c†α (cα) is the creation (annihilation) operator for physical
particles. The product runs only over half the configuration space, as indicated
by α > 0, while for each state α > 0 there exists a conjugate state α̃ < 0 [36].
In our present study we adopt the Baranger notation [48] α ≡ (a,mα), where
a ≡ (na, la, ja), thus, for the assumed spherical nuclei the ua and va parameters
are independent of the projection quantum number mα. For instance, in the case
where a given Hamiltonian is invariant under time reversal, such as the Harmonic
Oscillator basis (spherical basis) one would readily write

|α〉 = |nalaja;mα〉 |α̃ ≡ −α〉 = |nalaja;−mα〉, mα > 0 . (3.15)

In this context, ua and va, are considered as variational parameters representing
the probability amplitudes, (v2a and u

2
a constitute the probability that a conjugate

pair state (α, α̃) is occupied or unoccupied respectively). However, the latter
are not independent and obey the condition |ua|2 + |va|2 = 1, that represents
the normalisation of each single-nucleon state. In this context, the optimum
wavefunction is found by varying the model parameters to achieve minimum
energy. The BCS wavefunction is only fixed to within a phase factor and therefore
it is always possible to choose the coefficients of ua to be real and positive and
thus write

u2a + v2a = 1 for all a , (3.16)

(in principle, the phase of va has to be determined by the variation of the energy
expectation value).

A weak feature of the method is the absence of a fixed number of particles
and therefore it is not an eigenstate of the number operator

n̂ =
∑

α

c†α cα . (3.17)

Indeed, via a Taylor expansion, the BCS state can be expressed as a sum of
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eigenstates |N〉 as follows

|BCS〉 =
∏

α>0

(
ua − va c†α c̃†α

)
|core〉 =

∏

α>0

ua

(

1− va
ua
c†α c̃

†
α

)

|core〉

=
∏

β>0

ub
∏

α>0

exp

(

−va
ua
c†α c̃

†
α

)

|core〉

=
∏

β>0

ub exp

(

−
∑

α>0

va
ua
c†α c̃

†
α

)

|core〉

=
∏

β>0

ub
∑

n

1

n!

(

−
∑

α>0

va
ua
c†α c̃

†
α

)n

|core〉 .

(3.18)

This means that we can regard |N〉 as a projection onto the N -particle space of
the wavefunction

|BCS〉 =
∏

β>0

ub
∑

N=even

1

(N/2)!
|N〉 , (3.19)

with

|N〉 ≡
(

−
∑

α>0

va
ua
c†α c̃

†
α

)N/2

|core〉 , (3.20)

implying that the BCS vacuum does not possess good particle number and that it
is not a normalised eigenstate to the nucleon number N , respectively. Apparently,
the BCS as given in Eq.(3.14) is more convenient as compared to that of the
number-conserving state |N〉, since |BCS〉 is the vacuum for BCS quasi-particles
(see Subsect. 3.4.2).

3.4.2 BCS quasi-particles

At this point, we define the quasi-particle creation (annihilation) operator a†

(a) as linear combinations of particle operators via the Bogoliubov-Valatin (BV)
transformation [49, 50]

a†α =uac
†
α + vac̃α, c†α = uaa

†
α − vaãα ,

ã†α =uac̃
†
α − vacα, c̃†α = uaã

†
α + vaaα ,

aα =uacα + vac̃
†
α, cα = uaaα − vaã†α ,

ãα =uac̃α − vac†α, c̃α = uaãα + vaa
†
α .

(3.21)

The corresponding anticommutation relations preserve the basic commutation
relations (i.e. BV is a quantum mechanical canonical transformation), as

{a†α, a†β} = 0, {aα, aβ} = 0, {aα, a†β} = δαβ , (3.22)
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emphasising that the quasi-particles are (generalised) fermions like the physical
particles they are built from.

It should be noticed that the quasi-particle is to be viewed as partly particle
and simultaneously partly hole, rather than bare particle or bare hole. In other
words, the operator a†α creates a quasi-particle, in an orbital α, that is a particle
with probability amplitude ua and a hole with probability amplitude va. The
corresponding annihilation operator is aα with ãα = (−1)ja+mαa−α, and −α =
(a,−mα). Moreover, we stress that above the Fermi surface (v2a small) it is
nearly particle, while below the Fermi surface (u2a small) it is nearly hole. In this
framework, a j orbital, is occupied with (2j+1)v2j particles and (2j+1)uj holes.
In addition, through the BV transformation, it is achieved a representation of the
ground state of pairwise interacting particles in terms of a gas of non-interacting
quasi-particles. The disadvantage however, is that the BV transformation does
not conserve the particle number due to the mixing of creation and annihilation
operators.

The BV transformation is written in matrix form as
(
c†α
c̃α

)

=

[
ua −va
va ua

](
a†α
ãα

)

, (3.23)

and can be inverted as
(
a†α
ãα

)

=

[
ua va
−va ua

](
c†α
c̃α

)

. (3.24)

Before closing this discussion, we give the result of the aα and ãα operations on
the BCS vacuum, that is

aα|BCS〉 = 0, ãα|BCS〉 = 0 . (3.25)

The corresponding contraction properties are written as

aαa
†
β ≡ 〈BCS|aαa†β |BCS〉 = δαβ , all other contractions = 0 , (3.26)

which imply that the quasi-particles are defined in terms of normal ordered op-
erators. Furthermore, recalling the BV transformations of Eq.(3.21) and using
Eq.(3.26), one may write the contractions of the physical particle operators with
respect to the BCS vacuum, as follows

cαc
†
β =u2aδαβ ,

c†αcβ =v2aδαβ ,

c†αc
†
β =uava(−1)ja−mαδα,−β ,

cαcβ =uava(−1)ja+mαδα,−β .

(3.27)
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3.4.3 Two-body interactions

The two-body interaction V entering the nuclear Hamiltonian is usually writ-
ten as

V =
1

4

∑

αβγδ

v̄αβγδc
†
αc

†
βcδcγ . (3.28)

The antisymmetrised two-nucleon interaction matrix elements are denoted by

v̄αβγδ = 〈αβ|V |γδ〉 − 〈αβ|V |δγ〉 , (3.29)

and fulfil the symmetry properties

v̄αβγδ = −v̄βαγδ = −v̄αβδγ = −v̄βαδγ = v̄∗γδαβ . (3.30)

The normalised and antisymmetrised two-nucleon states with respect to the ap-
propriate particle vacuum |0〉 (e.g. |0〉 ≡ |core〉 in our case) are given by

|αβ〉 = c†αc
†
β|0〉, |γδ〉 = c†γc

†
δ|0〉 . (3.31)

In angular-momentum-coupled representation, the normalised two-nucleon state
takes the form

|ab; JM〉 = Nab(J)
[
c†ac

†
b

]

JM
|0〉 , (3.32)

with

Nab(J) =

√

1 + δab(−1)J
1 + δab

. (3.33)

These wavefunctions describe a two-body nucleonic system for all possible com-
binations (proton-proton, neutron-neutron or proton-neutron). To express the
uncoupled wavefunction |αβ〉 in terms of the coupled wavefunctions |ab; JM〉 we
write the operators c†αc

†
β using the Clebsch-Gordan coefficients (see Appendix C.1)

as

c†αc
†
β =

∑

JM

(jamαjbmβ |JM)
[
c†ac

†
b

]

JM
. (3.34)

Acting on the vacuum we get

|αβ〉 =
∑

JM

(jamαjbmβ |JM)
[
Nab(J)

]−1|ab; JM〉 . (3.35)

A direct substitution of the latter expression to Eq.(3.28) yields

V =
1

4

∑

abcd
JMJ ′M ′

[Nab(J)Ncd(J
′)]

−1 〈ab; JM |V |cd; J ′M ′〉

×
[
c†ac

†
b

]

JM
(−1)J ′+M ′+1

[
c̃cc̃d

]

J ′,−M ′
.

(3.36)
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To proceed, we use the Wigner-Eckart theorem (see Appendix C.6) and express
the matrix element of the above equation in the following form

〈ab; JM |V |cd; J ′M ′〉 =(−1)J−M

(
J 0 J ′

−M 0 M ′

)

(ab; J ||V ||cd; J ′)

=δJJ ′δMM ′

[

Ĵ
]−1

(ab; J ||V ||cd; J ′)

=δJJ ′δMM ′(ab; J |V |cd; J) ,

(3.37)

where in the second line we used the symmetry properties of the 3-j symbols
(see Appendix C.2 and Ref. [51]) and adopted the commonly used abbreviation
Ĵ =
√
2J + 1. We note that, the last term in the right hand side of the equality

is not expressed in terms of a reduced matrix element since the matrix element
is diagonal in J and M and therefore has no dependence on M . Then, in a
straightforward manner we obtain the two-body quasi-particle residual interaction
in the form

V = −1
4

∑

J

∑

abcd

[Nab(J)Ncd(J)]
−1 〈ab; J |V |cd; J〉

×
∑

M

(−1)J+M
[
c†ac

†
b

]

JM

[
c̃cc̃d

]

J,−M
. (3.38)

Thus, by using Eq.(C.21), we arrive at the expression

V = −1
4

∑

J

∑

abcd

[Nab(J)Ncd(J)]
−1 Ĵ〈ab; J |V |cd; J〉

[[
c†ac

†
b

]

J

[
c̃cc̃d

]

J

]

00
. (3.39)

Isospin representation of coupled two-body matrix elements

At this point we find it useful to provide the corresponding relations for the
coupled two-body matrix elements in the isospin representation, that are needed
for our purposes. The interaction in this case is isoscalar and satisfies the relation

〈ab; JM ;TMT |V |cd; JM ;T ′M ′
T 〉 = δTT ′δMTM ′

T
〈ab; JT |V |cd; JT 〉 , (3.40)

standing out as an extension of the matrix elements entering the second and third
line of Eq.(3.37). The latter, relates the matrix elements with angular momentum
coupling to those with angular momentum plus isospin coupling in a compact way.

The required proton-proton and neutron-neutron two-body matrix elements
can be cast in the simple form

〈p1p2; J |V |p3p4; J〉 =〈a1a2; JT = 1|V |a3a4; JT = 1〉 ,
〈n1n2; J |V |n3n4; J〉 =〈a1a2; JT = 1|V |a3a4; JT = 1〉 . (3.41)
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The corresponding proton-neutron and neutron-proton matrix elements read

〈p1n2; J |V |p3n4; J〉 = 〈n1p2; J |V |n3p4; J〉

=
1

2

{√

[1 + δa1a2(−1)J ] [1 + δa3a4(−1)J ]〈a1a2; JT = 1|V |a3a4; JT = 1〉

+
√

[1− δa1a2(−1)J ] [1− δa3a4(−1)J ]〈a1a2; JT = 0|V |a3a4; JT = 0〉
}

, (3.42)

〈n1p2; J |V |p3n4; J〉 = 〈p1n2; J |V |n3p4; J〉

=
{1

2

√

[1 + δa1a2(−1)J ] [1 + δa3a4(−1)J ]〈a1a2; JT = 1|V |a3a4; JT = 1〉

−
√

[1− δa1a2(−1)J ] [1− δa3a4(−1)J ]〈a1a2; JT = 0|V |a3a4; JT = 0〉
}

. (3.43)

The above expressions obey the simple symmetries

〈ab; J |V |cd; J〉 =〈cd; J |V |ab; J〉 ,
〈ab; JT |V |cd; JT 〉 =〈cd; JT |V |ab; JT 〉 , (3.44)

and also the phase symmetries

〈ab; J |V |cd; J〉 =(−1)ja+jb+J+1〈ba; J |V |cd; J〉
=(−1)jc+jd+J+1〈ab; J |V |dc; J〉 ,

〈ab; JT |V |cd; JT 〉 =(−1)ja+jb+J+T 〈ba; JT |V |cd; JT 〉
=(−1)jc+jd+J+T 〈ab; JT |V |dc; JT 〉 .

(3.45)

3.4.4 The BCS nuclear Hamiltonian

We proceed our discussion with a description of the required steps towards
obtaining the quasi-particle representation of the nuclear Hamiltonian within the
context of BCS. In the second quantisation language the many-body nuclear
Hamiltonian, H = T + V , is expressed as a sum of a one-quasi-particle term that
describes the quasi-particle mean-field, and a residual interaction, as

H =
∑

α

εαc
†
αcα +

1

4

∑

αβγδ

v̄αβγδc
†
αc

†
βcδcγ , (3.46)

where the first sum represents the one-body kinetic energy, T , of the Hamiltonian,
while the second sum represents the two-body potential V .

Focusing on the two-body part only and by applying the Wick’s theorem we
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get 2 [38]

4V =
∑

αβγδ

v̄αβγδc
†
αc

†
βcδcγ =

∑

αβγδ

v̄αβγδN
[

c†αc
†
βcδcγ

]

+
∑

αβγδ

v̄αβγδ〈BCS|c†αc†β|BCS〉N [cδcγ ]−
∑

αβγδ

v̄αβγδ〈BCS|c†αcδ|BCS〉N
[

c†βcγ

]

+
∑

αβγδ

v̄αβγδ〈BCS|c†αcγ |BCS〉N
[

c†βcδ

]

+
∑

αβγδ

v̄αβγδ〈BCS|c†βcδ|BCS〉N
[
c†αcγ

]

−
∑

αβγδ

v̄αβγδ〈BCS|c†βcγ|BCS〉N
[
c†αcδ

]
+
∑

αβγδ

v̄αβγδ〈BCS|cδcγ |BCS〉N
[

c†αc
†
β

]

+
∑

αβγδ

v̄αβγδ〈BCS|c†αc†β|BCS〉 〈BCS|cδcγ |BCS〉

−
∑

αβγδ

v̄αβγδ〈BCS|c†αcδ|BCS〉 〈BCS|c†βcγ |BCS〉

+
∑

αβγδ

v̄αβγδ〈BCS|c†αcγ |BCS〉 〈BCS|c†βcδ|BCS〉 .

(3.47)
By using the BV transformation of Eq.(3.21) and Eq.(3.27) one finds

v̄−α,−β,−γ,−δ = (−1)ja−mα+jb−mβ+jc−mγ+jd−mδ v̄αβγδ . (3.48)

Then, after some straightforward elaboration one gets

4V =
∑

αβγδ

v̄αβγδ N
[

c†αc
†
βcδcγ

]

+ 2
∑

αβ

v̄αβαβv
2
av

2
b

+
∑

αβ

v̄α,−α,β,−β(−1)ja−mα+jb−mβuavaubvb

+ 2
∑

αγδ

v̄α,−α,−γ,δ(−1)ja−mα+jc−mγuava(udvc + vduc)a
†
γaδ

+ 4
∑

αγδ

v̄αγαδv
2
a(ucud − vdvc)a†γaδ

+ 4
∑

αγδ

v̄αδα,−γ(−1)jc−mγv2audvc(a
†
γa

†
δ + aδaγ)

+
∑

αγδ

v̄α,−α,γδ(−1)ja+mαuava(vcvd − ucud)(a†γa†δ + aδaγ) .

(3.49)

We now use the properties of the Clebsch-Gordan coefficients (see Appendix C.1)

2Recall the normal ordering operation N
[
c†αcβc

†
γcδ
]
= (−1)1c†αc†γcβcδ = (−1)2c†αc†γcδcβ and

that N [ABC · · · ] ≡: ABC · · · :, where the two colons (: · · · :) separate the product of the
arbitrary operators A,B,C, · · · to be normal ordered.
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and rewrite contracted terms of the previous summation as follows

2
∑

αβ

v̄αβαβv
2
av

2
b = 2

∑

ab

v2av
2
b

∑

J

Ĵ2 [Nab(J)]
−2 〈ab; J |V |ab; J〉 , (3.50)

∑

αβ

v̄α,−α,β,−β(−1)ja−mα+jb−mβuavaubvb = 2
∑

ab

ĵaĵbuavaubvb〈aa; 0|V |bb; 0〉 ,

(3.51)

2
∑

αγδ

v̄α,−α,−γ,δ(−1)ja−mα+jc−mγuava(udvc + vduc)a
†
γaδ =

− 2
√
2
∑

acd

ĵauava(udvc + vduc) [Ncd(0)]
−1 δjcjd〈aa; 0|V |cd; 0〉

[
a†cãd

]

00
, (3.52)

4
∑

αγδ

v̄αγαδv
2
a(ucud − vdvc)a†γaδ = 4

∑

acd

[

ĵc

]−1

v2a(ucud − vdvc)

×
∑

J

Ĵ2 [Nac(J)Nad(J)]
−1 δjcjd〈ac; J |V |ad; J〉

[
a†cãd

]

00
, (3.53)

4
∑

αγδ

v̄αδα,−γ(−1)jc−mγv2audvc(a
†
γa

†
δ + aδaγ) = 4

∑

acd

[

ĵc

]−1

v2audvc

×
∑

J

Ĵ2 [Nad(J)Nac(J)]
−1 δjdjc〈ad; J |V |ac; J〉

([
a†ca

†
d

]

00
−
[
ãdãc

]

00

)

, (3.54)

∑

αγδ

v̄α,−α,γδ(−1)ja+mαuava(vcvd − ucud)(a†γa†δ + aδaγ) =
√
2
∑

acd

ĵauava

× (ucud − vcvd) [Ncd(0)]
−1 δjcjd〈aa; 0|V |cd; 0〉

([
a†ca

†
d

]

00
−
[
ãdãc

]

00

)

. (3.55)

In the same spirit, the one-body kinetic energy, i.e. the first sum in Eq.(3.46),
takes the form

T =
∑

α

εαc
†
αcα =

∑

a

εaĵ
2
av

2
a +

∑

a

εaĵa(u
2
a − v2a)

[
a†aãa

]

00

+
∑

a

εaĵauava
([
a†aa

†
a

]

00
−
[
ãaãa

]

00

)
.

(3.56)

Following [38] (within a good approximation it is reasonable to make the
replacement δjcjd → δcd) and after collecting all terms for the Eqs.(3.50–3.56),
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the quasi-particle representation of the nuclear Hamiltonian can be cast in the
form

H = H0 +
∑

b

H11(b)
[
a†bãb

]

00
+
∑

b

H20(b)
([
a†ba

†
b

]

00
−
[
ãbãb

]

00

)

+ Vres , (3.57)

where

H0 =
∑

a

εaĵ
2
av

2
a +

1

2

∑

abJ

v2av
2
b Ĵ

2 [Nab(J)]
−2 〈ab; J |V |ab; J〉

+
1

2

∑

ab

ĵaĵbuavaubvb〈aa; 0|V |bb; 0〉 ,
(3.58)

H11(b) =εbĵb
(
u2b − v2b

)
− 2ubvb

∑

a

ĵauava〈aa; 0|V |bb; 0〉

+
[

ĵb

]−1 (
u2b − v2b

)∑

aJ

v2a [Nab(J)]
−2 〈ab; J |V |ab; J〉 ,

(3.59)

H20(b) =εbĵbubvb +
[

ĵb

]−1

ubvb
∑

aJ

v2aĴ
2 [Nab(J)]

−2 〈ab; J |V |ab; J〉

+
1

2

(
u2b − v2b

)∑

a

ĵauava〈aa; 0|V |bb; 0〉 .
(3.60)

Eventually, the residual two-body interaction is compactly expressed in its normal
ordered form with respect to the BCS vacuum, as

Vres =
1

4

∑

αβγδ

v̄αβγδN
[

c†αc
†
βcδcγ

]

BCS
. (3.61)

Further manipulation leads to Vres ≡ H40 + H31 + H22 (for details, see Ap-
pendix D.4).

3.4.5 BCS equations

The BCS equations can be derived by minimising the BCS ground-state ex-
pectation value

E = 〈BCS|H|BCS〉 , (3.62)

which can be viewed as a constrained variational problem with respect to the
occupation amplitudes uα and vα. To this purpose, the weak point of the method
(i.e. the non-conservation of the particle number as mentioned in Subsect. 3.4.1)
serves as the actual tool to (self-) heal it. More specifically, the variational prob-
lem is forced to reproduce the correct average particle number, n̄ ≡ (Z,N),
subject to the constraint

〈BCS|H|BCS〉 = n̄ . (3.63)
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Towards this direction, the number operator given in Eq.(3.17) is written [ana-
logously to Eq.(3.56)] as

n̂ =
∑

α

c†α cα =
∑

a

ĵ2av
2
a +

∑

a

ĵ2a
(
u2a − v2a

)[
a†aã

†
a

]

00

+
∑

a

ĵ2auava
([
a†aa

†
a

]

00
−
[
ã†aã

†
a

]

00

)
.

(3.64)

In this respect, n̄ acquires contributions only from the constant term of the above
expression and therefore

n̄ =
∑

a

ĵ2av
2
a . (3.65)

In numerical calculations, protons and neutrons are treated separately (proton-
neutron pairing is ignored). The variational problem is then solved by employing
the method of the Lagrange multipliers (in order to become unconstrained) which
enter via the definition of the auxiliary X•amiltonian

H ≡ H − λn . (3.66)

In this context, the parameter λ, namely the chemical potential (or the Fermi
energy), is determined through the variational problem

δ〈BCS|H|BCS〉 = 0 , (3.67)

or equivalently

δ

(

H0 − λ
∑

a

ĵ2av
2
a

)

≡ δH0 = 0 . (3.68)

Recalling Eq.(3.58), we simply write

H0 =
∑

a

(εa − λ) ĵ2av2a +
1

2

∑

abJ

v2av
2
b Ĵ

2 [Nab(J)]
−2 〈ab; J |V |ab; J〉

+
1

2

∑

ab

ĵaĵbuavaubvb〈aa; 0|V |bb; 0〉 ,
(3.69)

thus, the single-particle energies εa are sifted as εa → εa − λ, which implies that
H0|ε = H0|ε−λ (the same occurs for H11 and H20). At this stage, it is convenient
to introduce the following abbreviations

∆b ≡−
[

ĵb

]−1∑

a

ĵauava〈aa; 0|V |bb; 0〉 ,

µb ≡−
[

ĵb

]−2∑

aJ

v2aĴ
2 [Nab(J)]

−2 〈ab; J |V |ab; J〉 ,

ηb ≡εb − λ− µb ,

(3.70)
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which correspond to physical quantities (see below) and write

H0 =
∑

b

ĵ2b

[

v2b

(

ηb +
1

2
µb

)

− 1

2
ubvb∆b

]

, (3.71)

H11(b) =ĵb
[(
u2b − v2b

)
ηb + 2ubvb∆b

]
, (3.72)

H20(b) =ĵb

[

ubvbηb −
1

2

(
u2b − v2b

)
∆b

]

. (3.73)

The quantity ∆b is called the pairing-gap (for more details see Subsect. 3.4.6
below). The quantity µa, namely the self-energy, describes a renormalisation of
the single-particle energy, εa, due to the fact that the energy of a nucleon in
the orbital, a, gets additional contributions from its interactions with the other
nucleons. The physical interpretation of the chemical potential, λ, is understood
as follows. From the definition of the auxiliary Hamiltonian given in Eq.(3.66),
we have

H0 = 〈BCS|H|BCS〉 − λn . (3.74)

The number constraint in the variational problem means that the derivative of
H0 with respect to the particle number, n, must vanish at the correct required
particle number, i.e. n = n̄. Taking the derivative of the latter expression with
respect to n and setting it to zero yields

λ =
∂

∂n
〈BCS|H|BCS〉

∣
∣
∣
n=n̄

. (3.75)

The latter expression describes how much the energy of the BCS ground state
increases when one particle is added to it.

3.4.6 The gap equation

To perform the variational calculation that leads to the BCS equations, taking
also into consideration Eq.(3.16) 3, we require that

∂

∂vc
H0 = 0, for all c . (3.76)

3This also gives

∂ub

∂vc
= −δbc

vc

uc
.
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This requirement yields the result

0 =
∂

∂vc
H0 =

∑

b

ĵ2b

[

−1
2
v2b
∂µb

∂vc
+ 2vbδbc

(

ηb +
1

2
µb

)

− 1

2
ubvb

∂∆b

∂vc
− 1

2
ubδbc∆b +

1

2
δbc
vb
uc
vb∆b

]

=vc
∑

bJ

v2b Ĵ
2 [Nbc(J)]

−2 〈bc; J |V |bc; J〉+ 2ĵ2c vc

(

ηc +
1

2
µc

)

+ ĵc
u2c − v2c
2uc

∑

b

ĵbubvb〈bb; 0|V |cc; 0〉 −
1

2
ĵ2cuc∆c +

1

2
ĵ2c
v2c
uc

∆c

=2ĵ2c vcηc + ĵ2c
v2c − u2c
uc

∆c ,

(3.77)

where by using Eq.(3.30) we have performed the derivatives

∂

∂vc

(

ηb +
1

2
µb

)

=− 1

2

∂µb

∂vc
,

∂µb

∂vc
=− 2

[

ĵb

]−2

vc
∑

J

Ĵ2 [Nbc(J)]
−2 〈bc; J |V |bc; J〉 ,

∂∆b

∂vc
=−

[

ĵb

]−1

ĵc
u2c − v2c
uc

〈bb; 0|V |cc; 0〉 .

(3.78)

Then, Eq.(3.77) implies that

(
u2c − v2c

)
∆c = 2ucvcηc , (3.79)

or by squaring both sides

u2cv
2
c =

∆2
c

4 (η2c +∆2
c)
. (3.80)

The latter, is solved with respect to the occupation amplitudes giving

uc =
1√
2

√

1 +
ηc
Ec

,

vc =
1√
2

√

1− ηc
Ec

,

(3.81)

where the quasi-particle energy reads

Ec ≡
√

η2c +∆2
c . (3.82)

Substituting the positive root of Eq.(3.80), i.e.

ucvc =
∆c

2Ec
(3.83)
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into the expression for ∆b as given in Eq.(3.70), yields the so-called gap-equation

2ĵb∆b = −
∑

a

ĵa∆a
√

η2a +∆2
a

〈aa; 0|V |bb; 0〉 . (3.84)

By inserting the conditions of Eqs.(3.79),(3.81),(3.84) in Eq.(3.73), one finds

H0 =
1

2

∑

b

ĵ2b
Eb

[

(Eb − ηb)
(

ηb +
1

2
µb

)

− 1

2
∆2

b

]

,

H11(b) =ĵbEb ,

H20(b) =0 ,

(3.85)

and thus, the auxiliary Hamiltonian in terms of the quasi-particle energy, Eb,
takes the form

H = H0 +
∑

b

ĵbEb

[

a†bãb

]

00
+ Vres . (3.86)

The first two terms entering the above Hamiltonian, carry a large part of
the original residual interaction and they describe non-interacting quasi-particles
with energies Eb. The residual interaction, Vres, produces configuration mixing
between many-quasi-particle states. In the present Thesis, this mixing is handled
within the framework of the quasi-particle random phase approximation (QRPA)
(see Sect. 3.5).

The constant term, H0, in the definition of the original nuclear Hamiltonian
takes the form

H0 = H0 + λ
∑

a

ĵ2b v
2
b = H0 + λn̄ , (3.87)

which may be rewritten by combining Eq.(3.73) with Eq.(3.81), as follows

H0 =
1

2

∑

b

ĵ2b
Eb

[

(Eb − ηb)
(

εb −
1

2
µb

)

− 1

2
∆2

b

]

. (3.88)

3.4.7 Pairing interaction in the Bonn C-D potential

The Bonn Full Model (BFM), is considered as a comprehensive phenomenolo-
gical meson-exchange theory for the reliable description of the nucleon-nucleon in-
teraction [52]. Within the framework of the BFM, the concept of meson-exchange
for nuclear forces as well as its validity range may be systematically tested, rep-
resenting a good point of departure for alternative theories (on the basis of quark
models, chiral perturbation theory, etc.) towards explaining the nuclear force. In
this context the predicted charge-dependence (C-D), i.e. the invariance under any
rotation in isospin space, is reproduced accurately through a refinement of the
BFM, namely the Bonn C-D potential [53]. The off-shell behaviour of Bonn C-D
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η, π, ρ, ω, σ, φ

p(n) p(n)

p(n) p(n)

Figure 3.2: Tree level meson-exchange Feynman diagrams describing the nucleon-
nucleon interaction (Bonn C-D potential).

is based upon the relativistic Feynman amplitudes for meson-exchange, thus it dif-
fers off-shell from conventional nucleon-nucleon potentials, a fact that has attract-
ive consequences in nuclear structure applications [54]. Our QRPA code, for the
two-nucleon residual interaction utilises the C-D version of the well-known Bonn
potential. The mesons, η, π, ρ, ω, σ, φ with spin and isospin (Jπ, T ) = (0−, 0),
(0−, 1), (1−, 1), (1−, 0), (0+, 0), (1−, 0) respectively, that are assumed to mediate
the strong interaction are indicated in the relevant Feynman diagrams shown in
Fig. 3.2.

As has been stressed in Ref. [38], the interaction of pairs with J = 0 is much
stronger than those with J 6= 0 pairs. Therefore, we may consider the interaction
in a single j shell by making the approximation that only the J = 0 channel
contributes. Starting from the general two-body interaction of Eq.(3.39), we
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write

Vres =−
1

2

∑

J

Ĵ〈jj; J |V |jj; J〉
[[
c†jc

†
j

]

J

[
c̃j c̃j
]

J

]

00

=− 1

2

∑

J

Ĵ〈jj; J |V |jj; J〉
[[
c†jc

†
j

]

J

[
c̃j c̃j
]

J

]

00

pairing≈ − 1

2
〈jj; 0|V |jj; 0〉

[
c†jc

†
j

]

0

[
c̃j c̃j ]0

=− 1

2
〈jj; 0|V |jj; 0〉

[

ĵ
]−2∑

mm′

(−1)j−m+j−m′

c†jmc
†
j,−mc̃jm′ c̃j,−m′

=
1

2
〈jj; 0|V |jj; 0〉

[

ĵ
]−2∑

mm′

c†jmc̃
†
jmc̃jm′cjm′

=2〈jj; 0|V |jj; 0〉
[

ĵ
]−2 ∑

m>0
m′>0

c†jmc̃
†
jmc̃jm′cjm′ ,

(3.89)

where we have used the anticommutation relations of Eq.(3.22) and the simple

Clebsch-Gordan coefficient (jmjm′|00) = (−1)j−m
[

ĵ
]−1

δm,−m′ .

For the reliable description of the nucleon-nucleon interaction in the dense
nuclear medium, our code solves the Bethe-Goldstone equation which yields the
two-nucleon matrix elements of the residual interaction within a given model
space. Thus, by employing the Bonn C-D potential as the residual interaction,
we obtain the G-matrix elements. In the particular case of the pairing interaction,
by introducing the abbreviation

2〈jj; 0|V |jj; 0〉ĵ−2 ≡ −G , (3.90)

the pairing interaction, Vpair, for a single j shell takes the form

Vpair = −G
∑

mm′>0

c†jmc̃
†
jmc̃jm′cjm′ . (3.91)

For completeness, we also give its generalisation to several j shells , as

Vpair = −G
∑

jj′

∑

mm′>0

c†jmc̃
†
jmc̃j′m′cj′m′ . (3.92)

(in our case it includes all shells of the chosen model space). It is worth noting
that the pairing interaction is a short range attractive force, thus G is positive.

For a single j shell the above pairing interaction is diagonalised as follows.
We choose the single-particle energies as εj = 0 and the two-particle basis states
to be

A†
jm|0〉 ≡ c†jmc̃

†
jm|0〉, m > 0 . (3.93)
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The relevant matrix elements read

〈0|AjmVpairA
†
jm′|0〉 =−G

∑

m1m2>0

〈0|c̃jmcjmc†jm1
c̃†jm1

c̃jm2
cjm2

c†jm′ c̃
†
jm′|0〉

=−G .
(3.94)

Then, the interaction matrix is

Vpair = −G








1 1 · · · 1
1 1 · · · 1
...

...
. . .

...
1 1 · · · 1







, (3.95)

being an Ω× Ω matrix, where

Ω ≡ 1

2
(2j + 1) (3.96)

is the pair degeneracy.
After diagonalising the latter matrix, the eigenstate that is associated to the

lowest eigenvalue takes the form

|Ψ1〉 =
1√
Ω








1
1
...
1







, (3.97)

which in occupation number representation is written as

|Ψ1〉 =
1√
Ω

∑

m>0

A†
jm|0〉 =

1√
2

∑

m

(−1)j+m

ĵ
c†jmc

†
j,−m|0〉

=− 1√
2

[
c†jc

†
j

]

00
|0〉

=− |j2; J = 0,M = 0〉 .

(3.98)

This result implies that the diagonalisation of the pairing matrix in the uncoupled
basis indeed gives a zero-coupled pair as the lowest eigenstate.

From the above discussion we extract the following concluding remarks. The
behaviour of the pairing force is understood as a direct consequence of its defini-
tion. Specifically, the J 6= 0 pairs are non-interacting and remain at their unper-
turbed energy 2εj. On the other hand, the J = 0 pairs are interacting and are
lowered in energy by the attractive force.

In analogy to the above description, the pair creation operator is defined as

A† ≡ 1√
Ω

∑

m>0

A†
jm =

1√
Ω

∑

m>0

c†jmc̃
†
jm , (3.99)
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that creates a zero-coupled pair. The pairing interaction operator is subsequently
written as

Vpair = −GΩA†A . (3.100)

Furthermore, in this framework by defining the particle number operator, as

n̂ ≡
∑

m

c†jmcjm =
∑

m>0

(

c†jmcjm + c̃†jmc̃jm

)

, (3.101)

the following commutation relations hold

[
A,A†

]
=1− n̂/Ω ,

[
A†, n̂

]
=− 2A† ,

[
Vpair, A

†
]
=−GA†(Ω− n̂) = −G(Ω− n̂+ 2)A† .

(3.102)

3.5 Quasi-particle random phase approximation

(QRPA)

A general quasi-particle pair, i.e. a pair referred to two orbitals a and b,
coupled to angular momentum J with projection M and parity π, is described
by the operator

A†
ab(JM) = Nab(J)

[
a†aa

†
b

]

JM
, (3.103)

while its hermitian conjugate is

Ãab(JM) = (−1)J+MAab(J,−M) = −Nab(J)
[
ãaãb

]

JM
. (3.104)

An appropriate framework to accommodate the pair excitations of the quasi-
particles from the ground state is the so-called quasi-particle random phase ap-
proximation (QRPA). In the present Thesis, after constructing the quasi-particle
base through the solution of the BCS equations, we proceed by performing QRPA
calculations in order to find the excited states of the studied nuclear isotopes. As
we will see below, for each nuclear system, our computational method takes into
account the residual interaction, which is renormalised through the parameters
gph (particle-hole) and gpp (particle-particle).

In this context, the QRPA excitation, |ω〉, is defined in terms of the QRPA
phonon creation operator, Q†

ω, as

|ω〉 = Q†
ω|QRPA〉 , (3.105)

whereas the QRPA vacuum reads

Qω|QRPA〉 = 0, for all ω . (3.106)
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The QRPA excitation operator (QRPA phonon creation operator), Q†
ω, can be

cast in the form

Q†
ω =

∑

a≤b

[

Xω
abA

†
ab(JM)− Y ω

abÃab(JM)
]

. (3.107)

The annihilation operator (that deletes the vacuum), is the hermitian conjugate
of the latter

Qω =
∑

a≤b

[

Xω∗
ab Aab(JM)− Y ω∗

ab Ã
†
ab(JM)

]

. (3.108)

We note that from Eq.(3.107), it can be seen that Q†
ω|BCS〉 6= 0, meaning that

the BCS vacuum is not the vacuum for the QRPA.
In the previous expressions we defined ω = nJπM , where the quantum num-

ber, n, stands for the different QRPA solutions that correspond to the same value
of angular momentum and parity, while the summation is restricted to avoid
double counting. The scattering amplitudes are introduced to describe forward-
scattering Xω

ab, and back-scattering Y ω
ab respectively. They obey the orthogonality

as well as the completeness condition. Eventually, we stress that the amplitude,
Y ω
ab, is required to be small in order to prevent QRPA breaking. Furthermore, the

QRPA equations can be obtained and expressed through the commutators, as

〈QRPA|
[
Aab,H, Q†

ω

]
|QRPA〉 = Eω〈QRPA|

[
Aab, Q

†
ω

]
|QRPA〉 , (3.109)

〈QRPA|
[

Ã†
ab,H, Q†

ω

]

|QRPA〉 = Eω〈QRPA|
[

Ã†
ab, Q

†
ω

]

|QRPA〉 , (3.110)

where, Eω is the excitation energy of the nuclear state.
The two quasi-particle operators, A†

ab and Ãab [see Eqs.(3.103) and (3.104)],
have been obtained under the assumption of the quasi-boson approximation
(QBA). This allows us to substitute the exact QRPA ground state with that of
the BCS ground state (see Appendix D.3) 4. Thus, the QRPA operators satisfy
the bosonic condition [

Qω, Q
†
ω′

]

= δωω′ , (3.111)

which represents the expectation value of the operator of two QRPA phonons
with respect to the BCS vacuum. As a consequence, the QRPA equations are not
derived through a variational principle.

The (non-hermitian) eigenvalue problem, i.e. the charge conserving QRPA
equations, are then written in matrix form as

(
A B
−B∗ −A∗

) (
Xω

Y ω

)

= Eω

(
Xω

Y ω

)

. (3.112)

4We consider |QRPA〉 = |BCS〉 + small corrections, where the small corrections are four-
quasi-particle, eight-quasi-particle, etc., components.
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The QRPA matrices satisfy the relations A† = A (i.e. hermitian) and BT = B
(i.e. symmetric). In the BCS ground state, the QRPA matrices A(J), B(J) have
elements

Aab,cd(J) ≡ 〈BCS|
[

Aab(JM),H, A†
cd(JM)

]

|BCS〉 , (3.113)

Bab,cd(J) ≡ −〈BCS|
[

Aab(JM),H, Ãcd(JM)
]

|BCS〉 . (3.114)

Since the matrix elements of the two latter expressions are independent of M ,
the scattering amplitudes entering the QRPA equations (3.112) must be also
independent of M .

The hermitian matrix, A, is called the QTDA matrix (after quasi-particle
Tamm-Dancoff Approximation), since it can be solved by employing a simple
quasi-particle pair approximation, namely the Quasi-particle Tamm-Dancoff Ap-
proximation. The symmetric matrix, B, is introduced due to the more complic-
ated QRPA excitation and is called the correlation matrix. It can be written
as

Bab,cd(J) = 〈BCS|Aab(JM)Ãcd(JM)H|BCS〉 , (3.115)

(the explicit expression for the matrix elements is shown in Appendix D.5).
The application of the QBA approximation yields the relations for the ortho-

gonality
∑

a≤b

(

XnJπ∗
ab Xn′Jπ

ab − Y nJπ∗
ab Y n′Jπ

ab

)

= δnn′ , (3.116)

and the relations for the completeness (or closure)

∑

n

(
XnJπ

ab XnJπ∗
cd − Y nJπ∗

ab Y nJπ

cd

)
= δacδbd a ≤ b, c ≤ d , (3.117)

∑

n

(
XnJπ

ab Y nJπ∗
cd − Y nJπ∗

ab XnJπ

cd

)
= 0, a ≤ b, c ≤ d . (3.118)

From the above expressions, we conclude that the QRPA solutions are doubled
and only the positive-energy solutions are physical. Hence, the eigenvalue index,
n, in the completeness relations Eq.(3.117) and Eq.(3.118) runs only over the
positive-energy solutions. These can be combined in matrix form as

∑

n
En>0

[(
Xω

Y ω

)

(Xω†,−Y ω†)−
(
Y ω∗

Xω∗

)

(Y ωT,−XωT)

]

=

(
1 0
0 1

)

. (3.119)

It should be mentioned that for a sufficiently strong two-body interaction the
QRPA problem breaks down. In this case, the lowest root of the QRPA equa-
tion (3.112) becomes imaginary, emphasising the need for a deformed mean field
as the starting point of the calculation. The dynamics of the breaking point can
be tangibly seen in the elementary case of one active two-quasi-particle excita-
tion. In actual QRPA calculations, the bare two-body interaction is renormalised
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with the aid of two parameters. The first multiplies the particle-particle interac-
tion (gpp) and the second the particle-hole interaction (gph). By adjusting these
parameters, we modify the QRPA solution so as physical energy eigenvalues (re-
producing the experimental spectrum) to be obtained.

3.5.1 The proton-proton and neutron-neutron QRPA

For the charge conserving nuclear reactions we are interested in the present
study, the appropriate type of QRPA is the so called proton-proton and neutron-
neutron QRPA (pp-nn QRPA). In this case, the structure of the correlation QRPA
matrix, B, has the general form

B =

(
VQRPA(pp− pp) VQRPA(pp− nn)
VQRPA(nn− pp) VQRPA(nn− nn)

)

. (3.120)

In the previous Section, it has been mentioned that the correlation matrix is
symmetric. Thus, if the proton and neutron two-quasi-particle bases are the
same, the non-diagonal blocks are symmetric. Moreover, when the single-particle
energies and interactions are the same for protons and neutrons the diagonal
blocks are the same [38].

The pp− pp and nn− nn blocks contain proton-proton and neutron-neutron
matrix elements, while the pp− nn and nn− pp blocks contain only particle-hole
matrix elements. For instance, the pp−pp blocks in isospin notation are expressed
as

〈p1p−1
2 ; J |Vres|p3p−1

4 ; J〉 →〈a1a4; J ′T = 1|V |a3a2; J ′T = 1〉 ,
〈p1p−1

2 ; J |Vres|p4p−1
3 ; J〉 →〈a1a3; J ′T = 1|V |a4a2; J ′T = 1〉 , (3.121)

(the neutron-neutron case is trivially obtained) while the matrix elements for the
pp− nn and nn− pp blocks read

〈p1p−1
2 ; J |Vres|n3n

−1
4 ; J〉 →〈a1a4; J ′T = 1, 0|V |a3a2; J ′T = 1, 0〉 ,

〈p1p−1
2 ; J |Vres|n4n

−1
3 ; J〉 →〈a1a3; J ′T = 1, 0|V |a4a2; J ′T = 1, 0〉 . (3.122)

To proceed, we make use of the known Pandya transformation and define the
quantities

M(1)
abcd(J) ≡ −

∑

J ′

Ĵ ′
2
[Nad(J

′)Ncb(J
′)]−1

{
ja jb J
jc jd J ′

}

× 〈ad; J ′1|Vres|cb; J ′1〉A1=1 ,

(3.123)

and

M(2)
abcd(JT ) ≡

1

2
(−1)T

∑

J ′

Ĵ ′
2√

[1− (−1)J ′+T δad][1− (−1)J ′+T δcb]

×
{
ja jb J
jc jd J ′

}

〈ad; J ′T |Vres|cb; J ′T 〉AT=1 .

(3.124)
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Then, the particle-hole matrix elements are given byM(1)
phph(J) andM

(2)
phph(JT ),

as
〈p1p−1

2 ; J |Vres|p3p−1
4 ; J〉 =〈n1n

−1
2 ; J |Vres|n3n

−1
4 ; J〉

=A1M(1)
a1a2a3a4

(J) ,
(3.125)

〈p1p−1
2 ; J |Vres|n3n

−1
4 ; J〉 =〈n1n

−1
2 ; J |Vres|p3p−1

4 ; J〉
=A1M(2)

a1a2a3a4(J1) + A0M(2)
a1a2a3a4(J0) .

(3.126)

3.6 Evaluation of the nuclear form factors

3.6.1 Nuclear Structure calculations

The main nuclear physics aspects of the present Thesis are studied through
a detailed evaluation of the nuclear form factor F (q2) of the nuclear system
in question. Towards this aim, at first, we study the nuclear structure details
of the matrix elements entering the neutrino-nucleus cross sections discussed in
Chapt. 4–8. Such results reflect the dependence of the coherent cross section
on the incident-neutrino energy Eν and the scattering angle θ (or the recoil en-
ergy TN). We mention that for the even-even nuclei this study involves realistic
QRPA calculations for the differential cross sections dσνα/d cos θ and dσνα/dTN ,
performed after constructing the nuclear ground state, |g.s.〉, by solving iterat-
ively the BCS equations (see Sect. 3.4.5). The solution of these equations provides
the probability amplitudes ujNn

and vjNn
of the j-th single nucleon level to be oc-

cupied or unoccupied, respectively [see Eq.(3.81)]. Moreover, the latter equations
provide the single quasi-particle energies, based on the single-particle energies of
the nuclear field (a Coulomb corrected Woods-Saxon potential in our case) as
well as the pairing part of the residual two-body interaction (Bonn C-D potential
in our case).

The nuclear form factors for protons (neutrons) are obtained as [55]

FNn(q
2) =

1

Nn

∑

j

ĵ 〈j|j0(|q|r)|j〉
(
vjNn

)2
, (3.127)

with Nn = Z (or N). For each nuclear system studied, the chosen active model
space, the Harmonic Oscillator (h.o.) parameter b and the values of the two para-

meters g
p (n)
pair for proton (neutron) pairs that renormalise the monopole (pairing)

residual interaction (obtained from the Bonn C-D two-body potential describing
the strong two-nucleon forces), are presented in Table 3.1. The adjustment of

g
p (n)
pair is achieved through the reproducibility of the pairing gaps ∆p (n). To this
purpose, the gap-equation given in Eq.(3.84) is written in the form

∆b = −
g
p (n)
pair

2ĵb

∑

a

ĵa∆a
√

η2a +∆2
a

〈aa; 0|V |bb; 0〉 , (3.128)
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Nucleus model-space b ∆p ∆n gppair gnpair
12C 8 (no core) 1.522 4.68536 4.84431 1.12890 1.19648
16O 8 (no core) 1.675 3.36181 3.49040 1.06981 1.13636
20Ne 10 (no core) 1.727 3.81516 3.83313 1.15397 1.27600
28Si 10 (no core) 1.809 3.03777 3.14277 1.15568 1.23135
32S 15 (no core) 1.843 2.03865 2.09807 0.8837 0.95968
40Ar 15 (no core) 1.902 1.75518 1.76002 0.94388 1.01348
48Ti 15 (no core) 1.952 1.91109 1.55733 1.05640 0.99890
76Ge 15 (no core) 2.086 1.52130 1.56935 0.95166 1.17774
114Cd 18 (core 16O) 2.214 1.41232 1.35155 1.03122 0.98703
132Xe 15 (core 40Ca) 2.262 1.19766 1.20823 0.98207 1.13370

Table 3.1: The values of proton gppair and neutron gnpair pairs that renormalise the
residual interaction and reproduce the respective empirical pairing gaps ∆p and
∆n. The active model space and the Harmonic Oscillator parameter, for each
isotope, are also presented.

while the pairing gaps are obtained through the three-point formula as follows

∆exp
n =− 1

4
[Sn(A− 1, Z)− 2Sn(A.Z) + Sn(A+ 1, Z)] ,

∆exp
p =− 1

4
[Sp(A− 1, Z − 1)− 2Sp(A.Z) + Sp(A+ 1, Z + 1)] ,

(3.129)

where, Sn (Sp) denotes the experimental separation energy for neutrons (protons),
respectively, of the target nucleus (A,Z) and the neighbouring nuclei (A±1, Z±1)
and (A± 1, Z).

3.6.2 Other methods for obtaining the nuclear form
factors

The point-nucleon charge density distributions ρ(r), are defined as the expect-
ation value of the density operator

ρ̂(r) =
A∑

j=1

1

2
(1 + τ3j)δ(r− rj) , (3.130)

where the + (−) sign corresponds to the point-proton (neutron) charge density
distribution. If we assume that the ground state of a nucleus (A,Z), is ap-
proximately described by a Slater determinant constructed from single-particle
wave-functions, the distributions of Eq.(3.130) are simply the sum of the squares
of the point-nucleon wavefunctions. For closed (sub)shell nuclei ρ(r) is spheric-
ally symmetric and the more interesting radial (r = |r|) proton charge density
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distribution, ρp(r), is simply given by

ρp(r) =
1

4π

∑

(n,l)j
occupied

(2j + 1)|Rnlj(r)|2 , (3.131)

where Rnlj(r) is the radial component of the single-particle wavefunction with
quantum numbers n, l and j.

The nuclear form factor, which is the Fourier transform of the nuclear charge
density distribution, ρp(r), is defined as

FZ(q
2) =

4π

Z

∫

ρp(r)j0(|q|r) r2 dr , (3.132)

with j0(x) being the zero-order Spherical Bessel function and depends on the
magnitude of the three momentum transfer squared, q2 ≡ |q|2 . Due to the
significance of the nuclear form factors in our calculations and for the benefit of
the reader we devote a separate discussion to summarise some useful possibilities
of obtaining these observables.

i) Use of available experimental data
For many nuclei and especially for odd-A isotopes, the proton nuclear form factors
FZ(q

2), are computed by means of a model independent analysis (using the
Fourier-Bessel expansion model or others defined in Appendix F.1) of the elec-
tron scattering data for the proton charge density ρp(r) [56] wherever, possible.
The absence of similar data for neutron densities, restricts us to assume that
FN(q

2) = FZ(q
2). In this work, we consider this method only for the case of the

very heavy doubly closed 208Pb nucleus.
ii) Fractional occupation probabilities in a simple Shell-Model

In Ref. [57] the form factor FZ(q
2), for Harmonic Oscillator wavefunctions has

been written as [58, 59]

FZ(q
2) =

1

Z
e−(|q| b)2/4Φ (|q| b, Z) , Φ (|q| b, Z) =

Nmax∑

λ=0

θλ(|q| b)2λ , (3.133)

where Nmax = (2n+ l)max stands for the number of quanta of the highest occupied
proton (neutron) level. The coefficients θλ read

θλ =

√
π

4λ

Nmax∑

(n,l)j
(2n+l>λ)

2n∑

m=s

(2j + 1)n!Cm
nlΛλ(m+ l, 0)(l +m)!

2Γ(n+ l + 3
2
)

, (3.134)

where Γ(x) is the Gamma function and the index s is defined as

s =

{

0, if λ− l ≤ 0

λ− l if λ− l > 0
, (3.135)
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Z (N) (nl)j λ = 0 λ = 1 λ = 2 λ = 3 λ = 4

2 0s1/2 2 ( 2)
6 0p3/2 2 ( 6) 8

3
( −2

3
)

8 0p1/2 2 ( 8) 4 ( −1)
14 0d5/2 2 (14) 4 ( −3) 8

5
( 1
10
)

18 0d3/2 2 (18) 4 (−13
3
) 8

3
( 1

6
)

20 1s1/2 5 (20) 0 ( −5) 4 ( 1
4
)

22 1p1/2 5 (22) 10
3

( −6) 4
3

(13
3
) 8

15
(− 1

120
)

30 0f7/2 5 (30) 10
3

(−10) 4
3

( 5
6
) 8

7
( − 1

56
)

34 1p3/2 5 (34) 10 (−12) −4 ( 6
5
) 232

105
(− 29

840
)

40 0f5/2 5 (40) 10 (−15) −4 ( 3
2
) 8

3
( − 1

24
)

50 0h9/2 5 (50) 10 (−65
3
) −4 ( 5

2
) 8

3
( − 5

56
) 32

189
( 1
1512

)

Table 3.2: The exact coefficients fλ (θλ), that determine the proton and neutron
density and momentum distributions (form factors) up to 50Sn, within the chosen
model space. For more details see the text.

and

Λk(n, l) =
(−)k
k!

(
n + l + 1/2
n− k

)

, Cm
nl =

m∑

k=0

Λm−k(n, l)Λk(n, l) . (3.136)

The radial nuclear charge density distribution, ρp(r), entering the definition of
Eq.(3.132), is written in the following compact form [58, 59]

ρp(r) =
1

π3/2b3
e−(r/b)2 Π

(r

b
, Z
)

, Π (χ, Z) =

Nmax∑

λ=0

fλχ
2λ, (3.137)

where χ = r/b, with b denoting the Harmonic Oscillator size parameter. The
coefficients, fλ, are expressed as

fλ =
∑

(n,l)j

π1/2(2j + 1)n!Cλ−l
nl

2Γ
(
n+ l + 3

2

) . (3.138)

As a first step of our calculational procedure, we evaluated the θλ and fλ coef-
ficients, required for the form factor and the proton charge density of the 48Ti
nucleus. Specifically, an inversion of the (nl)j levels compared to that assumed
in Ref [57], results in the present work, in order to fit the experimental data for
48Ti. These coefficients are listed below in Table 3.2. As mentioned in Ref. [57],
an interchange of the sequence of the levels, does not affect the coefficients of the
core nucleus (e.g. our results for the 40Ca nucleus coincide with those of Ref. [57]).

Up to this point, the proton occupation probabilities entering Eq.(3.132)
Eq.(3.133) have been considered equal to unity for the states below the Fermi
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surface and zero for those above the Fermi surface. In Ref. [57], the authors
introduced depletion and occupation numbers, to parametrise the partially occu-
pied levels of the states. These parameters satisfy the relation

∑

(n,l)j
all

αnlj(2j + 1) = Nn . (3.139)

Within this context, the “active” surface nucleons (above or below the Fermi
level) have non-zero occupation probability αnlj 6= 0, smaller than unity, while the
“core” levels have occupation probability αnlj = 1. In this Thesis, we extend the
work of Ref. [57] where three parameters α1, α2, α3 are used to describe the partial
occupation probabilities of the surface orbits. We improve the formalism by
introducing more parameters, increasing this way the number of “active” nucleons
in the studied nuclear system and come out with higher reproducibility of the
experimental data [56]. To this aim, we introduce four parameters αi, i = 1, 2, 3, 4
in Eq.(3.139). Then, the assumed “active” single-particle levels are five and
Eq.(16) of Ref. [57] becomes

Π(χ, Z, αi) =Π(χ, Z2)
α1

Z1 − Z2
+Π(χ, Z1)

[
α2

Zc − Z1
− α1

Z1 − Z2

]

+Π(χ, Zc)

[
Z ′ − Z
Z ′ − Zc

− α2

Zc − Z1

− α3

Z ′ − Zc

]

+Π(χ, Z ′)

[
Z − Zc

Z ′ − Zc
+

α3

Z ′ − Zc
− α4

Z ′′ − Z ′

]

+Π(χ, Z ′′)

[
α4

Z ′′ − Z ′
− λ

Z ′′′ − Z ′′

]

+Π(χ, Z ′′′)
λ

Z ′′′ − Z ′′
,

(3.140)

with λ = α1+α2−α3−α4. By substituting the polynomial Π(χ, Z) of Eq.(3.137)
with that of the latter expression and using the experimental data [56], we
fit the parameters αi (and similarly for the form factor of Eq.(3.133)). As
an example, for the 40Ar isotope we have, Z2 = 10, Z1 = 12, Z = Zc =
18, Z ′ = 20, Z ′′ = 22, Z ′′′ = 30. The resulting fractional occupation prob-
abilities that fit the experimental charge density distribution are α1 = 0.85,
α2 = 1.25, α3 = 0.85, α4 = 0.75. Similarly for the 48Ti nucleus, we have
Z2 = 18, Z1 = 20, Z = Zc = 22, Z ′ = 30, Z ′′ = 34, Z ′′′ = 40 and the fitting
parameters are α1 = 1.0, α2 = 1.5, α3 = 0.35, α4 = 0.1. In Fig. 3.3 the pre-
diction of the method is compared with that of the simple Shell-Model and the
experimental data. We note that in the momentum transfer range of our interest
(i.e. q < 2 fm−1) the form factor has excellent behaviour. We however mention
that even though the FOP method presents very high reproducibility of the ex-
perimental data, it is not always applicable, e.g. for deformed nuclei (where BCS
appears to be still successful).
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iii) Use of effective expressions for the nuclear form factors
We finally discuss one of the most accurate effective methods for calculating the
nuclear form factor by Ref. [60]

F (q2) =
3j1(|q|R0)

|q|R0
exp

[

−1
2
(|q|s)2

]

, (3.141)

where j1(x) is the known first-order Spherical-Bessel function and R2
0 = R2−5s2,

with R and s being the radius and surface thickness parameters of the nucleus
respectively. The radius parameter is usually given from the semi-empirical form
R = 1.2A1/3 fm while s is of the order of 0.5 fm (see Ref. [56]).

It is worth noting that, by inserting the form factors FZ(N) obtained as de-
scribed above in Eq.(4.69), the resulting cross sections have a rather high confid-
ence level. In the next part of the Thesis the results show that the momentum
dependence of the nuclear form factors becomes crucial, especially for intermedi-
ate and high energies. In some cases, differences of even an order of magnitude
may occur as compared to the calculations neglecting the momentum dependence
of the nuclear form factors.
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Figure 3.3: The charge density distribution (left) and the nuclear form factor
as a function of the momentum transfer (right), for the cases of 40Ar and 48Ti
nuclei. The introduction of fractional occupation probabilities (FOP) of the states
provides higher reproducibility of the experimental data, compared to the simple
Shell-Model and that of Eq.(3.141). The BCS nuclear neutron form factor FN(q

2)
is also presented and compared.



Chapter 4

Neutrino-nucleus processes within the
SM

4.1 Introduction

Open neutrino physics issues require precision studies, both theoretical and ex-
perimental ones, and towards this aim coherent neutral-current neutrino-nucleus
scattering events are expected to be observed soon. In this Chapter, we explore
neutrino-nucleus processes from a nuclear theory point of view and obtain res-
ults with high confidence level based on accurate nuclear structure cross sections
calculations. Besides cross sections, the present study includes simulated signals
expected to be recorded by nuclear detectors, differential event rates as well as
total number of events predicted to be measured. Our original cross sections
calculations are focused on measurable rates for the Standard Model process.
We concentrate on the possibility of detecting (i) Supernova neutrinos by using
massive detectors like those of the GERDA and SuperCDMS dark matter exper-
iments and (ii) laboratory neutrinos produced near the spallation neutron source
facilities (at Oak Ridge National Lab) by the COHERENT experiment.

4.2 The role of neutrino-nucleus processes

Coherent scattering of neutrinos on complex nuclei was proposed long ago [61–
63] as a prominent probe to study neutral-current (NC) neutrino-nucleus pro-
cesses, but up to now no events have been experimentally measured. Neutrino
detection, constitutes an excellent probe to search for a plethora of conventional
neutrino physics applications and new-physics open issues [64–66]. In principle,
low-energy astrophysical and laboratory neutrino searches provide crucial inform-
ation towards understanding the underling physics of the fundamental electroweak
interactions within and beyond the SM [67, 68]. Well-known neutrino sources
include (i) Supernova neutrinos (with energies up to 60-100 MeV) and (ii) labor-

59
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atory neutrinos (with energies up to 52.8 MeV) emerging from stopped-pion and
muon decays at muon factories (Fermilab, PSI, JPARC, etc.) and at the Spalla-
tion Neutron Source (SNS) at Oak Ridge National Lab [69]. Recently, it became
feasible [70] to detect neutrinos by exploiting the neutral-current interactions
and measuring the nuclear recoil signals through the use of very low threshold-
energy detectors [71, 72]. To this purpose, great experimental effort has been
put and new experiments have been proposed to be performed at facilities with
stopped-pion neutrino beams, based on promising nuclear detectors like those of
the COHERENT experiment [73–75] and others [76] at the SNS, or alternative
setups at the Booster Neutrino Beam (BNB) at Fermilab [77, 78]. The nuclear
neutrino detectors adopted by the relevant experiments include liquid noble gases,
such as 20Ne, 40Ar, 132Xe as well as, 76Ge and CsI[Na] detection materials [79].

On the theoretical side, the neutrino signals of low-energy neutrinos, expected
to be recorded in sensitive nuclear detectors [80–82], could be simulated through
nuclear calculations of neutrino-nucleus scattering cross sections. Such results
may provide useful information relevant for the evolution of distant stars, the core
collapse Supernovae, explosive nucleosynthesis and other phenomena [40, 83–85].
In fact, coherent neutral-current neutrino-nucleus scattering events are expected
to be observed by using the high intensity stopped-pion neutrino beams [86, 87]
and nuclear targets for which recoil energies are of the order of a few to tens
of keV, and therefore appropriate for detection of WIMPs [88, 89], candidates
of Cold Dark Matter [90, 91]. Such detectors are e.g. the SuperCDMS [92],
GERDA [93] and other multi-purpose detectors [94–96]. For low-energies, the
dominant vector components of NC interactions lead to a coherent contribution
of all nucleons (actually all neutrons) in the target nucleus [97–99].

It is worth mentioning that, after the discovery [100–105] of neutrino oscilla-
tions in propagation, the challenge of neutral and charged lepton flavour viola-
tion (LFV) is further investigated by extremely sensitive experiments [106–109]
searching for physics beyond the current Standard Model (SM) [110]. To this
end, neutrino-nucleus coherent scattering experiments may probe new physics
beyond the SM involved in exotic neutrino-nucleus interactions [22, 25, 70, 111],
an undoubtable signature of non-standard physics. Therefore, new data and
insights will be provided to the physics of flavour changing neutral-current
(FCNC) processes, in the leptonic sector, in non-standard neutrino oscillation
effects [112–114], in neutrino transition magnetic moments [115], in sterile neut-
rino search [116] and others [117]. Furthermore, such experimental sensitivity
may also inspire advantageous probes to shed light on various open issues in
nuclear astrophysics [118, 119].

In recent works [25], neutral-current (NC) non-standard interactions (NSI)
involving (anti)neutrino scattering processes on leptons, nucleons and nuclei have
been investigated. The reactions of this type that take place in nuclei are repres-
ented by

να(ν̄α) + (A,Z)→ νβ(ν̄β) + (A,Z) , (4.1)
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(α, β = e, µ, τ with α 6= β). It has been suggested [120] that, theoretically the lat-
ter processes, can be studied with the same nuclear methods as the exotic cLFV
process of µ− → e− conversion in nuclei [121–124]. The corresponding Lagrangi-
ans may be derived within the context of various extensions of the SM [67, 68, 125],
like the four-fermion contact interaction, seesaw model [126, 127], left-right sym-
metric models [128], gluonic operator model [129], etc.

It is well-known that neutrino NSI may have rather significant impact in
many areas of modern physics research and thus, motivate a great number of
similar studies [130]. Especially in astrophysical applications, constraints coming
out of some Supernova explosion scenarios [21, 131, 132], may be affected and
eventually lead to the necessity of further investigation of NSI in both LFV and
cLFV processes that may occur in solar and Supernova environment [55, 58, 59,
133, 134]. Such open issues motivated our present work too.

One of our main purposes in this Chapter, is to comprehensively study the
above issues by performing nuclear structure calculations for a set of experi-
mentally interesting nuclei. We estimate reliably the nuclear matrix elements
describing the Standard Model component of the neutrino-nucleus processes, i.e.
we consider α = β in the reactions of Eq.(4.1). Exotic neutrino-nucleus events
are computed in Chapt. 5. By exploiting our accurate original cross sections,
we obtain simulated neutrino signals and flux averaged cross sections which are
experimentally interesting quantities for both Supernova and SNS neutrinos. The
total number of events expected to be recorded over the energy threshold for the
studied nuclear targets are also presented for both cases.

We stress that, we have devoted special effort to obtain results of high accuracy
by constructing the nuclear ground state within the context of the quasi-particle
random phase approximation (QRPA), i.e. by solving iteratively the BCS equa-
tions for realistic pairing interactions (the Bonn C-D potential) [135, 136], and
achieving high reproducibility of the available experimental data [56]. In addition,
we made comparisons with the results of other methods evaluating the nuclear
form factors that enter the coherent rate [31, 137] as the one which employs
fractional occupation probabilities (FOP) of the states (on the basis of analytic
expressions) [57], and other well-known methods [60].

4.3 The Donnelly-Walecka method

From a nuclear theory point of view, it is important to evaluate the transition
matrix elements entering the cross sections and other observables of electroweak
processes with reliable many-body nuclear wave functions. For any semi-leptonic
electroweak interaction, the partial (exclusive) reaction rate Γi→f between an
initial |i〉 and a final |f〉 (many-body) nuclear states, are based on the nuclear
matrix elements of the interaction Hamiltonian, Ĥeff

Γi→f ∝ |〈f |Ĥeff |i〉|2 (4.2)
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(i.e. the Fourier transform of the nuclear matrix elements of the hadronic current
density Ĵµ). The Hamiltonian, Ĥeff , can be deduced by assuming the exchange of

intermediate particles between the leptonic ℓ̂leptµ and hadronic Ĵµ current densities
and in the low-energy approximation takes the form

Ĥeff =
G√
2

∫

ℓ̂leptµ (x)Ĵ µ(x) d3x , (4.3)

(G = GF , the Fermi coupling constant for neutral-current processes or G =
GF cos θc, θc the Cabbibo angle, for charged-current processes.)

From theoretical nuclear physics perspectives, the computation of the trans-
ition amplitudes, 〈f |Ĥeff |i〉, for lepton-nucleus processes, is based on the multi-
pole decomposition analysis of the hadronic current density (see Appendix B.1).
Then, the transition amplitudes are expressed as [37]

〈f |Ĥeff |i〉 = −
G√
2
〈f |
{
∑

J≥0

√

4π(2J + 1)(−i)J
(

l3L̂J0(κ)− l0M̂J0(κ)
)

+
∑

λ=±1

∑

J≥1

√

2π(2J + 1)(−i)J lλ
(

λT̂ mag
J−λ (κ) + T̂ el

J−λ(κ)
)
}

|i〉 .
(4.4)

By using the Wigner-Eckart theorem (see C.6), the matrix elements of the irre-
ducible operators are given by

Γi→f ∝
1

2Ji + 1

∑

Mi

∑

Mf

|〈f |Ĥeff |i〉|2 =
G2

2

1

2Ji + 1

{ ∑

λ=±1

lλl
∗
λ

∑

J≥1

2π

× |〈Jf‖λT̂ mag
J + T̂ el

J ‖Ji〉|2 +
∑

J≥0

4π
[

l3l
∗
3|〈Jf‖L̂J‖Ji〉|2

+ l0l
∗
0|〈Jf‖M̂J‖Ji〉|2 − 2ℜe

(

l3l
∗
0〈Jf‖L̂J‖Ji〉〈Jf‖M̂J‖Ji〉

)]}

,

(4.5)

where the average of the summation over the final nuclear states for non-oriented
spherical targets is taken. Then, sorting term-by-term the latter expression one
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has

Γi→f ∝
1

2Ji + 1

∑

Mi

∑

Mf

|〈f |Ĥeff |i〉|2 =
G2

2

4π

2Ji + 1

×
{
∑

J≥0

[

l3l
∗
3|〈Jf‖L̂J‖Ji〉|2 + l0l

∗
0|〈Jf‖M̂J‖Ji〉|2

− 2ℜe
(

l3l
∗
0〈Jf‖L̂J‖Ji〉〈Jf‖M̂J‖Ji〉∗

)]

+
∑

J≥1

[1

2
(l · l∗ − l3l∗3)

(

|〈Jf‖T̂ mag
J ‖Ji〉|2 + |〈Jf‖T̂ el

J ‖Ji〉|2
)

− i

2
(l× l∗)3

(

2ℜe〈Jf‖T̂ mag
J ‖Ji〉〈Jf‖T̂ el

J ‖Ji〉∗
)]
}

. (4.6)

To evaluate the partial transition rate between an initial |i〉 and a final |f〉
state of the studied semi-leptonic process it is required to take the average of the
summation over the final spin states of the incoming lepton

Γfi ∝
1

2

∑

lepton spins

1

2Ji + 1

∑

Mi

∑

Mf

|〈f |Ĥeff |i〉|2 . (4.7)

4.3.1 Multipole operators

In the context of the Donnelly-Walecka multipole decomposition method the
eight linearly independent irreducible tensor operators (see below), are written in
terms of the Spherical Bessel functions, jl, and the Spherical Harmonics, Y L

M , or

the vector Spherical Harmonics, Y
(L,1)J
M , as [51]

MJ
M (κr) = δLJjL(κr)Y

L
M(r̂), (4.8)

M
(L1)J
M (κr) = jL(κr)Y

(L1)J
M (r̂) , (4.9)

with

Y
(L,1)J
M (r̂) =

∑

ML,λ

〈LML1λ|JM〉Y L
ML

(r̂)eλ . (4.10)

For later convenience, in the present Thesis the magnitude of the three-
momentum transfer |q|, where qµ = (q0,q) is defined as κ = |q|. Note, that
our convention is different to that adopted in Ref. [135]

In this framework, four operators are defined for the polar vector component
Ĵλ = (ρ̂, Ĵ) and four for the the axial vector component Ĵ5

λ = (ρ̂5, Ĵ5) of the
hadronic current respectively
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M̂JM(κ) = M̂ coul
JM − M̂ coul5

JM =

∫

drMJ
M(κr)Ĵ0(r), (4.11)

L̂JM(κ) = L̂JM − L̂5
JM = i

∫

dr

(
1

κ
∇MJ

M (κr)

)

· Ĵ (r), (4.12)

T̂ el
JM(κ) = T̂ el

JM − T̂ el5
JM =

∫

dr

(
1

q
∇×MJJ

M (κr)

)

· Ĵ (r), (4.13)

T̂ mag
JM (κ) = T̂mag

JM − T̂mag5
JM =

∫

drMJJ
M (κr) · Ĵ (r) , (4.14)

due to the V-A structure of the weak interaction

Ĵµ = Ĵµ − Ĵ5
µ = (ρ̂, Ĵ)− (ρ̂5, Ĵ5) . (4.15)

The latter operators from a mathematical point of view constitute tensor
operators of rank J which act in the Hilbert space of the studied nuclear system.
Then, seven operators T JM

i (κr), i = 1, 2, ..., 7 may be defined as

M̂ coul
JM (κr) = F V

1 (Q2)MJ
M(κr) , (4.16)

L̂JM(κr) =
q0
κ
M̂ coul

JM (κr) , (4.17)

T̂ el
JM(κr) =

κ

mN

[

F V
1 (Q2)∆′J

M(κr) +
1

2
µV (Q2)ΣJ

M(κr)

]

, (4.18)

iT̂mag
JM (κr) =

κ

mN

[

F V
1 (Q2)∆J

M (κr)− 1

2
µV (Q2)Σ′J

M(κr)

]

, (4.19)

iM̂5
JM (κr) =

κ

mN

[

FA(Q
2)ΩJ

M(κr) +
1

2

(
FA(Q

2) + q0FP (Q
2)
)
Σ′′J

M(κr)

]

,(4.20)

−iL̂5
JM (κr) =

[

FA(Q
2)− κ2

2mN

FP (Q
2)

]

Σ′′J
M(κr) , (4.21)

−iT̂ el5
JM (κr) = FA(Q

2)Σ′J
M(κr) , (4.22)

T̂mag5
JM (κr) = FA(Q

2)ΣJ
M (κr) . (4.23)

To proceed, by introducing the operators M̂JM , L̂JM , T̂ el
JM , T̂ mag

JM we write the
above expressions in a more compact form, as follows
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M̂JM(κr) = M̂ coul
JM + M̂ coul5

JM (4.24)

= F V
1 M

J
M (κr)− i κ

MN

[FAΩ
J
M (κr) +

1

2
(FA + q0FP )Σ

′′J
M (κr)] ,

L̂JM(κr) = L̂JM + L̂5
JM

=
q0
κ
F V
1 M

J
M(κr) + iFAΣ

′′J
M (κr)] , (4.25)

T̂ el
JM(κr) = T̂ el

JM + T̂ el5
JM

=
κ

MN

[F V
1 ∆

′J
M(κr) +

1

2
µVΣJ

M (κr)] + iFAΣ
′J
M (κr)] , (4.26)

T̂ mag
JM (κr) = T̂mag

JM + T̂magn5
JM

= − q

MN
[F V

1 ∆J
M(κr)− 1

2
µVΣ

′J
M(κr)] + iFAΣ

J
M (κr)] , (4.27)

entering between the initial |Jπ
i , Ti〉 and final |Jπ

f , Tf〉 nuclear state. The free
nucleon form factors FX(Q

2), X=1,A,P and µV (Q2), entering Eqs. (4.16)-(4.23)
are discussed in Appendix B.3.

It can be seen that within the aforementioned operators, only seven are linearly
independent. The polar-vector component yields the following operators, namely
Coulomb M coul

JM , longitudinal LJM , transverse electric T el
JM (with normal parity

π = (−)J) and transverse magnetic Tmag
JM (with abnormal parity π = (−)J+1). For

the case of the axial-vector component the defined operators areM coul5
JM , L5

JM , T el5
JM

(with abnormal parity) and Tmag5
JM (with normal parity).

To proceed, the latter are written in terms of the matrix elements (ME) of
seven basic irreducible tensor operators, which in our convention are [120, 135]

〈j1||T J
i ||j2〉 = e−yyβ/2

nmax∑

µ=0

P i, J
µ yµ, i = 1, · · · , 7. (4.28)

Therefore, their evaluation is necessary for performing nuclear cross sections cal-
culations (more details are given in Appendix B.2). These coefficients, P i, J

µ ,
have been computed recently in Refs. [120, 135]. The operators T JM

i (κr),
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i = 1, 2, · · · , 7 in the proton-neutron representation read

T JM
1 ≡ MJ

M (κr) = δLJ jL(κr)Y
L
M(r̂), (4.29)

T JM
2 ≡ ΣJ

M (κr) = MJJ
M · σ, (4.30)

T JM
3 ≡ Σ′J

M(κr) = −i
[
1

κ
∇×MJJ

M (κr)

]

· σ, (4.31)

T JM
4 ≡ Σ′′J

M(κr) =
[1

κ
∇MJ

M (κr)
]

· σ, (4.32)

T JM
5 ≡ ∆J

M (κr) = MJJ
M (κr) · 1

κ
∇, (4.33)

T JM
6 ≡ ∆′J

M(κr) = −i
[ 1

κ
∇×MJJ

M (κr)
]

· 1
κ
∇, (4.34)

T JM
7 ≡ ΩJ

M (κr) = MJ
M(κr)σ · 1

κ
∇ . (4.35)

4.3.2 Coherent and incoherent neutrino-nucleus cross sec-
tions

At low and intermediate energies, considered in the present study, any semi-
leptonic process is described by an effective interaction Hamiltonian, written in
terms of the leptonic jleptµ and hadronic Jµ currents as

Heff =
GF√
2
jleptµ (x)J µ(x), (4.36)

where GF is the well-known Fermi constant. In the Donnelly-Walecka multipole
decomposition method, the neutral-current, double differential SM cross section
from an initial |Ji〉 to a final |Jf〉 nuclear state reads [137, 138]

d2σi→f

dΩ dω
=
G2

F

π
F (Z, εf)

|kf |εf
(2Ji + 1)

(
∞∑

J=0

σJ
CL +

∞∑

J=1

σJ
T

)

, (4.37)

where εf (|kf |) is the final energy (momentum) of the outgoing lepton and ω =
εi − εf is the excitation energy of the nucleus, with εi being the initial neutrino
energy. The Fermi function F (Z, εf), takes into account the final state interaction
of the outgoing charged particle the case of charged-current processes, while for
neutral-current processes it holds F (Z, εf) = 1.

The summations in Eq.(4.37) contain the contributions of Coulomb M̂, longit-

udinal L̂, transverse electric T̂ el and transverse magnetic ˆT mag with both vector
and axial vector components (see the text below). The cross sections σJ

CL (for
the Coulomb-longitudinal operators) and σJ

T are written in terms of the reduced
matrix elements (ME) of eight basic irreducible tensor operators (for the tensor
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Figure 4.1: Feynman diagram contributing to neutrino-nucleus scattering within
the SM.

operators) [137]

σJ
CL =(1 + a cos θ)|〈Jf ||M̂J(κ)||Ji〉|2

+ (1 + a cos θ − 2b sin2 θ)|〈Jf ||L̂J(κ)||Ji〉|2

+
[ω

κ
(1 + a cos θ) + d

]

2ℜe|〈Jf ||L̂J(κ)||Ji〉||〈Jf ||M̂J(κ)||Ji〉|∗ ,
(4.38)

σJ
T =(1− a cos θ + b sin2 θ)

[

|〈Jf ||T̂ mag
J (κ)||Ji〉|2 + |〈Jf ||T̂ el

J (κ)||Ji〉|2
]

∓
[
(εi + εf)

κ
(1− a cos θ)− d

]

2ℜe|〈Jf ||T̂ mag
J (κ)||Ji〉||〈Jf ||T̂ el

J (κ)||Ji〉|∗ ,
(4.39)

where the plus (minus) sign is for neutrino (antineutrino) scattering and θ is the
scattering angle. The parameters a, b, d are given from the relations

a =
|kf |
εf

=

√

1−
(
mf

εf

)2

, b =
εiεfa

2

κ2
, d =

m2
f

κεf
. (4.40)

In our convention (~ = c = 1) the square of the four momentum transfer is
determined from the kinematics of the process in question, as

q2 ≡ qµq
µ = q20 − q2 , (4.41)

and to avoid confusion we define the magnitude of the three momentum transfer,
as

κ = |q| ≡ |~q| =
[
ω2 + 2εiεf(1− a cos θ)−m2

f

]1/2
. (4.42)
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For neutral-current coherent neutrino-nucleus scattering (see Fig. 4.1), the
kinematics of the reaction imply: mf = 0 and |kf | = εf , hence a = 1 and d = 0.
For the case of coherent neutrino-nucleus scattering, the momentum transfer is
written in terms of the incoming neutrino energy Eν (we adopt the usual notation
εi = εf = Eν) and the scattering angle θ (laboratory frame), as

Q2 = −q2 = 4E2
ν sin

2 θ

2
. (4.43)

hence, one has ω = 0, and thus κ =
√

−q2 =
√

Q2. In this case, only the Cou-

lomb operator, T 0
0 ≡ M̂00 contributes, while precise cross sections calculations

become possible by explicitly solving the BCS equations [55]. The corresponding
differential cross section reads

dσ

d cos θ
=
G2

F

2π
E2

ν (1 + cos θ) |〈g.s.||M̂00(Q)||g.s.〉|2, (4.44)

where the g.s.→ g.s. transition ME is given in terms of the ground state nuclear
elastic form factors for protons, FZ(Q

2), and neutrons, FN(Q
2).

〈g.s.||M̂00(Q)||g.s.〉 =
1

2

[(
1− 4 sin2 θW

)
Z FZ(Q

2)−N FN (Q
2)
]
. (4.45)

From an experimental physics point of view, experiments are more sensitive
to the kinetic energy of the recoiling nucleus given by

TN = Q2/2M , (4.46)

rather than the orientation of the scattered neutrino. Thus, expressing the dif-
ferential cross section with respect to the nuclear recoil energy TN , in the low
energy approximation TN ≪ Eν , one finds

dσ

dTN
=
G2

F M

4π

(

1− M TN
2E2

ν

)

|〈g.s.||M̂00(Q)||g.s.〉|2 , (4.47)

where M stands for the mass of the target nucleus. In the latter equations, the
BCS form factors for protons (neutrons) are given from Eq.(3.127)

FNn =
1

Nn

∑

j

ĵ〈g.s.||j0(κr)||g.s.〉
(

vjp(n)

)2

. (4.48)

The above method is more accurate compared to those used by other authors.
As a concrete example, we mention the differential cross section with respect to
the scattering neutrino angle [63]

dσ

d cos θ
=
G2

F

8π
E2

ν (1 + cos θ)Q2
WF

2(Q2) , (4.49)
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where the weak charge is defined as QW =
[(
1− 4 sin2 θW

)
Z −N

]
. It can be seen

from Eq.(4.49) that the nuclear form factor, F (Q2), has been taken into account,
which from a nuclear physics point of view cannot be neglected, due to the finite
nuclear size, however many authors take F (Q2) = 1 for simplicity. Eventually, we
note that in the approximation FZ(Q

2) ≈ FN (Q
2) ≡ F (Q2) Eq.(4.44) coincides

with Eq.(4.49).

4.4 Derivation of coherent neutrino-nucleus

cross section

The effective (quark-level) SM neutrino-nucleus interaction Lagrangian, LSM

at low and intermediate neutrino energies, is written as

LSM = −2
√
2GF

∑

P=L,R
f=u,d
α=e,µ,τ

gf,Pαα [ν̄αγρLνα]
[
f̄γρPf

]
, (4.50)

where guL = 1
2
− 2

3
sin2 θW and guR = −2

3
sin2 θW are the left- and right-handed

couplings of the u-quark to the Z-boson and gdL = −1
2
+ 1

3
sin2 θW and gdR =

1
3
sin2 θW are the corresponding couplings of the d-quark (θW is the Weinberg

mixing angle) [137].
In the general case, through the application of Feynman rules, the invariant

amplitude of the process is written as

− iM = −
(

ig

2 cos θW

)2

ν̄(kf)γµ(g
ν
V − gνAγ5)ν(ki) i

gµν − qµqν/M2
Z

q2 −M2
Z

× 〈(Z,N)(pf)|JZ |(Z,N)(pi)〉 . (4.51)

The nuclear matrix element for Z 6= N , scalar nuclei, is written as [62]

〈(Z,N)(pf)|JZ|(Z,N)(pi)〉 =
1

(2π)3
(pi + pf)

µ

(2Ei2Ef )1/2
[aoF(T=0)(Q

2) + a1F(T=1)(Q
2)] ,

(4.52)
where the current coupled to isospin has been taken into account (for Z = N
nuclei, the third component of isospin vanishes, T3 = 1

2
(Z − N) and only the

isoscalar current contributes). In the above expression, a0 = − sin2 θW and a1 =
1 − 2 sin2 θW . Focusing on S = 0, T = 0 nuclei, the nuclear matrix element is
conveniently expressed as

〈(Z,N)(pf)|JV
Z |(Z,N)(pi)〉 =

∫

d3x eiq·x (gnV ρn(x)N + gpV ρp(x)Z)

=gnVNF
V
N (Q2) + gpVZF

V
Z (Q2)

≡GV ,

(4.53)
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where ρn(x) (ρp(x)) and F V
N (Q2) (F V

Z (Q2)) denote the nuclear charge density
distribution and the corresponding vector form factors for neutrons (protons),
while Z and N represent the number of protons and neutrons in the nucleus.
The corresponding axial vector matrix element is written in the form [111]

〈(Z,N)(pf)|JA
Z |(Z,N)(pi)〉 =gnA(N+ −N−)F

A
N (Q2) + gpA(Z+ − Z−)F

A
Z (Q

2)

≡GA ,
(4.54)

where Z+ (Z−) and N+ (N−) denote the number of protons and neutrons with
spin up (spin down) respectively and FA

N (Q2) (FA
Z (Q2)) being the axial vector

nuclear form factors1. Apparently, GA vanishes for spin-zero nuclei.

For low momentum transfer (Q2 ≪M2
Z), the propagator can be approximated

as follows

i
gµν − qµqν/M2

Z

q2 −M2
Z

→ i
gµν

M2
Z

, (4.55)

leading to the usual four-fermion contact interaction, that imposes a redefinition
of the Fermi constant in terms of the electroweak parameters which reads [see
also Eq.(2.55)]

GF√
2
=

g2

8M2
W

=
g2

8M2
Z cos2 θW

. (4.56)

Then, by using this equality and substituting the neutrino couplings given in
Table 2.1 as well as the nuclear matrix elements for vector and axial vector coup-
lings, the invariant amplitude becomes

M =2
GF√
2

{[1

2
ν̄βγµ(1− γ5)να

]

[q̄γµ(GV −GAγ5)q]
}

=
GF√
2

{

[ν̄βγµ(1− γ5)να] [q̄γµ(GV −GAγ5)q]
}

.

(4.57)

The spin-averaged invariant amplitude squared is written as

|M|2 = 1

(2sν + 1)

1

(2sq + 1)

∑

spins

|M|2 = 1

2

∑

spins

|M|2 , (4.58)

with sν and sq being the spin degrees of freedom of the neutrino and quark
respectively. Note, that neutrinos are always in the state corresponding to the
negative helicity while quarks assume both states. Then, the spin-averaged matrix

1From now on, unless otherwise mentioned, we will always denote FV
N (Q2) ≡ FN (Q2) and

FV
Z (Q2) ≡ FZ(Q

2).
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elements can be calculated from first principles as

|M|2 =G
2
F

4
tr [ν̄β(kf)γµ(1− γ5)να(ki)] [ν̄β(kf)γν(1 + γ5)να(ki)]

× tr [q̄(pf)γ
µ (GV −GAγ5) q(pi)] [q̄(pf)γ

ν (GV +GAγ5) q(pi)]

=
G2

F

4
tr [γµ(1− γ5) /kiγν(1− γ5) /kf ]

× tr
[

γµ (GV −GAγ5) (/pi +M)γν (GV −GAγ5) ( /pf +M)
]

=
G2

F

4

{

tr [2γµ /kiγν /kf ] + tr [2γ5γµ /kiγν /kf ]
}

×
{

tr
(
G2

V +G2
A

) [

γµ /piγ
ν
/pf

]

+ tr (2GVGA)
[

γ5γ
µ
/piγ

ν
/pf

]

+ tr
(
G2

V −G2
A

) [
γµγνM2

]
+ tr (2GVGA) [γ5γ

µγνM ]
}

.

(4.59)

By using the properties of the gamma-matrices (see Appendix A.2), we evaluate
the traces, and the above expression becomes

|M|2 =G
2
F

4

{

2
(
G2

V +G2
A

)
32 [(ki · pi)(kf · pf) + (ki · pf)(kf · pi)]

+ 2 (2GVGA) 32 [(ki · pi)(kf · pf)− (ki · pf )(kf · pi)]
+
[
8 (kiµkfν + kiνkfµ − (ki · kf)gµν) + 8iǫµλντk

λ
i k

τ
f

]

×
[(
G2

V −G2
A

)
4M2gµν + 0

] }

=
G2

F

4

{

64 (GV +GA)
2 (ki · pi)(kf · pf )

+ 64 (GV −GA)
2 (ki · pf)(kf · pi)

+ 32M2
(
G2

V −G2
A

)
(−2ki · kf)

}

=4G2
F

{

(GV +GA)
2 (2ki · pi)(2kf · pf)

+ (GV −GA)
2 (2ki · pf )(2kf · pi)

− 2M2
(
G2

V −G2
A

)
(2ki · kf)

}

.

(4.60)

This matrix element is more conveniently expressed in terms of the Mandelstam
variables (see Appendix A.3) as

|M|2 = 4G2
F

{

(GV +GA)
2 (s−M2)2 + (GV −GA)

2 (u−M2)2

− 2M2
(
G2

V −G2
A

)
t
}

.
(4.61)

The cross section in the center of mass frame can be cast in the form

dσ

dQ2
=

|M|2
64πM2E2

ν

, (4.62)
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or through the change of variables Q2 = 2MTN is written in terms of the nuclear
recoil energy, TN , as

dσ

dTN
=
|M|2

32πME2
ν

. (4.63)

By substituting the matrix element of Eq.(4.61) in the differential cross section
given above, we get

dσ

dTN
=

4G2
F

32πME2
ν

{

(GV +GA)
2 (s−M2)2 + (GV −GA)

2 (u−M2)2

− 2M2
(
G2

V −G2
A

)
t
}

,

(4.64)

or equivalently

dσ

dTN
=

G2
F

8πME2
ν

{

(GV +GA)
2 (2MEν)

2 + (GV −GA)
2 (2ME ′

ν)
2

− 2M2
(
G2

V −G2
A

)
2M (Eν − E ′

ν)
}

,

(4.65)

where we substituted the Mandelstam variables. Then, from the definition of the
nuclear recoil energy

TN = E ′ −M = Eν − E ′
ν , (4.66)

the final expression for the differential neutrino-nucleus cross section takes the
compact form

dσ

dTN
=
G2

FM

2π

{

(GV +GA)
2 + (GV −GA)

2

(

1− TN
Eν

)2

−
(
G2

V −G2
A

)MTN
E2

ν

}

.

(4.67)
For the case of coherent scattering, GA = 0, and the differential cross section with
respect to the nuclear recoil energy, TN , takes the form

dσSM,να

dTN
=
G2

F M

π

(

1− M TN
2E2

ν

) ∣
∣
∣〈g.s.||M̂00(Q)||g.s.〉

∣
∣
∣

2

. (4.68)

The operator M̂00 in the nuclear matrix element of the latter equation is the
Coulomb operator which is equal to the product of the zero-order Spherical Bessel
function times the zero-order Spherical Harmonic [135, 137]. This matrix element
can be cast in the form [55]

∣
∣MSM

V,να

∣
∣
2 ≡

∣
∣
∣〈g.s.||M̂00(Q)||g.s.〉

∣
∣
∣

2

=
[
gpVZFZ(Q

2) + gnVNFN (Q
2)
]2
, (4.69)

where, the polar-vector couplings of protons gpV and neutrons gnV with the Z
boson, are written as

gpV =2(guL + guR) + (gdL + gdR) =
1

2
− 2 sin2 θW ,

gnV =(guL + guR) + 2(gdL + gdR) = −
1

2
,

(4.70)
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respectively. As can be easily seen, the vector contribution of all protons is
very small (gpV ∼ 0.04), hence the coherence in Eq.(4.69) essentially refers to all
neutrons only of the studied nucleus.

After some straightforward elaboration the SM angle-differential cross section
reads

dσSM,να

d cos θ
=
G2

F

2π
E2

ν (1 + cos θ)
∣
∣
∣〈g.s.||M̂00(Q)||g.s.〉

∣
∣
∣

2

. (4.71)

In this Chapter, we perform Standard model cross sections calculations for a
set of nuclei throughout the periodic table up to 208Pb. We adopt various nuclear
models (see Sect. 3.6) to compute the nuclear form factors. Then, for a great part
of the cross section results (except differential cross sections) we evaluate folded
cross sections, and event rates.

4.5 Results and discussion

The next step of our study was to apply the form factor discussed previously
and using Eqs.(4.44, 4.47) to perform nuclear cross sections calculations (see up-
per and central panel of Fig. 4.2). We note that large differences appear if the
form factor dependence is neglected and hence F = 1 is not reliable. However,
at low neutrino energies, i.e. Eν ≤ 20MeV that are relevant for solar neutri-
nos, the agreement of these two approximations is rather good. On the contrary,
for the case of Supernova neutrinos (or neutrinos from other sources with higher
energies), a difference of some orders of magnitude may exist. The scattering
angle, has found to play significant role in the angular dependence of the differ-
ential cross section dσ/d cos θ. Forward scattering, (θ = 0) leads to maximum
dσ/d cos θ and obviously in that case the form factor is equal to unity due to zero
momentum transfer, see Eq.(4.43).

4.5.1 Integrated coherent neutrino-nucleus cross sections

The next phase of our calculational procedure is related to the total coher-
ent neutrino-nucleus cross sections, obtained through numerical integration of
Eq.(4.44) over angles [or Eq.(4.47) over TN ] as

σνα(Eν) =

∫
dσνα
d cos θ

(θ, Eν) d cos θ . (4.72)

The results for the Standard Model cross sections, for a set of different promising
targets throughout the periodic table, are presented in the lower panel of Fig. 4.2
[for the case of 48Ti only, using the method of fraction occupation probabilities,
(FOP)] and in Fig. 4.3 (using the BCS method). As can be seen, the present
nuclear structure calculations indicate that between light and heavy nuclear sys-
tems, the cross sections may differ by even two orders of magnitude (or more)
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Figure 4.2: Top: The differential
cross section dσ/dTN (in units
10−37cm2/MeV) as a function
of the nuclear recoil energy T
for various neutrino energies.
dσ/dTN is compared to that
of point-like nucleus (F = 1)
for Eν = 50 and Eν = 120
MeV. For rather low energies
the results coincide, however for
intermediate or high energies
this is not the case.
Middle: The differential cross
section dσ/d cos θ (in units
10−39cm2) as a function of the
incoming neutrino energy Eν ,
for some typical angles. We ob-
serve the important affect of the
scattering angle on dσ/d cos θ,
e.g. for backward scattering,
even not shown here, the cross
section is minimised.
Bottom: The total coherent
cross section, σtot (in units
10−39cm2) as a function of the
incident neutrino energy in
MeV (bottom), for 48Ti. σtot
appears to have an asymptotic
behaviour at neutrino energies
Eν ≥ 80 MeV or higher.
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Figure 4.3: Total coherent cross sections σνα(ν̄α)(Eν) in units 10−39cm2 for a set
of nuclei as a function of the incoming neutrino energy Eν , for the SM neutrino
processes να(ν̄α) + (A,Z)→ να(ν̄α) + (A,Z).

as a consequence of the dependence on the nuclear parameters (i.e. mass, form
factors, etc.). We also see that for heavier nuclei the cross sections flatten more
quickly (at lower neutrino energies) compared to that of lighter nuclear isotopes.
The latter conclusion originates mainly from the fact that, for heavy nuclei the
suppression of the cross sections due to the nuclear form factors becomes more
significant. Thus, for heavy material the nuclear effects become important even
at low energies. Such original cross section results are helpful for the simulations
of the Standard Model signals of neutrino detection experiments (see below).

4.5.2 Supernova neutrino simulations

As discussed previously, our present calculations may also be useful for ongoing
and future neutrino experiments related to Supernova (SN) neutrino detection,
since as it is known, the neutrinos emitted in SN explosions transfer the max-
imum part of the total the energy released. Then, the total neutrino flux, Φ(Eν),
arriving at a terrestrial detector as a function of the SN neutrino energy Eν , the
number of emitted (anti)neutrinos, Nνα, at a distance, d, from the source (here
we consider d = 10 kpc), reads [88, 99]

Φ(Eν) =
∑

να

Φναη
SN
να (Eν) =

∑

να

Nνα

4π d2
ηSNνα (Eν) , (4.73)
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Figure 4.4: Normalised Supernova neutrino energy spectra, ηSNνα , parametrised
with Maxwell-Boltzmann distributions for zero chemical potential. Each neutrino
flavour has different temperature dependence (see the text).

(α = e, µ, τ) where ηSNνα denotes the energy-distribution of the (anti)neutrino
flavour α.

The emitted SN-neutrino energy spectra (see Fig. 4.4), ηSNνα (Eν), may be para-
metrised by Maxwell-Boltzmann distributions that depend only on the temperat-
ure, Tνα, of the (anti)neutrino flavour να or ν̄α (assuming zero chemical potential)
we have

ηSNνα (Eν) =
E2

ν

2T 3
να

e−Eν/Tνα , (4.74)

(Tνe = 3.5MeV, Tν̄e = 5.0MeV, Tνx,ν̄x = 8.0MeV, x = µ, τ [97]). For each flavour,
the total number of emitted neutrinos, Nνα, is obtained from the mean neutrino
energy [25]

〈Eνα〉 = 3Tνα (4.75)

and the total energy released from a SN explosion, U = 3 × 1053erg [80, 81].
Thus, the equipartition of energy yields Nνe = 3.0 × 1057, Nν̄e = 2.1 × 1057 and
Nνx = 5.2× 1057.

In the literature, apart from Maxwell-Boltzmann, there exist alternative
choices for the SN-neutrino energy spectra. The most interesting choices, include
those resembling Fermi-Dirac or power-law distributions (see Appendix E.1).
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Figure 4.5: Normalised stopped pion-muon beam neutrino energy spectra, ηSNS
να ,

for delayed (νe and ν̄µ) and prompt (νµ) beams (see the text).

4.5.3 Laboratory neutrino simulations

The Spallation Neutron Source (SNS) at Oak Ridge National Lab [69] pro-
duces neutrons by firing a pulsed proton beam at a liquid mercury target [117].
The main aim of the COHERENT proposal [73–75] (or of other similar concep-
tual [76]) concerns with possible detection of neutrino-nucleus coherent scattering
events at the SNS. Our simulations here, are mainly motivated by previous stud-
ies [70, 78, 79, 116] and the hope to provide our accurate nuclear structure calcu-
lations. In stopped pion-muon sources, neutrinos are produced by the pion decay
chain. Pion decay at rest π+ → µ+νµ, (τ = 26 ns) produces monochromatic muon
neutrinos νµ at 29.9 MeV, followed by electron neutrinos νe and muon antineut-
rinos ν̄µ that are produced by the muon-decay µ+ → νee

+ν̄µ (τ = 2.2µs) [86, 87].
For pulsed beams in time-scales narrower than µs, νe’s and ν̄µ’s will be delayed
with the beam while νµ’s will be prompt with the beam [70]. In Fig. 4.5, the
emitted νe and ν̄µ neutrino spectra are described by the high precision normal-
ised distributions, known as the Michel spectrum [72]

ηSNS
νe =96E2

νm
−4
µ (mµ − 2Eν) ,

ηSNS
ν̄µ =16E2

νm
−4
µ (3mµ − 4Eν) ,

(4.76)

(mµ = 105.6MeV is the muon rest mass). The maximum neutrino energy in the
latter distributions is Emax

ν = mµ/2 = 52.8MeV (see e.g. [71]).
The Spallation Neutron Source (SNS) at Oak Ridge National Lab is currently

the most powerful facility to detect for a first time neutrino-nucleus coherent scat-
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Figure 4.6: The signal cross sections that represent the expected signal to be
recorded on a terrestrial nuclear neutrino detector, (left) for Supernova neutrinos
(ξ = SN), evaluated with Maxwell-Boltzmann distributions at d = 10 kpc, and
(right) for SNS neutrinos (ξ = SNS), at 20 m from the source. For the case of
SNS neutrinos the figure takes into account only the delayed beam, evaluated
with the generic flux of Φνα ∼ 107 νs−1cm−2. Different nuclear detectors have
been studied.

tering events, since it provides exceptionally intense fluxes Φνα = 2.5×107 νs−1cm2

at 20 m and Φνα = 6.3× 106 νs−1cm2 at 40 m from the source [86, 87]. The sim-
ulated laboratory neutrino signals σsign

ν, SNS coming out of our calculations for the
adopted nuclear targets are discussed below.

4.5.4 Simulated neutrino signals

By weighting the integrated cross section σνα(Eν) with the neutrino distribu-
tions of Eq.(4.74), for SN neutrinos, or Eq.(4.76), for laboratory neutrinos, the
total signal produced on a terrestrial detector is described by [136]

σsign
ν,ξ (Eν) =

∑

να

σνα(Eν) η
ξ
να(Eν), ξ = SN, SNS . (4.77)

The resulting signals, σsign
ν,ξ (Eν), obtained by inserting in Eq.(4.77) the cross sec-

tions σνα of Fig. 4.3, are plotted in Fig. 4.6.
In Ref. [25] we have shown that the simulated cross sections reflect the char-

acteristics of the incident neutrino spectrum of the specific neutrino flavour α
and therefore, such a simulated signal is characterised by its own position of the
maximum peak and width of the distribution ηSNνα . We, however, remind that
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Nucleus 12C 16O 20Ne 28Si 40Ar 48Ti 56Fe 76Ge 132Xe 208Pb

〈σν〉SN 1.46 2.51 3.91 7.52 18.59 25.43 33.29 70.63 207.56 514.93
〈σν〉SNS 3.07 5.33 8.13 15.52 37.91 51.50 67.02 139.83 395.59 949.50

Table 4.1: Flux averaged cross sections 〈σν〉ξ in units 10−40cm2 for the adopted
Supernova (d = 10 kpc) and laboratory (delayed flux only) neutrino spectra. For
the case of SNS neutrinos, we adopt the generic flux, i.e. Φνα ∼ 107 νs−1cm2 at
20 m for all nuclear targets.

within the framework of the SM, coherent neutrino scattering is a flavour blind
and a particle-antiparticle blind process. For this particular case our results are
shown in Fig. 4.6 for Supernova and laboratory (SNS) neutrinos.

In neutrino simulations, another useful quantity is the flux averaged cross
section [66] which in our notation is written as

〈σν〉ξ =
∑

να

∫

σνα(Eν) η
ξ
να(Eν) dEν . (4.78)

The results for 〈σν〉ξ, obtained by using the angle-integrated cross sections of
Fig. 4.3 are listed in Table 4.1 for both neutrino sources.

4.5.5 Differential and total event rates

From experimental physics perspectives, predictions for the differential event
rate, Yνα, of a neutrino detector are crucial [88]. The usual expression for com-
puting the yield in events is based on the neutrino flux, and is defined as [99]

Yνα(TN) =
dN

TN
= K

∑

να

Φνα

∫

ηξνα dEν

∫
dσνα
d cos θ

δ

(

TN −
Q2

2M

)

d cos θ , (4.79)

where K = Ntarg.ttot. accounts for the total number of nuclei (atoms) in the
detector material Ntarg. times the total time of exposure ttot. Using the latter
equation, one concludes that, the lower the energy recoil, the larger the potentially
detected number of events (see Fig. 4.7 and Fig. 4.8). In principle, in order
to maximise the potential detection of a rare event process like the neutrino-
nucleus scattering, detector materials with very low energy-recoil threshold and
low-background are required. In the last stage of our study we make predictions
for the total number of coherent scattering events, the most important quantity,
both from theoretical and experimental perspectives. To this purpose, we evaluate
the number of expected counts, for the studied detector materials, by performing
numerical integration of Eq.(4.79) over the nuclear recoil threshold T thres

N (see
Table 4.2).
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Figure 4.7: Yield in events (left) and total number of events over nuclear recoil
threshold T thres

N (right), for Supernova neutrinos at d = 10 kpc. Here, 1 ton of
perfectly efficient 20Ne and 40Ar detectors have been considered and also possible
neutrino oscillation in propagation effects are neglected. For heavier nuclear tar-
gets the differences become rather significant. In this figure, F (q2) stands for
Eq.(3.141) and FOP for the method of fractional occupation probabilities of the
states. For more details see the text.

As has been discussed previously [88, 89], SN neutrino detection might be-
come possible by the massive dark matter detectors [94] which have very good
energy resolution and low threshold capabilities [99]. These experiments are de-
signed (or planned) to search for WIMPs [90, 91] and/or other rare events such
as the neutrinoless double beta decay. The latter, use heavy nuclei as nuclear
detectors, e.g. Ge (GERDA [93] and SuperCDMS [92] experiments). In addition
we report that SN neutrino events can be potentially detected by experiments
using noble gases like Ne (CLEAN detector [94]), Ar (WARP programme [95])
and Xe (XENON 100 Collaboration [96]).

As mentioned in Sect. 3.6, in order to test our nuclear calculations we have
also employed other nuclear methods. To this purpose, we have compared our
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Figure 4.8: Same as Fig. 4.7 but for 76Ge and 132Xe.

original results evaluated with the BCS method with those obtained as discussed
in Subsect. 3.6.2 and concluded that for the case of the coherent channel all avail-
able nuclear methods are in good agreement, but their results differ significantly
from those obtained assuming FZ(Q

2) = FN(Q
2) = 1 (see Fig. 4.7 and Fig. 4.8).

We stress however, that, since the cross section is mostly sensitive to the neutron
distribution of the target nucleus, the most accurate method (at low and inter-
mediate energies) is the BCS method which provides realistic proton as well as
neutron form factors. All other methods employed here consider only the proton
distribution and assume FZ(Q

2) = FN(Q
2), which especially for heavy nuclei,

is a rather crude approximation. We remark, however, that the aforementioned
nuclear methods offer reliable results on the differential and total event rates for
low energies (see Fig. 4.7 and Fig. 4.8), but in order to correctly estimate the
neutron form factor, methods like the BSC are probably more appropriate.

Our present nuclear structure calculations for laboratory (SNS) neutrinos [69]
(see Fig. 4.9), are in good agreement with previous results [70]. They imply that
a comparably large number of coherent neutrino scattering events is expected
to be measured by using LNe, LAr, LXe, Ge and CsI[Na] materials adopted by
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Nucleus TN TN > 5 keV TN > 10 keV TN > 25 keV TN > 50 keV

12C 2.52 2.25 2.05 1.60 1.14
16O 3.29 2.84 2.51 1.83 1.19
20Ne 4.03 3.35 2.87 1.96 1.16
27Al 5.78 4.53 3.71 2.27 1.17
32S 6.23 4.68 3.72 2.12 0.99
40Ar 9.46 6.63 5.01 2.53 1.00
48Ti 10.73 7.04 5.06 2.27 0.76
56Fe 12.00 7.36 5.04 2.01 0.57
76Ge 18.58 9.61 5.82 1.70 0.30
114Cd 26.08 9.79 4.68 0.73 0.05
132Xe 30.68 9.84 4.16 0.46 0.01
208Pb 46.93 7.86 1.95 0.03 < 10−3

Table 4.2: Total number of events per ton of the target materials for a Supernova
at a distance of 10 kpc. We assume various energy thresholds 5, 10, 25 or 50 keV.
Our present results are in excellent agreement with those of Refs. [88, 99].

the COHERENT Collaboration [73–75]. The predictions of the BCS method for
these nuclei are illustrated in Fig. 4.9 and compared with those of other promising
nuclear targets. Because the neutrino flux produced at the SNS is very high, (of
the order of Φνα ∼ 107ν s−1cm−2 per flavour at 20 m from the source [86]), even kg-
scale experiments expect to measure neutrino-nucleus coherent scattering events
at significantly higher rates than those of Supernova neutrinos.

It is worth noting that, the choice of the target nucleus plays also a crucial
role, since a light nuclear target may yield almost constant number of events
throughout the energy range, but small number of counts. On the other hand, a
heavy nuclear target provides more counts, but yields low-energy recoil making
the detection more difficult. This leads to the conclusion that the most appro-
priate choice for a nuclear detector might be a combination of light and heavy
nuclear isotopes, like the scintillation detectors discussed in Ref. [99].

4.6 Conclusions

The evaluation of all required nuclear matrix elements, related to Stand-
ard Model neutrino-nucleus processes is formulated, and realistic nuclear struc-
ture calculations of neutrino-nucleus cross sections for a set of interesting nuc-
lear targets are performed. The first stage involves cross sections calculations
for the dominant coherent channel in the range of incoming neutrino energies
0 ≤ Eν ≤ 150 MeV (it includes neutrino energies of stopped pion-muon neutrino
decay sources, Supernova neutrinos, etc.).
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Additionally, new results for the total number of events expected to be ob-
served in one ton of various neutrino detector materials are provided and the
potentiality of detecting Supernova as well as laboratory neutrino-nucleus events
is in detail explored. The calculations are concentrated on interesting nuclei, like
20Ne and 40Ar, 76Ge and 132Xe which are important detector materials for several
rare event experiments, like the COHERENT at Oak Ridge National Laboratory,
and also experiments searching for dark matter events as the GERDA, Super-
CDMS, XENON 100, CLEAN, etc. By comparing our results with those of other
methods, we see that the nuclear physics aspects (reflecting the accuracy of the re-
quired neutrino-nucleus cross sections), appreciably affect the coherent g.s.→ g.s.
transition rate, a result especially useful for Supernova neutrino detection probes.

In this Chapter, the QRPA method that considers realistic nuclear forces
has been adopted in evaluating the nuclear form factors, for both categories of
neutrino-nucleus processes, the conventional and the exotic ones. Also, a compar-
ison with other simpler methods as (i) effective methods and (ii) the method of
fractional occupation probabilities, which improves over the simple Shell-Model
and gives higher reproducibility of the available experimental data, is presented
and discussed. We conclude that among all the adopted methods the agreement
is quite good, especially for light and medium nuclear isotopes. However, since
coherent neutrino-nucleus scattering can probe the neutron nuclear form factors,
methods like the BCS provide more reliable results.
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Figure 4.9: Total number of expected events over nuclear recoil threshold for 1
ton of various nuclear targets at 20 m from the source (Φνα ∼ 107 νs−1cm−2). The
upper (lower) panel assumes the delayed (prompt) flux of laboratory stopped-pion
neutrino sources. This figure assumes a perfectly efficient detector and negligible
neutrino oscillation effects.



Chapter 5

Exotic neutrino-nucleus processes

5.1 Introduction

The nuclear aspects of flavour changing neutral-current (FCNC) processes,
predicted by various new-physics models to occur in the presence of nuclei, are
examined by computing the relevant nuclear matrix elements within the context
of the QRPA using realistic strong two-body forces. One of our aims is to ex-
plore the role of the non-standard interactions (NSI) in the leptonic sector and
specifically: (i) in lepton flavour violating (LFV) processes involving the neutral
particles νℓ and ν̄ℓ, ℓ = e, µ, τ and (ii) in charged lepton flavour violating (cLFV)
processes involving the charged leptons ℓ− or ℓ+. As concrete nuclear systems
we have chosen the stopping targets of µ− → e− conversion experiments, i.e.
the 48Ti nucleus of the PRIME/PRISM experiment at J-PARC and the 27Al of
the COMET at J-PARC as well as of the Mu2e at Fermilab. These experiments
have been designed to reduce the single event sensitivity down to 10−16–10−18

in searching for charged lepton mixing events. Our goal is, by taking advantage
of our detailed nuclear structure calculations and using the present limits or the
sensitivity of the aforementioned exotic µ− → e− experiments, to put stringent
constraints on the parameters of NSI Lagrangians.

5.2 The role of neutrino NSI interactions in nuc-

lear physics

In recent years, ongoing extremely sensitive experiments searching for phys-
ics beyond the current Standard Model (SM) expect to see new physics or to
set severe limits on various physical observables and particle model paramet-
ers [110, 139, 140]. In particular, current experiments searching for flavour chan-
ging neutral current (FCNC) processes in the leptonic sector [105–109, 140] may
provide insights and new results into the physics of charged lepton flavour viol-

85
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ation (cLFV), neutrino oscillation in propagation [105] and others. The cLFV
experiments, although they have not yet discovered any event, represent a very
important probe to search for charged lepton mixing with significant implications
on understanding various open issues in particle, nuclear physics and astrophys-
ics [22, 111, 118, 119]. To this purpose, exotic µ− → e− conversion studies are
interesting worldwide theoretically [122, 126] as well as experimentally with two
experiments: (i) the COMET at J-PARC, Japan [106, 107], and (ii) the Mu2e at
Fermilab, USA [108, 109]. Both ambitious experiments expect to reach a single
event sensitivity down to 10−16–10−18.

The best previous limit for the µ− → e− conversion was obtained by the
SINDRUM-II collaboration at the Paul Scherrer Institute (PSI), Switzerland, on
the reaction

µ− +48 Ti→ e− +48 Ti , (5.1)

asRTi
µe < 6.1×10−13 [141] (many authors use the published upper limit RTi

µe < 4.3×
10−12 [142]), where RTi

µe denotes the branching ratio of the µ− → e− conversion
rate divided by the total µ−-capture rate in the 48Ti nucleus. The COMET
experiment, is expected to reach a high sensitivity, RAl

µe < 10−16 [106, 107] using
27Al as muon-stopping target while the Mu2e experiment aims to improve RAl

µe

even further, i.e. to a single event sensitivity 2× 10−17, which with a background
of 0.5 events will reach a target sensitivity RAl

µe < 6 × 10−17 [108, 109]. The
next decade experiments for cLFV, need very high intensity and quality muon
beams, like those planed to be built at Fermilab for the Mu2e at Project-X and
at J-PARC for the PRIME/PRISM experiments. The use of Project-X beams
by the Mu2e experiment, expects to further decrease the upper bound to RAl

µe <
2 × 10−18 [143], while the PRIME experiment, based on the superior properties
of the muon beam at J-PARC that can be delivered to the 48Ti, may reach the
sensitivity of RTi

µe < 10−18 [144, 145].
We should mention the most stringent upper bounds on purely leptonic cLFV

processes presently available for µ − e transitions, namely, the new limit on the
branching ratio of the µ+ → e+γ process, Br(µ+ → e+γ) < 5.7× 10−13, set very
recently by the MEG experiment at PSI using one of the most intense continuous
µ+ beams in the world [146], and that of the µ→ eee process set previously by the
SINDRUM II collaboration in the value Br(µ+ → e+e+e−) < 1.0× 10−12 [147].

In recent works, neutral-current (NC) neutrino scattering processes on leptons,
nucleons and nuclei involving interactions that go beyond the SM (non-standard
interactions, NSI, for short) have been examined [22, 111, 118]. Such processes
may be predicted from several extensions of the SM such as various realisations
of the seesaw mechanism in the SM [67, 68, 126, 127], and left-right symmetric
models [128]. The reactions of this type that take place in nuclei are represented
by

να(ν̄α) + (A,Z)→ νβ(ν̄β) + (A,Z) , (5.2)

(α, β = e, µ, τ) and theoretically they can be studied under the same nuclear
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methods as the exotic cLFV process of µ− → e− conversion in nuclei. Among
the interesting applications of the reactions (5.2), those connected with the Su-
pernova physics may allow νe neutrinos to change flavour during core collapse
creating νe neutrino holes in the electron-neutrino sea [130] which may allow
e−-capture on nucleons and nuclei to occur and subsequently decrease the value
of the electron fraction Ye. Such non-standard interactions [70, 112–114] may
suggest alterations in the mechanisms of neutrino-propagation through the Su-
pernova (SN) envelope and affect constraints put on the physics beyond the SM
as well as on some scenarios of Supernova explosion [21, 131, 132]. This motiv-
ated the investigation of the NSI in both LFV and cLFV processes in solar and
Supernova environment [55, 133, 134] and motivated our present work too. Fur-
thermore, the impact of non-standard neutrino interactions on SN physics was the
main motivation of works examining their effect on Supernova when the neutrino
self-interaction is taken into account [119]. The extreme conditions under which
neutrinos propagate after they are created in the SN core, may lead to strong
matter effects. It is known that, in particular, the effect of small values of the
NSI parameters can be dramatically enhanced in the inner strongly deleptonised
regions [119].

In general, low-energy astrophysical and laboratory neutrino searches provide
crucial information towards understanding the fundamental electroweak interac-
tions, within and beyond the SM. Well-known astrophysical neutrino sources like
the solar, Supernova, Geoneutrinos, etc., constitute excellent probes in searching
for a plethora of neutrino physics applications and new-physics open issues [66].
Since neutrinos interact extremely weakly with matter, they may travel astronom-
ical distances and reach the Earth [100–102], etc. The recorded neutrino signals
in sensitive terrestrial nuclear detectors of low-energy neutrinos [80–82], could be
simulated providing useful information relevant to the evolution of distant stars,
the core collapse Supernovae, explosive nucleosynthesis [83], neutrino oscillation
effects and others. Recently it became feasible to detect neutrinos by exploiting
the NC interactions and measuring the nuclear recoil signal by employing de-
tectors with very low-threshold energies [71, 72]. The NC interactions, through
their vector components can lead to an additive contribution (coherence) of all
nucleons in the target nucleus [61, 63, 88, 89, 97–99, 137].

Our main purpose is to explore the nuclear physics aspects of the neutrino-
nucleus reactions of Eq.(5.2) focusing on the role of the NSI which have not been
studied in detail up to now. We should stress that, our strategy in studying the
nuclear aspects of FCNC in nuclei, is to carry out realistic cross sections calcula-
tions for the exotic processes (5.1) and (5.2), including NSI terms in the relevant
effective Lagrangian. The required nuclear matrix elements are evaluated within
the context of the QRPA, considering both coherent and incoherent processes by
applying the advantageous state-by-state method developed in Refs. [55, 136, 148].
As a first step, we perform calculations for g.s.→ g.s. transitions of the reactions
(5.2) by solving the BCS equations, for even-even nuclear systems, and employing
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the experimental nuclear charge densities [56] for odd-A nuclei. For comparison of
our results with those of other methods [88, 99, 111, 118, 130], SM cross sections
calculations are also carried out. More specifically, our present results refer to the
even-even 48Ti isotope, the stopping target of SINDRUM II and PRIME/PRISM
µ− → e− experiments. We perform similar calculations for processes (5.2) in the
27Al nucleus proposed as detector material in Mu2e and COMET experiments.
Finally, we will use the experimental upper limits of the cLFV processes to put
robust bounds on model parameters of the relevant Lagrangians and the ratios
of the NSI contributions with respect to the SM ones.

5.3 Neutrino non-standard interactions

With no doubt, up to now the SM of particle physics is by far the most accur-
ate theory, predicting a vast number of observables at high precision level from
only few fitted parameters. The Higgs boson, predicted by the SM as a direct
result of the electroweak symmetry breaking in order to provide masses, consti-
tuted the only missing piece of the SM puzzle until 2012, when the celebrated
announcement of its discovery by the ATLAS and CMS experiments [149, 150] at
CERN, culminated the success of the SM. However, there is yet a notable number
of observations as well as fundamental theoretical problems, for which sufficient
explanation within the framework of the SM is still absent. The latter include
the existence of dark matter, the exclusion of gravity, the observation of neutrino
oscillations in propagation, the hierarchy problem, etc., indicating that the SM
is to be viewed as a low-energy approximation of a more general theory.

The SM can be subsequently seen as an effective theory and thus higher-
dimensional operators, suppressed by powers of a new mass scale Λ, should be
naturally introduced into the SM Lagrangian. Therefore, for rather low energy
scales, the additional effective operators are expected to generate only small cor-
rections. This concept is further motivated since the only known gauge invariant
operator allowed at dimension five (i.e. suppressed by one power of Λ), is the
Weinberg operator [151], that yields a Majorana mass term for the case of left-
handed neutrinos. For this reason, after the discovery of neutrino oscillations
in propagation (that required neutrino mass-squared differences), it will not be
surprising if further sub-leading effects of non-zero neutrino masses will be among
the first signs of new physics beyond the SM.

Apart from the fact that the Weinberg operator is appropriate to provide
the neutrino masses, tiny deviations from the expected neutrino conversion amp-
litudes during the phenomenon of neutrino oscillations might arise due to the
presence of higher-order operators. Indeed, since neutrino physics is entering a
precision era, such alterations will provide key insights into the field of high-energy
neutrino physics and in particular will shed light on to determine the mechanism
that is responsible for neutrino mass generation. It is, thus, of significant im-
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portance to exploit the exceptional experimental sensitivity of neutrino-nucleus
experiments and study the potential impact of higher-order operators, such as
those involving NSI (for a recent review, see Ref. [24]).

In the present work, the assumed NSI operators are effective four-fermion
operators of the form [23]

O =
(
f̄1γ

µPf2
) (
f̄3γµPf4

)
+ h.c. , (5.3)

with fi, i = 1, 2, 3, 4 being the SM fermion fields and P = {L,R} denoting the
left- and right-handed projectors. Since the latter operators are of dimension
six, an effective coupling constant of dimension minus two will enter the effective
interaction Lagrangian. Concentrating on the neutrino NSI, we stress that at
least one of the fermion fields, fi, is taken to be a neutrino field, implying that
the respective projection operator is left-handed. Specifically, for neutrino-matter
NSI, one has either charged-current interactions of the form [152]

Off ′P
αβ =

(
ℓ̄αγ

µLνβ
) (
f̄γµPf

′
)
+ h.c. , (5.4)

or neutral-current ones [153, 154]

OfP
αβ = (ν̄αγ

µLνβ)
(
f̄γµPf

)
+ h.c. , (5.5)

with α, β = {e, µ, τ} being the neutrino flavour, ℓ denoting a charged lepton, f is
a charged lepton or a first generation quark q = {u, d} and f ′ its SU(2) partner.

In this Thesis we will focus on the latter process. As discussed in Ref. [20], we
have taken a phenomenological approach, assuming that the new physics which in-
duces these non-standard neutral-current operators does not generate the SU(2)
related charged lepton operators at tree level 1. However, neutral-current op-
erators of the form (ν̄ν)

(
f̄f
)
nonetheless induce a

(
ℓ̄ℓ
) (
f̄f
)
and/or

(
ℓ̄ν
) (
f̄f
)

operator, via external one-loop SM dressing, and therefore, bounds on charged
lepton operators set model independent bounds on the NSI operators [22]. Cur-
rently, such constraints are important only in the case of µ-e flavour changing
operators (for example µ− → e− conversion in nuclei), since the loop suppression
is smaller. Furthermore, loop-NSI may yield flavour dependent corrections to the
decay rates of the electroweak gauge bosons, and subsequently put relevant limits
on flavour diagonal NSI.

5.4 Description of the formalism

The non-standard neutrino-nucleus processes (5.2) and the exotic cLFV µ− →
e− conversion in nuclei [110, 121, 122, 126, 133, 134], can be predicted within the
aforementioned new-physics models [126]. In Fig. 5.1 we show the nuclear-level

1This could be the case if the operators in Eq.(5.3) are of dimension eight or larger.



90 Chapter 5. Exotic neutrino-nucleus processes

Z

(A,Z)

να

(A,Z)

νβ

Z, γ

(A,Z)

µ−

(A,Z)

e−

Figure 5.1: Nuclear level Feynman diagrams for: (left) non-standard Z-exchange
neutrino-nucleus reactions and (right) Z-exchange and photon-exchange µ− → e−

in the presence of a nucleus (muon-to-electron conversion). The non-standard
(cLFV or LFV) physics enters in the complicated vertex denoted by the blob •.

Feynman diagrams representing the exchange of a Z-boson between a lepton and
a nucleon for the cases of neutrino-nucleus scattering within the context of the
non-standard interactions of neutrinos with nuclei (left panel) and the exchange
of a Z-boson or a γ-photon in the µ− → e− conversion (right panel). The leptonic
vertex in both cases is a complicated one. A general effective Lagrangian that
involves SM interactions (LSM) and NSI (LNSI) with a non-universal (NU) term
and a flavour changing (FC) term can be written as

Ltot = LSM + LNSI = LSM + LNU + LFC . (5.6)

The individual components LSM and LNSI of this Lagrangian are explained in the
next Subsections.

For a concrete example, it has been proposed [67, 68] that, even small deviation
from unitary lepton mixing matrix, may cause sizeable NSI effects and potentially
large LFV [127]. The non-trivial structure of electroweak currents in low-scale
seesaw Lagrangians leads to non-unitary lepton mixing matrix Nαβ , which can
be parametrised as N ≡ (1 − n)U . Uαβ is a unitary matrix and nαβ a model
depended non-standard matrix (α, β = e, µ, τ) which takes specific form within
seesaw mechanisms [127].

5.4.1 Non-standard neutrino-nucleus reaction cross sec-

tions

The neutral-current non-standard neutrino interactions addressed here, are
described by a quark-level Lagrangian, LNSI, parametrised (for energies ≪ MZ)
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as [21, 70, 111]

LNSI = −2
√
2GF

∑

P=L,R
f=u,d

α,β= e,µ,τ

ǫfPαβ [ν̄αγρLνβ ]
[
f̄γρPf

]
, (5.7)

where three light neutrinos να with Majorana masses are considered, f denotes
a first generation SM quark and P = {L,R} are the chiral projectors. The Lag-
rangian (5.7) contains flavour preserving non-SM terms, known as non-universal
(NU) interactions that are proportional to ǫfPαα , as well as flavour-changing (FC)
terms proportional to ǫfPαβ , α 6= β. These couplings are taken with respect to the
strength of the Fermi coupling constant GF . For the polar-vector couplings we
are mainly interested in the present work, it holds

ǫfVαβ = ǫfLαβ + ǫfRαβ , (5.8)

while for the axial-vector couplings

ǫfAαβ = ǫfLαβ − ǫfRαβ . (5.9)

The nuclear physics aspects of the non-standard neutrino-matter reactions can
be studied by transforming the Lagrangian (5.7) to the nuclear level where the
hadronic current is written in terms of NC nucleon form factors (functions of the
four momentum transfer) [133, 134]. In the general case of the inelastic scattering
of neutrinos on nuclei, the magnitude of the three momentum transfer, κ =
|q|, obtained from the kinematics of the reaction, is a function of the scattering
angle of the outgoing neutrino θ (laboratory frame), the initial, εi, and final,
εf , neutrino energies, as well as the excitation energy of the target nucleus ω
as, κ2 = ω2 + 2εiεf (1− cos θ) [136, 137]. In the special case of the coherent
(elastic) channel we focus in this Chapter (ω = 0 and εi = εf ≡ Eν), only
g.s.→ g.s. transitions occur (for spin-zero nuclei) and we haveQ2 = 2E2

ν(1−cos θ)
or Q = 2Eν sin(θ/2).

The coherent differential cross section with respect to the scattering angle θ
for NSI neutrino-nucleus processes is written as

dσNSI,να

d cos θ
=
G2

F

2π
E2

ν (1 + cos θ)
∣
∣〈g.s.||GNSI

V,να(Q)||g.s.〉
∣
∣
2
, (5.10)

(α = e, µ, τ , denotes the flavour of incident neutrinos) where |g.s.〉 represents the
nuclear ground state (for even-even nuclei, like the 48Ti, |g.s.〉 = |Jπ〉 ≡ |0+〉).
The nuclear matrix element, that arises from the Lagrangian (5.7), takes the form

∣
∣MNSI

V,να

∣
∣
2 ≡

∣
∣〈g.s.||GNSI

V,να(Q)||g.s.〉
∣
∣
2
=

[(
2ǫuVαα + ǫdVαα

)
ZFZ(Q

2) +
(
ǫuVαα + 2ǫdVαα

)
NFN (Q

2)
]2

+
∑

β 6=α

[(
2ǫuVαβ + ǫdVαβ

)
ZFZ(Q

2) +
(
ǫuVαβ + 2ǫdVαβ

)
NFN (Q

2)
]2
,

(5.11)
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(β = e, µ, τ) where FZ(N) denote the nuclear (electromagnetic) form factors for
protons (neutrons) entered due to the CVC theory. We note that in the adopted
NSI model, the coherent NC neutrino-nucleus reaction is not a flavour blind
process. By considering the nuclear structure details, the cross sections provided
by Eq.(5.10), become more realistic and accurate [70] (in Ref. [111] the variation
versus the momentum transfer of the nuclear form factor is neglected, which for
Supernova neutrino studies is a rather crude approximation). The structure of
the Lagrangian (5.6), implies that in the r.h.s. of Eq.(5.11) the first term is the
NU matrix element,MNU

V,να, and the summation is the FC matrix element,MNU
V,να,

hence we write
∣
∣MNSI

V,να

∣
∣
2
=
∣
∣MNU

V,να

∣
∣
2
+
∣
∣MFC

V,να

∣
∣
2
. (5.12)

From an experimental physics point of view, many neutrino detectors are
more sensitive to the recoil energy of the nuclear target, TN , than to the scat-
tering angles, θ. Therefore, it is also important to compute the differential cross
sections dσ/dTN . For coherent scattering the nucleus recoils (intrinsically it re-
mains unchanged) with energy which, in the approximation TN ≪ Eν (low-energy
limit), is maximised as, Tmax

N = 2E2
ν/(M + 2Eν), with M being the nuclear

mass [89, 97, 98]. Then, to a good approximation, the square of the four mo-
mentum transfer, is equal to Q2 = 2MTN , and the coherent NSI differential cross
section with respect to TN is written as

dσNSI,να

dTN
=
G2

F M

π

(

1− M TN
2E2

ν

)
∣
∣〈g.s.||GNSI

V,να(Q)||g.s.〉
∣
∣
2
. (5.13)

Both Eqs. (5.10) and (5.13) are useful for studying the nuclear physics of NSI of
neutrinos with matter.

The Lagrangian Ltot of Eq.(5.6), contains the flavour preserving (FP) part,
equal to

LFP ≡ LNU + LSM , (5.14)

which can be evaluated through the Coulomb matrix element

∣
∣MFP

V,να

∣
∣
2
=
∣
∣MSM

V,να +MNU
V,να

∣
∣
2
. (5.15)

Subsequently, the total coherent cross section may be computed on the basis of
the matrix element

∣
∣Mtot

V,να

∣
∣2 =

∣
∣MFP

V

∣
∣
2
+
∣
∣MFC

V,να

∣
∣
2
. (5.16)

Furthermore, by performing numerical integrations in Eq.(5.10) over the scat-
tering angle θ or in Eq.(5.13) over the recoil energy TN , one can obtain integrated
(total) coherent NSI cross sections, σNSI,να. The individual cross sections σNU,να

and σFC,να may be evaluated accordingly.
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5.5 Results and discussion

At first, we studied the nuclear structure details of the matrix elements enter-
ing Eqs.(5.10)–(5.13) that reflect the dependence of the coherent cross section on
the incident neutrino-energy Eν and the scattering angle θ (or the recoil energy
TN). For the even-even 48Ti nucleus, the stopping target of the PSI [141, 142]
and PRIME [144, 145] experiments, this study involves realistic nuclear structure
calculations for the cross sections dσλ,να/d cos θ and dσλ,να/dTN , performed after
constructing the nuclear ground state |g.s.〉 by solving iteratively the BCS equa-
tions. The nuclear BCS form factors for protons (neutrons) are obtained through
Eq.(3.127). The chosen active model space consists of the lowest 15 single-particle
j-orbits, j ≡ (n, l, 1/2)j without core, up to major Harmonic Oscillator quanta
N = 4~ω. The required monopole (pairing) residual interaction, obtained from a
Bonn C-D two-body potential was slightly renormalised with the two parameters
gp,npair (g

p
pair = 1.056, for proton pairs, and gnpair = 0.999, for neutron pairs).

We note that, we have devoted a special effort on the accurate construction
of the nuclear ground state, (i) because the coherent channel is the dominant one
for the neutral-current SM neutrino-nucleus processes and we assumed that this
holds also for NSI processes, and (ii) because in a next step we are intended to
perform extensive incoherent cross sections calculations where all accessible final
nuclear states will be built on the present ground state.

For the odd-A 27Al nucleus (its ground state spin is |g.s.〉 = |Jπ〉 = |(5/2)+〉),
the stopping target of Mu2e and COMET experiments, we obtained the form
factor FZ(Q

2), through a model independent analysis (using the Fourier-Bessel
expansion model defined in the Appendix F.1) of the electron scattering data for
the charge density distribution of this isotope [56]. Since similar data for FN(Q

2)
27Al are not available, we considered (to a rather satisfactory approximation) that
FN ≃ FZ (a difference up to about 10% usually appears for medium and heavy
nuclear systems [56]). The momentum dependence of the nuclear form factors
was ignored by some authors [111] which at low neutrino-energies relevant for
solar neutrinos is practically a good approximation, but for energies relevant to
Supernova neutrinos addressed in this work, it may lead to differences of even an
order of magnitude.

5.5.1 Integrated coherent neutrino-nucleus NSI cross sec-

tions

As in the SM case (see Chapt. 4), for the case of NSI we obtained angle-
integrated coherent neutrino-nucleus cross sections by integrating numerically
Eq.(5.10) over angles [or Eq.(5.13) over TN ] for the various interaction components
as

σλ,να(Eν) =

∫
dσλ,να
d cos θ

(θ, Eν) d cos θ , (5.17)
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να (A,Z) Rtot RNU RFP Rνα↔νe Rνα↔νµ Rνα↔ντ

48Ti 1.037 0.002 0.905 - 0.121× 10−4 0.130νe 27Al 1.044 0.003 0.902 - 0.130× 10−4 0.139

48Ti 1.293 0.001 0.929 0.121× 10−4 - 0.361νµ 27Al 1.318 0.001 0.927 0.130× 10−4 - 0.387

Table 5.1: The ratios Rλ,να (for the definition see Eq.(5.18) in the text) of all
possible να + (A,Z)→ νβ + (A,Z) processes. They have been evaluated in their
asymptotic values reached at Eν ≈ 120MeV.

(λ = tot, SM,NU,FP,FC). The results for the individual cross sections, σtot, σSM,
σNU, σFP, σFC (incoming neutrino energies in the range 0 ≤ Eν ≤ 150 MeV) are
illustrated in Fig. 5.2. We found that the exotic FCNC processes να → νβ in 48Ti
have significantly lower cross section compared to the SM one. From the obtained
FCNC neutrino-nucleus cross sections the most challenging result corresponds to
the νµ → νe transition (and to its lepton conjugate process, νe → νµ). This is
mainly due to the severe constraint ǫfPµe = 2.9 × 10−4 inserted in the Lagrangian
(5.7) which has been derived from the nuclear µ− → e− conversion experimental
limits on cLFV branching ratio [106–109]. We remind that, in this work we
have employed the NSI parameters ǫfVαβ (except the ǫfVµe ) derived from various
experimental bounds in Ref. [22].

By exploiting our cross sections σλ,να(Eν), we find it interesting to estimate
the ratio of each of the individual cross sections, σλ,να, with respect to the SM
cross sections defined as

Rλ,να(Eν) =
σλ,να(Eν)

σSM(Eν)
, λ = tot,NU,FP,FC . (5.18)

For 48Ti, the latter ratios initially are slowly increasing functions of Eν , but
eventually (for energies higher than about 80−120 MeV) they tend asymptotically
to the values listed in Table 5.1. For 27Al, however, the ratios Rλ,να are energy
independent which is a consequence of the different treatment applied in studying
the nuclear structure details than that followed for 48Ti. From the comparison
of the results of Table 5.2 with those of the method [111], we conclude that our
realistic calculations are important in the case of 48Ti nucleus, where the BCS
method gave us FN 6= FZ and, hence, the results obtained for Rλ,να differ from
those given by Ref. [111]. For 27Al, however, for which we considered FN ≃
FZ , the dependence on the nuclear structure parameters in the numerator and
denominator of Eq.(5.18) cancel out and, then, our predictions for Rλ,να are equal
to those of Ref. [111].

It is worth noting that, some constraints coming from solar [113] and atmo-
spheric [114] neutrino data indicate that the NSI might be large, while according
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Figure 5.2: Integrated coherent cross sections σλ,να(Eν) versus the incoming
neutrino-energy Eν , for neutrino processes of the form να +48 Ti → νβ +48 Ti,
with α 6= β. As expected, the NSI channels (labelled as NU,FP, νe ↔ νµ, νe ↔
ντ , νµ ↔ ντ ) have significantly smaller contributions compared to that of the SM
one (continuous bold line). The line labelling is same to that of Fig. 5.3.

to the present experimental data, ǫfVττ is unacceptably large and, consequently,
it derives unrealistic results (the corresponding FP and NU cross sections, not
included here, are larger than the SM ones) [22, 70].

5.5.2 NSI of Supernova neutrinos

One of the most interesting connections of our present calculations with ongo-
ing and future neutrino experiments is related to Supernova neutrino detection.
As it is known, in SN explosions most of the energy is released by neutrino
emission. We assume that the emitted SN-neutrino-energy spectra, ηSNνα (Eν), re-
semble Maxwell-Boltzmann distributions that depend on the temperature, Tνα ,
of the (anti)neutrino flavour να (ν̄α). By convoluting the integrated NSI cross



96 Chapter 5. Exotic neutrino-nucleus processes

να (A,Z) 〈σtot〉 〈σSM〉 〈σNU〉 〈σFP〉 〈σνα→νe〉 〈σνα→νµ〉 〈σνα→ντ 〉
48Ti 5.32 5.15 1.20× 10−2 4.66 - 6.07× 10−5 6.50× 10−1

νe 27Al 1.57 1.50 3.83× 10−3 1.35 - 1.95× 10−5 2.09× 10−1

48Ti 19.6 15.2 1.93× 10−2 14.2 1.80× 10−4 - 5.36νµ 27Al 6.07 4.61 6.42× 10−3 4.27 6.00× 10−5 - 1.78

Table 5.2: Flux averaged cross sections 〈σλ,να〉 (in 10−40 cm2) for various Super-
nova neutrino spectra parametrised by Maxwell-Boltzmann distributions.

section, σλ,να(Eν), with the neutrino distributions, the NSI signal produced on a
terrestrial detector may be simulated as

σsign
λ,να

(Eν) = σλ,να(Eν) η
SN
να (Eν) . (5.19)

We note, the obvious difference between the above equation and Eq.(4.77) in
Chapt. 4.

The resulting NSI signals, σsign
λ,να

(Eν), obtained by inserting in Eq.(5.19) the
cross sections σλ,να, are plotted in Fig. 5.3. Note that, in contrast to the original
cross sections, now σsign

να→νβ
6= σsign

νβ→να. Figure 5.3 shows that for incoming νµ

neutrinos the signal σsign
λ,νµ

presents an appreciably wider energy range compared to
that of νe and that the maximum peak is shifted towards higher energies following
the features of the distributions ηSNνα (Eν). The simulated cross sections of Fig. 5.3
reflect the characteristics of the incident neutrino spectrum of a specific flavour
α having its own position of the maximum peak and width of the distribution
ηSNνα . We remind that, as usually, for incoming νe neutrinos, the distribution
(ηSNνe + ηSNν̄e )/2 is used.

In SN neutrino simulations, another useful quantity is the flux averaged cross
section [66] which in our notation is written as

〈σλ,να〉 =
∫

σλ,να(Eν) η
SN
να (Eν) dEν . (5.20)

The results for 〈σλ,να〉, obtained by using our angle-integrated cross sections are
listed in Table 5.2. We note that our flux averaged cross sections differ by about
30% from those of [111].

From experimental physics perspectives, it is also interesting to make pre-
dictions for the differential event rate of a neutrino detector [88, 99, 148]. The
usual expression for computing the yield in events is based on the neutrino flux,
Φνα. To include the NSI of neutrinos with nuclei, the yield in events, Yλ,να(TN ),
is [88, 99]

Yλ,να(TN) = Nt

∫

Φνα dEν

∫
dσλ,να
d cos θ

δ

(

TN −
Q2

2M

)

d cos θ , (5.21)
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Figure 5.3: The convoluted cross sections, evaluated with Maxwell-Boltzmann
distributions, that represent the expected signal to be recorded on a 48Ti neutrino
detector, σsign

λ,να
(Eν). Due to the flavour dependence of the SN neutrino distribu-

tion, the energy-window of νe neutrinos signal is more narrow compared to those
of νµ and ντ neutrinos.

where Nt is the total number of nuclei in the detector material. Within this
formalism, apparently Eq.(4.79) is revovered for the channel λ = SM in Eq.(5.21).
Assuming a detector filled with one ton 48Ti, we evaluated differential event rates
Yλ,να(TN ) for several Supernova scenarios. These results, are plotted in Fig. 5.4
where for each particular interaction, the corresponding neutrino flux has been
considered. We see that, the respective results for the NU and FC processes,
especially the case of νµ → νe transition, present appreciably small contributions
and that, the lower the energy recoil, the larger the potentially detected number
of events. Hence, for the observation of non-standard neutrino-nucleus events,
detector medium with very low energy-recoil threshold is required.

With the above results for Yλ,να(TN), one can obtain the total number of
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Figure 5.4: Differential event rate, Yλ,να(TN), as a function of the nuclear recoil
energy, TN , for a 48Ti neutrino detector. The line labelling is same to that of
Fig. 5.2.

counts by integrating Eq.(5.21) above the energy threshold, T thres
N , of the detector

in question. For the 48Ti nucleus, assuming T thres
N ≈ 1 keV, we find about 13.5

events/ton for the SM process but only 10−3 events/ton for the flavour changing
νµ ↔ νe reaction, i.e. about four orders of magnitude less events. We also
conclude that, for making accurate predictions of the total number of counts,
the nuclear structure parameters play significant role. Thus, for the νµ → νe
transition we end up with about 29% less events, compared to those given by the
approximation of Ref. [111]. On the other hand, adding up the total number of
events for the three SM processes of the form, να → να, we end up with only 2%
less events than those provided from the formalism of Refs. [88, 99].

It is worth noting that, the choice of the target nucleus plays also a key role,
since a light nuclear target may yield high energy recoil tails but less counts. On
the contrary, a heavy nuclear target provides more counts and yields low-energy
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Figure 5.5: Simulated neutrino signal, σsign
νe→νµ, of the FCNC process νe+(A,Z)→

νµ + (A,Z) in 48Ti, for the PSI and PRIME/PRISM experiments and in 27Al,
for the COMET, Mu2e and Mu2e at Project-X: (a) for Supernova neutrinos and
(b) for pion-muon stopped neutrinos. The shaded area represents the excluded
region of observation by the increased sensitivity of the designed experiments.
For each plot the relevant NSI parameter ǫfPµe of Table 5.3 has been employed.

recoils making the detection more difficult. This leads to the conclusion that the
best choice for a nuclear detector must consists of a combination of light and
heavy nuclear isotopes.

5.5.3 New stringent limits on ǫfVµe from µ− → e− conversion

In the last part of this analysis, we exploit our channel-by-channel cross sec-
tions calculations in order to provide new limits for the NSI parameters ǫfPµe ,
coming out of the present and future experimental constraints of cLFV µ− → e−

conversion as follows. The authors of Ref. [22] (assuming that cLFV arises from
loop diagrams involving virtual W’s) found that the couplings of charged leptons
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Parameter COMET Mu2e Project-X PRIME

ǫfVµe × 10−6 3.70 2.87 0.52 0.37
Rνµ↔νe × 10−10 21.2 13.0 0.42 0.19

Table 5.3: Upper limits on the NSI parameters ǫfVµe and the ratios Rνµ↔νe for
the FC νµ ↔ νe reaction channel resulting from the sensitivity of the µ− → e−

conversion experiments.

with quarks are given by CǫfPαβ , where C ≈ 0.0027. Consequently, for the νµ ↔ νe
transition the NSI parameters are related with the experimental upper limits of
µ− → e− conversion as [22]

ǫfPµe = C−1

√

R
(A,Z)
µe . (5.22)

In our calculations, up to this point we used the value ǫfVµe = 2.9× 10−4 resulting
from the PSI upper limit, RT i

µe < 6.1 × 10−13 [141] (occasionally, this value is a
more severe constraint compared to the value ǫfVµe = 7.7×10−4 used in [22] which
came out of the upper limit RT i

µe < 4.3× 10−12 [142]).
Significantly lower upper limits on the NSI ǫfPµe parameters of Eq.(5.18),

are expected to be derived from the COMET, Mu2e, Mu2e at Project-X and
PRIME/PRISM µ− → e− conversion experiments. Then, one may compute new
ratios Rνµ↔νe of the FC νe ↔ νµ reaction channel. The results for the NSI para-
meters ǫfVµe and the respective ratios Rνµ↔νe are listed in Table 5.3.

Before closing we find interesting to plot the expected neutrino signals
σsign
νµ→νe(Eν) resulting by using the limits of Table 5.3 in two cases of neutrino

spectra: (i) Supernova neutrinos, and (ii) laboratory neutrinos originating e.g
from the BNB (Booster Neutrino Beamline) at Fermilab known as pion decay-
at-rest (DAR) neutrinos [71, 72]. In the first case the simulated cross sections
are obtained by employing the Supernova neutrino spectra, ηSNνα , discussed be-
fore [88, 99] and the results are illustrated in Fig. 5.5(a). In the second case,
the simulated cross sections are obtained by considering the laboratory neutrino
distribution of the stopped pion-muon neutrinos produced according to the re-
actions π+ → µ+ + νµ, µ

+ → e+ + νe + ν̄µ [71, 72]. In these experiments the
emitted νe neutrino spectrum is described by the normalised distribution ηlab.να ,
α = e, µ [66, 148]. The simulated laboratory neutrino signal, σsign

νe→νµ, is shown in
Fig. 5.5(b).

As can be seen, in both cases the exceedingly high sensitivity of the designed
experiments reduces drastically (compare Figs. 5.3 and 5.5) the area of observa-
tion of the neutrino signals σsign

νe→νµ(Eν).
We should note that for models based on non-unitary lepton mixing mat-

rix (including seesaw), constraints on nαβ (related to ǫfPαβ within normalisation
factors [127]) may similarly come out. Obviously, for NSI considering both d and
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u quarks, nαβ enter the nuclear matrix elements of Eq.(5.11).

5.5.4 NSI of neutrinos from spallation neutron sources

The multi-target approach of the COHERENT experiment [73–75] aiming
on neutrino detection can also explore non-standard physics issues such as
NSI [25, 111], neutrino magnetic moment [115] and sterile neutrino [116]. In this
Subsection we find it interesting to evaluate the non-standard neutrino-nucleus
events that could be potentially detected by this experiment in each of the pro-
posed nuclear targets. The high intensity SNS neutrino beams [69] and the two
promising neutrino detectors, liquid 20Ne (391 kg) and liquid 40Ar (456 kg) [116],
firstly proposed by the CLEAR [76] and CLEAN [94] designs (located at dis-
tance 20 m from the source), constitute excellent probes to search for the exotic
neutrino reactions. Other possibilities [73–75] include medium and heavy weight
targets like 76Ge (100 kg) inspired by the dark matter SuperCDMS [92] detector
(located at 20 m) and 132Xe (100 kg located at 40 m).

In Fig. 5.6 and Fig. 5.7 the resulting number of exotic events are illustrated
and compared with the SM predictions. We note, however, that especially for the
case of the flavour changing (FC) channel νµ → νe, by using the extremely high
sensitivity of the ongoing µ− → e− conversion experiments (COMET [106, 107]
and Mu2e [140]), very robust bounds have been set on the vector parameters
ǫfVµe [25]. To this end, we conclude that, if the Mu2e and COMET experiments
will not detect muon to electron conversion events, then the new ǫfVµe parameters
extracted in [25] will lead to undetectable coherent rates at the SNS facility for
this channel.

For our present calculations we use the current bounds [25] set by the sensit-
ivity of the PSI experiment [141] and found countable number of events for the
near detectors in the case of the corresponding νµ → νe reaction. The other exotic
parameters, i.e. ǫfVαα with α = e, µ and ǫfVeτ have been taken from Ref. [22]. As
discussed in Ref. [25], we do not take into account the ǫfVττ contribution, since the
corresponding limits are poorly constrained and eventually predict unacceptably
high rates.

Before closing, it is worth noting that, the present calculations indicate sig-
nificant possibility of detecting exotic neutrino-nucleus events through coherent
scattering in the aforementioned experiments. Since neutrino-physics enters a
precision era [70], a difference from the Standard Model predictions leads to an
undoubtable evidence of non-standard neutrino-nucleus interactions (NSI). We
recall that, in order to experimentally constrain simultaneously all the exotic
parameters at high precision, the detector material should consist of maximally
different ratio k = (A+N)/(A + Z) [70, 111].

Our Future plans include estimation of the incoherent channel which may
provide a significant part of the total cross section, especially for energies higher
than Eν ≈ 20− 40 MeV (depending on the nuclear target [135] and the particle



102 Chapter 5. Exotic neutrino-nucleus processes

10−2

10−1

100

101

102

103

104
20Ne

delayed: (νe)

c
o
u
n
ts

p
e
r
y
e
a
r

SM FP
NU νe ↔ νµ

νe ↔ ντ νµ ↔ ντ

40Ar

delayed: (νe)

10−1 100 101 102
10−2

10−1

100

101

102

103

104
20Ne

delayed + prompt: (ν̃µ + νµ)

T thres.
N (keV)

c
o
u
n
ts

p
e
r
y
e
a
r

10−1 100 101 102

40Ar

delayed + prompt: (ν̃µ + νµ)

T thres.
N (keV)

Figure 5.6: The expected non-standard neutrino scattering events over the recoil
energy threshold at the COHERENT detector, filled with (left) 391 kg of liquid
20Ne and (right) 456 kg of liquid 40Ar, both located at a distance of 20 m (Φνα =
2.5× 107 νs−1cm−2) from the source. A perfectly efficient detector and negligible
neutrino oscillation effects are assumed.

model predicting the exotic process).

5.6 NSI in SUSY theories

Within the context of Supersymmetry (SUSY) each particle has a partner
with opposite spin statistics 2. The minimum number of fields to describe the
known SM particles and their superpartners are described within the Minimal
Supersymmetric Model (MSSM). R-parity stands out as an additional discrete

2For each boson there exist a corresponding fermion partner and vice versa.
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Figure 5.7: Same as Fig. 5.6, but for 100 kg of 76Ge at 20 m (Φνα = 2.5 ×
107 νs−1cm−2) and 100 kg of liquid 132Xe at 40 m (Φνα = 6.3 × 106 νs−1cm−2)
from the source.

symmetry whose main feature is it requires that an interaction must have an
even number of SUSY particles. Specifically, R-parity violating interactions also
violate lepton number, L, or baryon number, B.

Reference [118] explores possible NSI contributions that arise by considering
lepton number violating terms in the superpotential, of the form

λijkLiLjE
c
k, λ′ijkLiQjD

c
k . (5.23)

with, Li and Qi denoting lepton and quark SU(2) doublet superfields, while Ec
i

and Dc
i are lepton and quark singlet superfields. The couplings, λikj, are anti-

symmetric in i and j (family indices: e, d = 1, µ, s = 2 and τ, b = 3). These terms
lead to the following interaction Lagrangians

L = λijk

[

ν̃iLē
k
Re

j
L + ẽjLē

k
Rν

i
L + (ẽkR)

∗ν̄ciLe
j
L − (i↔ j)

]

+ h.c. , (5.24)
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L = λ′ijk

[

ν̃iLd̄
k
Rd

j
L + d̃jLd̄

k
Rν

i
L + (d̃kR)

∗ν̄ciLd
j
L

− ẽiLd̄kRujL − ũjLd̄kReiL − (d̃kR)
∗ēciLu

j
L

]

+ h.c. ,
(5.25)

where the sparticles are denoted with the tilde.
For low energy scattering (negligible squark momentum in the propagator),

concentrating on the relevant terms involving neutrino-quark interactions and
after a Fierz transformation the R-breaking SUSY Lagrangian reads

Leff =
[
ν̄jγµ(1− γ5)νi

] ∑

q=u,d

[

q̄γµ(κqVij
+ κqAij

γ5)q
]

, (5.26)

where the exchange of a d squark is assumed. For the case of neutrino scattering
off a d-quark, the relevant vector- and axial-vector couplings are written as [118]

κdVij
=

1

8

∑

k

[

λ′i1k(λ
′
j1k)

∗

m2
d̃kR

−
λ′ik1(λ

′
jk1)

∗

m2
d̃kL

]

, (5.27)

κdAij
=

1

8

∑

k

[

λ′i1k(λ
′
j1k)

∗

m2
d̃kR

+
λ′ik1(λ

′
jk1)

∗

m2
d̃kL

]

. (5.28)

These couplings, are the SUSY analogous of those given in Eq.(5.8) and Eq.(5.9)
respectively. Then, the corresponding cross section for the scattering channel,
(ν̄i)νi + (A,Z)→ (ν̄)νj + (A,Z),

dσij
dQ2

=
1

π

∣
∣
∣(2κuVij

+ κdVij
)Z + (κuVij

+ 2κdVij
)N
∣
∣
∣

2
[

1−
(

Q

2Eν

)2
]

. (5.29)

5.7 Conclusions

In this Chapter, we explored NC non-standard neutrino-nucleus processes with
realistic nuclear structure calculations. As a first step, we evaluated cross sections
for the dominant coherent channel (incoming neutrino energies 0 ≤ Eν ≤ 150
MeV, which include neutrinos coming from stopped pion-muon decay, Supernova,
etc.). We have examined partial, integrated and total coherent cross sections and
determined constraints for the ratios Rνα→νβ of all relevant reaction channels
with respect to the SM cross section. Furthermore, we provided results for the
differential event rates and the total number of events assuming the interesting
detector materials employed at the COHERENT experiment. In view of operation
of the muon-to-electron conversion experiments, searching for the exotic µ− →
e− conversion, we concentrated on the 48Ti nucleus used previously as stopping
target by the PSI experiment and recently proposed to be used by the PRIME
experiment at J-PARC. Similarly we have studied the 27Al as neutrino detector,
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proposed to be used as muon stopping target in the sensitive Mu2e and COMET
experiments.

New stringent upper limits (up to even three orders of magnitude lower than
those previously put) on the NSI (FC) parameters ǫfVµe are extracted by using the
experimental sensitivity of the µ− → e− conversion experiments and our present
results. By comparing our results with those of other methods we conclude that
the nuclear physics aspects (reflecting the reliability and accuracy of the cross
sections), largely affect the coherent g.s. → g.s. transition rate, a result espe-
cially useful for Supernova neutrino detection probes and low-energy laboratory
neutrinos.

Finally, we would like to remark that, µ− → e− transition experiments at
sensitivities down to 10−16−10−18 have excellent capabilities to search for evidence
of new physics and to study its flavour structure. These well designed experiments
at Fermilab and at J-PARC, could be the starting point of such a new effort,
which would complement the neutrino programs. They have significant potential
to constrain the NSI parameters and shed light on FCNC processes in the leptonic
sector and specifically on the existence of the charged-lepton mixing.





Chapter 6

Electromagnetic neutrino properties in
NSI theories

6.1 Introduction

Tensorial non-standard neutrino interactions are studied through a combined
analysis of nuclear structure calculations and a sensitivity χ2-type of neutrino
events expected to be measured at the COHERENT experiment, recently planned
to operate at the Spallation Neutron Source (Oak Ridge). Potential sizeable
predictions on transition neutrino magnetic moments and other electromagnetic
parameters, such as neutrino milli-charges, are also addressed. The non-standard
neutrino-nucleus processes, explored from nuclear physics perspectives within the
context of the QRPA, are exploited in order to estimate the expected number
of events originating from vector and tensor exotic interactions for the case of
reactor neutrinos, studied with TEXONO and GEMMA neutrino detectors.

6.1.1 Dirac neutrinos

In the SM, the interaction of a fermionic field f(x) with the electromagnetic
field A(x) is given by the interaction Hamiltonian

H(f)
em = j(f)µ (x)Aµ(x) = qf f̄(x)γµf(x)A

µ(x) , (6.1)

where qf is the fermionic charge 1. Figure 6.1(left panel) shows the corresponding
tree-level Feynman diagram (the photon γ is the quantum of the electromagnetic
field Aµ(x)).

For neutrinos the electric charge is zero and there are no electromagnetic
interactions at tree level. However, such interactions can arise at the quantum
level from loop diagrams at higher order of the perturbative expansion of the

1Note, that in Chapt. 2, instead of qf we used the notation Qf .

107



108 Chapter 6. Electromagnetic neutrino properties in NSI theories

f(ki) f(kf )

γ(q)

ν(ki) ν(kf )

γ(q)

EM

Figure 6.1: Tree-level coupling of a charged fermion f with a photon (left), and
electromagnetic vertex of a neutrino with a photon (right).

interaction. In the one-photon approximation, the electromagnetic interactions
of a neutrino field, ν(x), can be described by the effective interaction Hamiltonian

H(ν)
em(x) = j(ν)µ (x)Aµ(x) = ν̄(x)Λµν(x)A

µ(x) , (6.2)

where, j
(ν)
µ (x) is the neutrino effective electromagnetic current four-vector and Λµ

is a 4 × 4 matrix in spinor space which can contain space-time derivatives, such
that j

(ν)
µ (x) transforms as a four-vector. Since radiative corrections are gener-

ated by weak interactions which are not invariant under a parity transformation,
j
(ν)
µ (x) can be a sum of polar and axial parts. The corresponding diagram for the
interaction of a neutrino with a photon is shown in Fig. 6.1(right panel), where
the blob represents the quantum loop contributions.

The neutrino electromagnetic properties corresponding to the diagram in
Fig. 6.1(right panel) include charge and magnetic form factors. It is worth men-
tioning that these neutrino electromagnetic properties can exist even if neutrinos
are elementary particles, without an internal structure, because they are gen-
erated by quantum loop effects. Thus, the neutrino charge and magnetic form
factors have a different origin from the neutron charge and magnetic form factors
(also called Dirac and Pauli form factors), which are mainly due to its internal
quark structure. For example, the neutrino magnetic moment which is the mag-
netic form factor for interactions with real photons, i.e. q2 = 0 in Fig. 6.1(right
panel) have the same quantum origin as the anomalous magnetic moment of the
electron (see Ref. [155]).

We are interested in the neutrino part of the amplitude corresponding to the
diagram in Fig. 6.1(right panel), which is given by the matrix element

〈ν(kf , hf)|j(ν)µ (x)|ν(ki, hi)〉 , (6.3)

with ki, (hi) and kf , (hf ) is the initial and final four-momentum (helicity) of the
neutrino respectively. The derivative of the electromagnetic current is expressed
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in terms of the four-momentum operator as

∂µj(ν)µ (x) = i
[
Kµ, j(ν)µ (x)

]
, (6.4)

which implies that the effective electromagnetic current can be cast in the form

j(ν)µ (x) = eiK·xj(ν)µ (0)e−iK·x , (6.5)

and therefore the matrix element reads 2

〈ν(kf , hf)|j(ν)µ (x)|ν(ki, hi)〉 = e−i(ki−kf )·x〈ν(kf , hf)|j(ν)µ (0)|ν(ki, hi)〉 , (6.6)

thus the neutrino-photon interaction strength is determined by the matrix element
on the r.h.s. The incoming and outgoing neutrinos are free particles described by
free Dirac fields. Their Fourier expansion gives [156]

〈ν(kf)|j(ν)µ (0)|ν(ki)〉 = ū(kf)Uµ(kf , ki)u(ki) . (6.7)

The electromagnetic properties of neutrinos are embodied by the vertex func-
tion Uµ(kf , ki), which is a matrix in spinor space and can be decomposed in
terms of linearly independent products of Dirac gamma matrices and the avail-
able kinematical four-vectors ki, kf . As shown in Ref. [156], the most general
decomposition can be written as function of six Lorentz-invariant form factors fξ,
ξ = 1, · · · , 6 in the following form

Uµ(kf , ki) =f1(q
2)qµ + f2(q

2)qµγ5 + f3(q
2)γµ + f4(q

2)γµγ5

+ f5(q
2)σµνq

ν + f6(q
2)ǫµνρτq

νσρτ ,
(6.8)

where from energy-momentum conservation the momentum of the photon is q =
kf − ki 3.

The hermiticity of the interaction Hamiltonian and the electromagnetic field
imply that the effective electromagnetic current is Hermitian i.e j

(ν)
µ (x) = j

(ν)†
µ (x)

and therefore the corresponding matrix element satisfies the relation

〈ν(kf)|j(ν)µ (0)|ν(ki)〉 = 〈ν(kf )|j(ν)µ (0)|ν(ki)〉∗ . (6.9)

Then, Uµ(q) obeys the constraint

Uµ(q) = γ0U †
µ(−q)γ0 , (6.10)

and recalling the Dirac algebra, from the latter expression we conclude that
f2, f3, f4 are real and f1, f5, f6 are imaginary. Moreover, the gauge invariance of
the interaction Hamiltonian [i.e. the electromagnetic tensor F µν = ∂µAν − ∂νAµ

2Note, that Kµ|ν(k)〉 = kµ|ν(k)〉.
3Note, that fξ depend only on q2 being the only Lorentz-invariant kinematical quantity (since

(ki + kf )
2 = 4m2 − q2), and therefore from now on we will write Uµ(kf , ki) ≡ Uµ(q).
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being invariant under the transformation Aµ(x)→ Aµ(x) + ∂µφ(x), for any φ(x)]

imposes current conservation, ∂µj
(ν)
µ leading to

〈ν(kf)|
[
Kµ, j(ν)µ (x)

]
|ν(ki)〉 = 0 , (6.11)

which subsequently in the momentum space translates to the constraint

qµū(kf)Uµ(q)u(ki) = 0 . (6.12)

Then, from the latter expression one has

f1(q
2)q2 + f2(q

2)q2γ5 + 2mf4(q
2)γ5 = 0 , (6.13)

and furthermore due to the linear independence of the unitary matrix and γ5 the
following constraints are extracted

f1(q
2) = 0, f4(q

2) = −f2(q2)
q2

2m
. (6.14)

Incorporating the above discussion, the most general vertex function consistent
with Lorentz and electromagnetic gauge invariance, is written as [157, 158]

Uµ(q) = fQ(q
2)γµ− ifM (q2)σµνq

ν+fE(q
2)σµνq

νγ5+fA(q
2)(q2γµ−qµ/q)γ5 , (6.15)

where the real charge, dipole magnetic and electric, and anapole neutrino form
factors read

fQ = f3, fM = if5, fE = −2if6, fA = −f2/2m, (6.16)

where we also used the fact that

ū(kf)/qγ
5u(ki) = 2mū(kf)γ

5u(ki) . (6.17)

The latter take the following static (at q2 = 0 e.g. couplings with real photons)
values

fQ(0) = qν , fM(0) = µ, fE(0) = ǫ, fA(0) = aν , (6.18)

namely, the the neutrino (milli-)charge, magnetic moment, electric moment, and
anapole moment.

6.1.2 Charge-radius

Even if the electric charge of a neutrino is zero, the electric form factor, fQ(q
2),

can contain nontrivial information about the neutrino electric properties. In fact,
a neutral particle can be characterised by a (real or virtual) superposition of two
different charge distributions of opposite signs, which is described by a form factor
fQ(q

2) which is non-zero for q2 6= 0.
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The neutrino charge-radius is determined by the second term in the expansion
of the neutrino charge form factor fQ(q

2) in a series of powers of q2 as

fQ(q
2) ≃ fQ(0) + q2

dfQ(q
2)

dq2

∣
∣
∣
q2=0

+ · · · . (6.19)

Recalling the “Breit frame”, where q0 = 0, the charge form factor fQ(q
2) depends

only on κ ≡ |q| =
√

−q2 and can be interpreted as the Fourier transform of a
spherically symmetric charge distribution ρν(r), with r = |x|

fQ(q
2) =

∫

d3x ρν(r)e
−iq·x

=

∫

d3x ρν(r)
sin(κr)

κr

=

∫

dr 4πρν(r)r
2j0(κr) .

(6.20)

Evaluating the derivative one finds

dfQ(q
2)

dq2
=

∫

d3x ρν(r)
sin(κr)− κr cos(κr)

2κ3r
, (6.21)

which in the limit of zero momentum transfer gives

lim
q2→0

dfQ(q
2)

dq2
=

∫

d3x
r2

6
≡ 〈r

2
ν〉
6

. (6.22)

Thus, the root mean squared neutrino charge-radius is related to the charge form
factor by

〈r2ν〉 = 6
dfQ(q

2)

dq2

∣
∣
∣
q2=0

. (6.23)

We note, however, that the latter can be negative, because the charge density,
ρ(r), is not a positively defined quantity. Recalling Eq.(6.19) and Eq.(6.23), in
the SM, one defines the neutrino electromagnetic form factor for low momentum
transfer as

f(q2) ≃
(〈r2ν〉

6
− aν

)

q2 , (6.24)

where aν is the anapole moment4. Hence, in the SM this form factor can be inter-
preted as a neutrino charge-radius or as an anapole moment (or as a combination
of both).

There has been a lot of controversial discussion on whether the neutrino
charge-radius is a physical quantity or not. An ultraviolet divergent result has

4Note, that for the case of massless left-handed Weyl neutrinos as in the SM, the latter
vanishes.
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been obtained from studies in the unitary gauge [159] as well as in the gen-
eral Rξ gauge [160] implying that the neutrino charge-radius is not a physical
quantity. However, within the unitary gauge, taking into account terms arising
from Z-boson diagrams, a gauge dependent and finite result was derived [161],
while further studies concluded that a finite and gauge independent value for
the neutrino charge-radius could be obtained by considering additional box dia-
grams [162]. The neutrino electroweak radius was then introduced as a physical
observable through calculations performed in the one-loop approximation includ-
ing additional terms from the γ − Z boson mixing and box diagrams involving
W - and Z-bosons, leading to the gauge invariant result for the neutrino charge-
radius [163]

〈r2νℓ〉SM =
GF

4
√
2π2

[

3− 2 log

(
m2

ℓ

M2
W

)]

, (6.25)

where MW and mℓ denote the W -boson and lepton mass, ℓ = {e, µ, τ}. Numer-
ically, Eq.(6.25) gives

〈r2νe〉SM =4.1× 10−33 cm2 ,

〈r2νµ〉SM =2.4× 10−33 cm2 ,

〈r2ντ 〉SM =1.5× 10−33 cm2 .

(6.26)

6.2 Majorana neutrino magnetic moment

In the general Majorana neutrino case, the effective Hamiltonian for the spin
component of the neutrino electromagnetic vertex, takes the form [68, 164]

HM
em =

1

4
νTLC

−1λσαβνLFαβ + h.c. , (6.27)

where Fαβ is the electromagnetic field tensor, and λ = µ− iǫ is an antisymmetric
complex matrix λαβ = −λβα, so that µT = −µ and ǫT = −ǫ are imaginary. Hence
for Majorana neutrinos, three complex or six real parameters are required. The
Hamiltonian of Eq.(6.27) should be confronted to the Dirac neutrino case where
the corresponding one reads

HD
em =

1

2
ν̄Rλσ

αβνLFαβ + h.c. , (6.28)

with λ = µ− iǫ denoting an arbitrary complex matrix, subject to the hermiticity
constraints µ = µ† and ǫ = ǫ†. Symmetry principles as well as neutrino prop-
erties place constraints to the matrices µij and ǫij . Contrary to the Dirac case,
Majorana neutrinos require µii = ǫii = 0 which implies the vanishing of the di-
agonal moments. This notable difference indicates that neutrino electromagnetic
properties constitute a valuable tool to distinguish between Dirac and Majorana
neutrinos.
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The Majorana magnetic and electric transition moments have been explicitly
calculated in the simplest SU(2)L ⊗ U(1)Y model to be [165]

µM
ij = − 3ieGF

16π2
√
2
(mνi +mνj)

∑

α=e,µ,τ

ℑm
[

U∗
αiUαj

(
mlα

MW

)2
]

, (6.29)

ǫMij =
3ieGF

16π2
√
2
(mνi −mνj)

∑

α=e,µ,τ

ℜe
[

U∗
αiUαj

(
mlα

MW

)2
]

. (6.30)

The corresponding results for the Dirac case read

µD
ij =

eGF

8π2
√
2
(mνi +mνj)

∑

α=e,µ,τ

f(aα)U
∗
αiUαj , (6.31)

ǫDij = −
ieGF

8π2
√
2
(mνi −mνj)

∑

α=e,µ,τ

f(aα)U
∗
αiUαj , (6.32)

where

f(aα) ≃
3

2

(

1− aα
2

)

, aα ≡
m2

lα

M2
W

. (6.33)

apparently, Eq.(6.33), emphasises the absence of diagonal electric moments, while
the diagonal Dirac magnetic moment reads

µii ≃
3eGF

8π2
√
2
mνi . (6.34)

We furthermore note, that irrespectively of whether we are involved with Dirac
or Majorana neutrinos, for vanishing neutrino masses the magnetic and electric
moments also vanish. Reference [67] states that a Dirac neutrino is equivalent
to two Majorana neutrinos of same mass and opposite CP phases, which implies
that

µM
ij = 2µD

ij, ǫDij = 0 , (6.35)

while for the same CP phases it holds

µM
ij = 0, ǫMij = 2ǫDij . (6.36)

6.2.1 Effective neutrino magnetic moments

In scattering experiments the neutrino is created at some distance, L, from the
detector as a flavour neutrino, which in reality is a superposition of massive neut-
rinos. The interpretations of experimental results depend on the exact neutrino
compositions at the detectors. The observable, µν ,

µ2
να(L,Eν) =

∑

j

∣
∣
∣

∑

i

U∗
αie

−i∆m2
ijL/2Eν (µij − i ǫij)

∣
∣
∣

2

, (6.37)
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is not that of a massive neutrino, but an effective and convoluted parameter which
takes into account neutrino mixing and the oscillations during the propagation
between source and detector [166, 167]. We note, that there can be only a phase
difference between µ2

να and µ2
ν̄α, which is induced by neutrino oscillations.

From a phenomenological point of view, in general, the parameter µν ≡ µeff

describing the effective neutrino magnetic moment can be expressed through neut-
rino amplitudes of positive and negative helicity states which we denote as the
3−vectors a+ and a−, respectively and the magnetic moment matrix, λ (λ̃) in
flavour (mass) basis

λ =





0 Λτ −Λµ

−Λτ 0 Λe

Λµ −Λe 0



 , λ̃ =





0 Λ3 −Λ2

−Λ3 0 Λ1

Λ2 −Λ1 0



 . (6.38)

Here, we have introduced the definition λαβ = εαβγΛγ, while the transition mag-
netic moments are assumed to be complex parameters and they can be cast in
the form

Λα = |Λα|eiζα, Λi = |Λi|eiζi , (6.39)

where three complex phases ζ1, ζ2 and ζ3 enter the transition magnetic moment
matrix.

The effective neutrino magnetic moment is expressed in terms of the compon-
ents of the neutrino magnetic moment matrix in Eq.(6.38) as follows [168]

(
µflavour
ν

)2
= a†−λ

†λa− + a†+λλ
†a+ , (6.40)

and thus (
µflavour
ν

)2
=|a1−Λµ − a2−Λe|2 + |a1−Λτ − a3−Λe|2
+ |a2−Λτ − a3−Λµ|2 + |a1+Λµ − a2+Λe|2
+ |a1+Λτ − a3+Λe|2 + |a2+Λτ − a3+Λµ|2 ,

(6.41)

where ai± denotes the i-th component of the a± vector. The latter expression can
be translated into the mass basis through a rotation, by using the leptonic mixing
matrix. Introducing the transformations

ã− = U †a−, ã+ = UTa+, λ̃ = UTλU , (6.42)

the effective neutrino magnetic moment can be written in the mass basis

(µmass
ν )2 = ã†−λ̃

†λ̃ã− + ã†+λ̃λ̃
†ã+ , (6.43)

leading to
(µmass

ν )2 =|ã1−Λ2 − ã2−Λ1|2 + |ã1−Λ3 − ã3−Λ1|2
+ |ã2−Λ3 − ã3−Λ2|2 + |ã1+Λ2 − ã2+Λ1|2
+ |ã1+Λ3 − ã3+Λ1|2 + |ã2+Λ3 − ã3+Λ2|2 .

(6.44)
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Therefore, one can see that the limits on the effective neutrino magnetic moment
obtained from neutrino experiments are in reality a restriction on a combination
of physical observables.

Focusing on reactor antineutrinos, e.g. the only non-zero parameter entering
Eq.(6.41) is a1+. In this case we have an initial electron antineutrino flux, so that
the only non-zero entry in the flavour basis will be a1+. Therefore, from Eq.(6.41),
the effective Majorana transition magnetic moment strength parameter describing
reactor neutrino experiments can deduced as

(
µflavour
ν

)2
= |Λµ|2 + |Λτ |2 . (6.45)

The above expression,in the mass basis becomes [169]

(µmass
ν )2 =|Λ|2 − s212c213|Λ2|2 − c212c213|Λ1|2 − s213|Λ3|2

− 2s12c12c
2
13|Λ1||Λ2| cos δ12

− 2c12c13s13|Λ1||Λ3| cos δ13
− 2s12c13s13|Λ2||Λ3| cos δ23 ,

(6.46)

where the usual abbreviations have been used cij = cos θij , sij = sin θij and
δ12 = ξ3, δ23 = ξ2 − δ and δ13 = δ12 − δ23. Here, δ is the Dirac CP phase of
the leptonic mixing matrix and the difference between the transition magnetic
moment phases is defined as ξ1 = ζ3 − ζ2, ξ2 = ζ3 − ζ2 and ξ3 = ζ2 − ζ1 5.

Focusing on the neutrino signal produced from stopped pion-muon beams,
we express the relevant neutrino magnetic moment accordingly. By assuming
the same proportion of νe, νµ and ν̄µ (e.g., a1− = 1, a2− = 1 and a2+ = 1), the
effective magnetic moment strength parameter in the flavour basis is written in
terms of the relevant phase between the transition magnetic moments |Λe| and
|Λµ|, as [169]

(
µflavour
ν

)2
= |Λ|2 + |Λe|2 + 2|Λµ|2 − 2|Λµ||Λe| cos(ζe − ζµ) , (6.47)

where |Λ|2 = |Λe|2 + |Λµ|2 + |Λτ |2. For the corresponding expression in the mass
basis, see Ref [169]. Specifically, concentrating on the muon neutrino signal and
considering the muon neutrino as having a Majorana nature, we have, in the
flavour basis [170]

(
µflavour
ν

)2
= |Λe|2 + |Λτ |2 , (6.48)

with |Λe| and |Λτ | being the elements of the neutrino transition magnetic moment
matrix λ describing the corresponding transitions from the muon neutrino to
the tau and electron antineutrino states, respectively. A full description of this
formalism can be found in Refs. [168, 169].

5Two of them are independent.
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6.3 Tensorial non-standard neutrino interac-

tions

The investigation of neutrino electromagnetic (EM) properties started long
ago [171, 172], mainly after the introduction of the minimally extended standard
model with right-handed neutrinos [67, 68]. In this context, at the one loop level
the magnetic moment, µν , of a massive neutrino is in general non-zero and its
magnitude is proportional to the neutrino mass, mν [173]. Actually, the theoret-
ical and experimental study of neutrino EM phenomena [70], is widely considered
as one of the most powerful tools to probe possible interactions involving neut-
rinos beyond the Standard Model (SM) [25]. Furthermore, in an astrophysical
environment with extreme conditions (huge magnetic fields, currents, etc.), im-
portant non-standard effects may occur due to non-trivial EM properties of neut-
rinos [164, 174], which may lead to significant alterations of existing scenarios for
massive star evolution [118].

Exotic neutrino properties arise in neutrino-nucleus processes, occurring due
to non-standard neutrino interactions (NSI) of the form [25]

να(ν̄α) + (A,Z)→ νβ(ν̄β) + (A,Z) , (6.49)

providing us with model independent constraints of various NSI parameters [22].
In the current literature, even though only vector terms are mainly considered
in the relevant Lagrangian [111], tensorial NSI terms have attracted the interest
of studying the aforementioned processes, while robust constraints to the cor-
responding couplings have been extracted from neutrino-nucleus coherent scat-
tering [175]. In addition, because tensor interaction does not obey the chirality
constraint imposed by vector-type couplings, it allows a large class of interactions
to be investigated [115]. More specifically from a particle physics point of view,
tensor NSI terms are possible to be generated via Fierz reordering of the effective
low-energy operators appearing in models with scalar leptoquarks [176] as well
as in R-parity-violating supersymmetry [177].

In general, the non-zero neutrino mass, is experimentally confirmed from neut-
rino oscillation in propagation data [100–102] and implies that the neutrino is
the only particle that exhibits non-standard properties [165], which are directly
connected to the fundamental interactions of particle physics. As a concrete
example, neutrino EM properties are useful to distinguish Dirac and Majorana
neutrinos and also to probe phenomena of new physics beyond the SM [178]. In
fact, recent studies, based on model-independent analyses of the contributions
to neutrino magnetic moment (NMM), have shown that, if a NMM of the order
of µν ≥ 10−15µB were experimentally observed, it would confirm the Majorana
nature of neutrinos [179, 180].

In this Chapter, we mainly focus on contributions to the neutrino-nucleus re-
actions of Eq.(6.49), due to tensorial terms of the NSI Lagrangian, paying special
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attention on the nuclear physics aspects of these exotic processes. The cross sec-
tions, that arise from the effective four-femion contact interaction Lagrangian, are
expressed in terms of the nuclear proton and neutron form factors. Subsequently,
the sensitivity on the tensor NSI parameters is obtained from a χ2 analysis of
the expected data from the COHERENT experiment [73–75] recently proposed
to operate at the Spallation Neutron Source (SNS) at Oak Ridge [86, 87] by us-
ing promising nuclear detectors as 20Ne, 40Ar, 76Ge and 132Xe. Constraints of
this type translate into relevant sensitivities on the upper limits of NMM pre-
dicted within the context of the tensor components entering the NSI Lagrangian.
The latter can be compared with existing limits derived from ν̄e − e scattering
data [181, 182] coming out of reactor neutrino experiments, such as the TEX-
ONO [183] and GEMMA [184] experiments, as well as with other astrophysical
observations [185].

On the basis of our nuclear calculations (performed with QRPA) [40, 55, 85,
124] for the dominant coherent process [32, 135], we evaluate the number of events
due to vector and tensor NSI parts of the neutrino-nucleus cross section, and es-
timate the contribution due to the NMM [166, 167, 170, 186]. Our results for
the number of events, refer to the 76Ge isotope which is the current detector
medium of the TEXONO and GEMMA experiments. It is worth mentioning
that, even though within the SM, gauge invariance and anomaly cancellation con-
straints require neutrinos to be neutral particles, however non-vanishing electric
milli-charge [187] is expected for massive neutrinos which may induce additional
neutrino-photon interactions [188–190]. Furthermore, by taking advantage of the
present sensitivity on the transition NMM, we come out with potential stringent
constraints (by one order of magnitude more severe than existing limits) on the
neutrino milli-charge qν.

6.4 Description of the formalism

In general the search for potential existence of phenomena beyond the SM
involving NSI at the four-fermion approximation, becomes accessible through
phenomenological low-energy effective Lagrangians as

LNSI = −2
√
2GF

∑

X

∑

f= q,ℓ
α,β= e,µ,τ

ǫfXαβ [ν̄αΓXνβ]
[
f̄ΓXf

]
, (6.50)

where X = {V,A, S, P, T}, ΓX = {γµ, γµγ5, 1, γ5, σµν} and σµν = i [γµ, γν] /2.

The magnitude of the NSI couplings ǫfXαβ , is taken with respect to the Fermi
coupling constant GF [70, 111], να denotes three light Majorana neutrinos and f
is a quark q, or a charged lepton ℓ. In this Chapter, we focus on the tensorial
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Figure 6.2: Nuclear level effective Feynman diagram for magnetic moment of
a neutrino induced by tensorial NSI. The non-standard physics enters in the
complicated vertex denoted by the large dot •.

neutrino-nucleus NSI described by the Lagrangian [175]

LT
NSI = −2

√
2GF

∑

f=u,d
α,β= e,µ,τ

ǫfTαβ [ν̄ασ
µννβ]

[
f̄σµνf

]
. (6.51)

The extraction of the latter Lagrangian is illustrated in Fig. 6.2, where the
nuclear-level Feynman loop-diagram represents the photon exchange between a
fermion and a quark generating a neutrino magnetic moment. The non-standard
physics enters through the complicated leptonic vertex (see also Ref. [25]).

6.4.1 Non-standard neutrino-nucleus reaction cross sec-
tions

For neutral-current processes, the vector NSI part of the effective Lagrangian
(6.50), is parametrised in terms of non-universal (NU) ǫfVαα and flavour-changing
(FC) vector couplings ǫfVαβ (α 6= β) [22]. For coherent scattering, a nucleus of mass
M recoils (no intrinsic excitation occurs) with energy which, in the approximation
TN ≪ Eν (low-energy limit), is maximised as, Tmax

N = 2E2
ν/(M + 2Eν). Then,

to a good approximation, the square of the three momentum transfer is equal to
Q2 = 2MTN , and the coherent vector NSI differential cross section with respect
to TN is given by Eq.(5.13) and the corresponding nuclear matrix element can be
found in Eq.(5.11) (see Chapt. 5 for details).

For NSI scattering, the differential cross section with respect to the recoil
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energy TN due to tensor interactions (at nuclear level) reads

dσT
NSI,να

dTN
=

4G2
F M

π

[(

1− TN
2Eν

)2

− MTN
4E2

ν

]

∣
∣〈g.s.||GNSI

T,να(Q)||g.s.〉
∣
∣
2
. (6.52)

The corresponding tensorial NSI matrix element arising from the Lagrangian
(6.51) takes the form

∣
∣MNSI

T,να

∣
∣
2 ≡

∣
∣〈g.s.||GNSI

T,να(Q)||g.s.〉
∣
∣
2
=

[(
2ǫuTαβ + ǫdTαβ

)
ZFZ(Q

2) +
(
ǫuTαβ + 2ǫdTαβ

)
NFN(Q

2)
]2
,

(6.53)

(there is no interference between the tensorial NSI and the SM amplitude [175])
where FZ(N)(Q

2) denote the nuclear (electromagnetic) form factors for protons
and neutrons.

6.4.2 NSI neutrino transition magnetic moments

In flavour space α, β = e, µ, τ , neutrino magnetic moments µαβ are generated
by the tensorial part of the Hermitian magnetic form factor fM

αβ(0) = µαβ in the
effective neutrino EM current [174]

− fM
αβ(q

2)ν̄βiσµννα , (6.54)

(for the relation of the NMM between the flavour basis µαβ and the mass basis
µij with i, j = 1, 2, 3, see Eq.(6.37)). It is worth mentioning that, within the
minimally extended SM, in order to include neutrino masses, diagonal NMMs
µαα are possible only for Dirac neutrinos. However, transition NMMs µαβ can be
obtained for both Dirac and Majorana neutrinos [174].

As it is known, the SM predicts extremely small values for the NMMs (of
the order of µν ≤ 10−19µB (mν/1eV) [171], where µB is the Bohr magneton).
Presently, the best upper limit on µν has been set from astrophysical observations
as [185]

µν ≤ 3× 10−12µB . (6.55)

Other constraints are available through reactor ν̄e − e scattering data of the
TEXONO experiment [183]

µν̄e < 7.4× 10−11µB (90% C.L.) , (6.56)

and of the GEMMA experiment [184]

µν̄e < 2.9× 10−11µB (90% C.L.) . (6.57)

In our convention the leading order contribution to the NMM for neutrino-
quark (να − q) NSI is expressed as

µαβ =
∑

q

2
√
2GF ǫ

qT
αβ

NcQq

π2
memq ln

(

2
√
2GFm

2
q

)

µB , (6.58)
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where mq and Qq are the quark mass and charge respectively, while Nc is the
number of quark colours (see also Ref. [115]). Analogously, the NMM for neutrino-
lepton (να − ℓ) NSI takes the form

µαβ = −
∑

ℓ

2
√
2GF ǫ

ℓT
αβ

memℓ

π2
ln
(

2
√
2GFm

2
ℓ

)

µB , (6.59)

with mℓ being the mass of the charged leptons.
In Ref. [166], it has been suggested that the presence of a NMM yields an ad-

ditional contribution to the weak interaction cross section. Thus, the differential
EM cross section dσ/dTN due to a tensor NSI (transition) magnetic moment is
written in terms of the fine structure constant, aem, as

dσmagn

dTN
=
πa2emµ

2
αβ Z

2

m2
e

(
1− TN/Eν

TN

)

F 2
Z(Q

2) , (6.60)

which contains the proton nuclear form factor (see also Ref. [186]). From the
Lagrangian (6.50) the total cross section reads

dσtot
dTN

=
dσSM
dTN

+
dσV

NSI

dTN
+
dσT

NSI

dTN
+
dσmagn

dTN
, (6.61)

(the flavour indices have been suppressed).

6.5 Results and discussion

At first, the nuclear structure details that reflect the dependence of the co-
herent differential cross section on the recoil energy, TN , through Eq.(6.61), are
studied. This involves realistic calculations of dσνα/dTN , for both vector and
tensor operators for a set of currently interesting nuclear detectors. For each nuc-
lear system, the required pairing residual interaction was obtained from a Bonn
C-D two-body potential (strong two-nucleon forces) which was slightly renorm-

alised with two pairing parameters, g
p (n)
pair , for proton (neutron) pairs [26]. The

nuclear form factors for protons and neutrons are obtained as in Ref. [55], by
solving iteratively the BCS equations [32, 40, 85, 135].

6.5.1 Tensorial NSI couplings from SNS experiments

The COHERENT experiment [73–75] proposed to operate at the SNS (Oak
Ridge) has excellent capabilities not only to measure, for the first time, coherent
neutral-current neutrino-nucleus events, but also to search for new physics beyond
the SM [70]. In general, any deviation from the SM predictions is interesting,
therefore in the present study we explore the role of the sensitivity of the above
experiment in putting stringent bounds on the tensor NSI, by taking advantage
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of our realistic nuclear structure calculations. We determine potential limits for
the exotic parameters ǫfTαβ and compare them with available constraints reported
in similar studies [115, 175].

To this aim, we first evaluate the expected number of events, on various de-
tector materials of the COHERENT experiment, through the integral [26, 70]

N = K

∫ Eνmax

Eνmin

ηSNS(Eν) dEν

∫ TNmax

T thres

N

dσ

dTN
(Eν , TN) dTN , (6.62)

where K = NtargΦ
SNSttot, with Ntarg being the number of atoms of the studied

target nucleus, and ttot the total time of exposure. The relevant neutrino energy-
distribution ηSNS(Eν) and the neutrino fluxes ΦSNS (strongly depended on the
detector distances from the SNS source), are taken from Refs. [86, 87].

To estimate the sensitivity on the tensorial parameters we adopt the futuristic
statistical method for the χ2 defined as [111]

χ2 =

(
NSM

events −NNSI
events

δNevents

)2

. (6.63)

Since the experiment is not running yet, the calculations are performed without
binning the sample relying on statistical errors only (systematic errors are dis-
cussed in Ref. [70]). Calculations which take into consideration possible back-
ground errors are addressed in Ref. [170]. In Eq.(6.63) NSM

events (NNSI
events) denotes

the exact number of SM (tensorial NSI) events expected to be recorded by a
COHERENT detector and the parameters ǫqTαβ are varied so as to fit the hypo-
thetical data. In our calculations we consider the promising target nuclei, 20Ne,
40Ar, 76Ge, (132Xe) at 20 m (40 m) from the SNS source, assuming an energy
threshold of 1 keV and a detector mass of one ton. The considered time win-
dow of data taking is fixed to one year assuming perfect detection efficiency. For
the sake of convenience, from the SNS delayed-beam we take into account only
the νe component. This allows us also to compare our predictions with those
of Ref. [175]. For the various target nuclei, the present results are illustrated in
Fig. 6.3, from where we conclude that higher prospects are expected for 76Ge. In
principle, more severe constraints are expected for heavier target nuclei, however,
the detector distance from the spallation target plays crucial role, and thus, a
light 20Ne detector located at 20 m performs better than a heavy 132Xe detector
at 40 m. The corresponding sensitivity at 90% C.L. on the NSI couplings, coming
out of the νe and the ν̄µ+νµ beams, are listed in Table 6.1. Furthermore, focusing
on the neutrino-quark (q = u, d) tensor NSI involved in the Lagrangian (6.51),
we exploit the constraints of Table 6.1 and utilise Eq.(6.58), in order to extract
the sensitivity on the NMM (see Table 6.1). At this point, we consider useful to
make a comparison between the results obtained through our nuclear calculations
and those obtained by assuming zero momentum transfer (where FN,Z(0) = 1) i.e
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Figure 6.3: ∆χ2 profiles as function of the ǫdTeβ NSI parameters, for potential
nuclear detectors of the COHERENT experiment (for statistical errors only).

when neglecting the nuclear physics details. This leads to the conclusion that, in
the majority of the cases the obtained results differ by about 20%.

In recent years, it has been shown that, in order to constrain more than
one parameters simultaneously, two detectors consisting of target material with
maximally different ratio k = (A + N)/(A + Z) are required [70, 111]. To this
purpose, we exploit the advantageous multi-target approach of the COHERENT
experiment and in Fig. 6.4 we illustrate the allowed regions in the ǫdTeβ -ǫ

uT
eβ and

ǫdTµβ -ǫ
uT
µβ plane at 68%, 90% and 99% C.L., obtained by varying both tensorial NSI

parameters. As expected, the most restricted area corresponds to the delayed
beam for which the number of events is larger.

6.5.2 NSI neutrino-nucleus events at the TEXONO ex-

periment

One of the most important connections of the present work with ongoing
and future reactor neutrino experiments is related to the detection of ν̄e-nucleus
processes. Towards this aim, for our convenience at first we exploit the available
experimental data on the reactor ν̄e beams [181, 182], in order to fit analytic
expressions describing their energy-distribution by using numerical optimisation
techniques. Then, the obtained expressions are applied to predict the number of
events expected to be measured in the currently interesting 76Ge detector material
of the TEXONO [183] and GEMMA [184] experiments. In Fig. 6.5 we compare
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parameter 20Ne 40Ar 76Ge 132Xe

|ǫdTeβ | × 10−3 8.6 7.6 6.8 8.8
|ǫuTeβ | × 10−3 8.6 8.1 7.5 9.8
µeβ × 10−12µB 3.0 2.7 2.5 3.2

|ǫdTµβ | × 10−3 7.1 6.3 5.6 7.2
|ǫuTµβ | × 10−3 7.1 6.7 6.2 8.1
µµβ × 10−12µB 2.5 2.3 2.1 2.7

Table 6.1: Sensitivity to tensor NSI parameters ǫfTαβ at 90% C.L. for various
potential detector materials of the COHERENT experiment. The sensitivity on
transition NMM is also shown at 90% C.L.

lepton quark Qq = −1/3 quark Qq = 2/3

|ǫeTeβ | 3.3 |ǫdTeβ | 0.43 |ǫuTeβ | 0.42

|ǫµTeβ | 2.8× 10−2 |ǫsTeβ | 2.8× 10−2 |ǫcTeβ | 1.7× 10−3

|ǫτTeβ | 2.7× 10−3 |ǫbTeβ | 1.4× 10−3 |ǫtTeβ| 9.8× 10−3

Table 6.2: Sensitivity to NSI parameters ǫfTeβ , from Eq.(6.58) taking into consid-
eration the results of the TEXONO experiment.

the differential cross sections dσ/dTN for the SM, tensor NSI and electromagnetic
components.

From existing measurements of the TEXONO experiment and by employing
Eqs.(6.58) and (6.59), we find the upper bounds on NMM, listed in Table 6.2.
Even though some of the derived constraints are less stringent to those given in
Table 6.1, it is possible to put limits on more parameters apart from the ǫ

u(d)T
αβ .

Since the TEXONO experiment is not running up to now, precise knowledge
on the fuel composition is presently not available. For this reason, we focus on
the dominant 235U component of the reactor neutrino distribution covering the
energy range Eν̄e < 2 MeV, for which there are only theoretical estimations for the
ν̄e-spectrum [182]. For energies above 2 MeV, we take the existing experimental
data from Ref. [181]. In our analysis the normalised spectrum is fitted by the
expression

ηreactν̄e (Eν) = a (Eν)
b exp

[

c (Eν)
d
]

, (6.64)

(it resembles the Maxwell-Boltzmann distribution) with the fitted values of para-
meters: α = 11.36, b = 1.32, c = −3.33 and d = 0.56 (see Fig. 6.6).

In Fig. 6.7, we present the estimated number of events expected to be meas-
ured at the TEXONO experiment, as a function of the nuclear energy threshold,
originating from the various components of the vector NSI. As detector medium,
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tensor NSI parameter space. Only statistical errors are taken into consideration.

we consider either 1 kg of 76Ge or 1 kg of 28Si, operating with 100% efficiency
for 1 year total exposure, located at 28 m from the reactor core (a typical flux of
Φreact = 1013 ν s−1 cm−2 is assumed). Specifically, for the dominant SM reaction
channel, assuming a minimum threshold of T thres

N = 400 eV, we find a number
of 4280 (2835) scattering events for 76Ge (28Si) which are in good agreement
with previous results [183]. Similarly, in Fig. 6.8, we show the total number of
counts over threshold due to tensor NSI and NMM, for the same detector com-
position, by employing the constraints of Table 6.1. Then, for a 76Ge detector



6.5. Results and discussion 125

10−5 10−4 10−3

104

105

106

TN (MeV)

d
σ

d
T
N

(1
0
−
4
2
c
m

2
M

e
V

−
1
)

10−5 10−4 10−3

100

101

102

76
Ge

magnetic
tensor
SM

Figure 6.5: Differential cross sections dσ/dTN versus the nuclear recoil energy TN ,
for the SM weak interaction, tensorial NSI and electromagnetic individual parts,
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Figure 6.7: Number of events over nuclear recoil threshold due to vectorial NSI,
for 1 kg of 76Ge and 1 kg of 28Si. The vectorial NSI parameters used, are taken
from Refs. [25] and [22]. Notice, that the number of counts for the case of the
νe → νµ reaction channel is plotted with respect to the right axis.

and a T thres
N = 400 eV threshold, our calculations indicate measurable rates, yield-

ing 218 events for processes occurring due to tensor NSI. For interactions due to
the presence of a NMM, we obtain < 1 events, in comparison to the 55 events
expected by incorporating the current TEXONO limit.

6.5.3 Neutrino milli-charge

Before closing, we find it interesting to examine the impact of tensorial NSI
on other electric properties of the neutrino, that are attributed to the neutrino
mass [166]. Within this framework, milli-charged neutrinos [189, 190], appear
with enhanced NMM by acquiring an additional contribution to that which is
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Figure 6.8: Number of events over nuclear recoil threshold due to tensor NSI and
NMM for 1 kg of 76Ge. Constraints for the tensor NSI and NMM parameters are
taken from Table 6.1. For comparison, the number of counts due to the NMM
using existing limits of the TEXONO experiment, is also illustrated.

generated via loop diagrams in theories beyond the SM [171, 173].
The differential cross section with respect to the nuclear recoil energy due to

an effective neutrino milli-charge, qν , is [187]
(
dσ

dTe

)

qν

≈ 2πaem
1

meT 2
e

q2ν . (6.65)

This has to be compared with the magnetic cross section contribution [167]
(
dσ

dTe

)

µν

≈ πa2em
1

m2
eTe

(
µν

µB

)2

. (6.66)

In Ref. [174], it has been suggested that in order to obtain a limit on the neutrino

charge qν , the ratio R =
(

dσ
dTe

)

qν
/
(

dσ
dTe

)

µν

should become smaller than unity, i.e.

R < 1. Such constraints could be reached irrespectively of whether any deviation
from the SM cross section of the ν− e− process were observed or not [188]. After
writing the upper limit on the neutrino milli-charge in the form

|qν | . 3× 10−2

(
Te

1keV

)1/2(
µν

µB

)

e0 , (6.67)

and employing the sensitivity on the NMM for the case of 76Ge (see Table 6.1),
for a typical threshold of the order Te = 400 eV we obtain

|qν | . 4.7× 10−14e0 . (6.68)
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The latter, is by one order of magnitude better than that of previous studies (see
Ref. [174]).

6.6 Conclusions

In this Chapter, through the use of realistic nuclear structure calculations, we
address various exotic channels of the neutral-current neutrino-nucleus scatter-
ing processes. More specifically, we have concentrated on sizeable contributions
due to the presence of tensor NSI terms of relevant beyond the SM Lagrangians.
Within this framework, possible neutrino EM phenomena, that are naturally gen-
erated from the tensor operators, such as neutrino transition magnetic moments
and neutrino milli-charges, are investigated.

Using our reliable cross sections for SM and NSI neutrino processes, we have
computed the number of neutrino scattering events expected to be measured at
the Spallation Neutron Source experiments. To this purpose, we have chosen as
target nuclei the 20Ne, 40Ar, 76Ge and 132Xe isotopes, that constitute the main
detector materials of the planned COHERENT experiment. Through a χ2-type
analysis, we have estimated the sensitivity of the latter experiment on the tensor
NSI parameters. We remark that, especially for the case of the ǫqTµβ (q = u, d)
couplings, such bounds are presented here for the first time. Moreover, by ex-
ploiting these potential constraints, the resulted sensitivities on the transition
neutrino magnetic moments lead to contributions which are of the same order
of magnitude with existing limits coming from astrophysical observations. Fur-
thermore, due to their large size, they are accessible by current experimental
setups and, therefore, they may be testable with future experiments searching for
coherent neutrino-nucleus scattering. We have also devoted special effort in ob-
taining precise predictions for the number of neutrino-nucleus events expected to
be recorded by the promising TEXONO and GEMMA reactor-ν̄e experiments.



Chapter 7

Sensitivities to electromagnetic neutrino
parameters

7.1 Introduction

In the present Chapter, Majorana neutrino electromagnetic properties are
studied through neutral-current coherent elastic neutrino-nucleus scattering
(CENNS). We focus on the potential of the recently planned COHERENT ex-
periment at the Spallation Neutron Source to probe muon-neutrino magnetic
moments. The resulting sensitivities are determined on the basis of a χ2 ana-
lysis employing realistic nuclear structure calculations performed in the context
of the QRPA. We find that they can improve existing limits by about half an
order of magnitude. In addition, we show that these experimental facilities allow
for Standard Model precision tests in the low energy regime, with a competitive
determination of the weak mixing angle. Finally, they also offer the capability
to probe other electromagnetic neutrino properties, such as the neutrino charge-
radius. We illustrate our results for various choices of the experimental setup and
the target material.

The possibility of measuring neutral-current CENNS at the TEXONO exper-
iment has opened high expectations towards probing exotic neutrino properties.
Focusing on low threshold Germanium-based targets with kg-scale mass, we find
a remarkable efficiency not only for detecting CENNS events due to the weak in-
teraction, but also for probing novel electromagnetic neutrino interactions. Spe-
cifically, we demonstrate that such experiments are complementary in performing
precision Standard Model tests as well as in shedding light on sub-leading effects
due to neutrino magnetic moment and neutrino charge-radius. This work, apart
from realistic nuclear structure calculations takes into consideration the crucial
quenching effect corrections. Such a treatment, in conjunction with a simple stat-
istical analysis, shows that the attainable sensitivities are improved by one order
of magnitude as compared to those of previous studies.

129
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7.2 The role of effective neutrino electromag-

netic parameters

The robust confirmation of the existence of neutrino masses and mixing [67,
68], thanks to the milestone discovery of neutrino oscillations in propagation
from solar, atmospheric, accelerator and reactor neutrino sources has opened a
window to probe new physics beyond the Standard Model (SM) (for the relevant
experimental references see e.g. [191, 192]). While the ultimate origin of neutrino
mass remains a mystery [5], oscillation results have motivated a plethora of SM
extensions to generate small neutrino masses [193]. A generic feature of such
models is the existence of non-trivial neutrino EM properties [157, 164, 165, 167,
174, 194]. Although the three-neutrino oscillation paradigm seems to be in rather
solid grounds [103, 104], non-trivial neutrino electromagnetic properties may still
play an important sub-leading role in precision neutrino studies [195].

The lowest-order contribution of neutrino EM interactions involves neut-
rino magnetic moments (NMM) [167, 196, 197], as well as the neutrino charge-
radius [163, 198, 199] arising from loop-level radiative corrections [159, 161]. Note
that a direct neutrino magnetic moment measurement could provide a key in-
sight in the understanding of the electroweak interactions, and the Majorana
nature of neutrinos [168, 200]. Indeed, in contrast to the case of Majorana neut-
rinos, only massive Dirac neutrinos can have non-vanishing diagonal magnetic
moments [157, 164, 174, 194]. In the general Majorana case, only off-diagonal
transition magnetic moments exist, they form an anti-symmetric matrix, calcul-
able from first principles, given the underlying gauge theory.

Within the minimally extended SM model with Dirac neutrino masses, one
expects tiny NMM, of the order of µν ≤ 10−19µB

(
mν

1eV

)
, expressed in Bohr mag-

netons µB [162, 166]. However, appreciably larger Majorana neutrino trans-
ition magnetic moments are expected in many theoretical models, such as
those involved with left-right symmetry [201], scalar leptoquarks [176], R-parity-
violating supersymmetry [177], and large extra dimensions [202]. Currently,
the most stringent upper limits, µν ≤ few ×10−12µB, come from astrophys-
ics [185, 196, 197, 203]. In addition, there are bounds from measurements by
various terrestrial neutrino scattering experiments. The present status of such
constraints is summarised in Table 7.1 where one can see that the direct con-
straints on µνµ and µνe are still rather poor. It should be mentioned, however,
that currently operating reactor neutrino experiments such as TEXONO and
GEMMA have set robust constraints on µν̄e.

The possibility of probing neutrino EM parameters, such as the NMM and
the neutrino charge-radius, through coherent elastic neutrino-nucleus scattering
(CENNS) [61, 63] can be explored on the basis of a sensitivity χ2-type analysis [21,
70, 111, 131, 132, 206, 207]. To this end here we perform realistic nuclear structure
calculations [55, 123] in order to compute accurately the relevant cross sections
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Experiment reaction observable constraint (10−10µB)

LSND [204] νµe
− → νµe

− µνµ 6.8
LAMPF [205] νee

− → νee
− µνe 10.8

TEXONO [183] ν̄ee
− → ν̄ee

− µν̄e 0.74
GEMMA [184] ν̄ee

− → ν̄ee
− µν̄e 0.29

Table 7.1: Summary of the current 90% C.L. constraints on neutrino magnetic
moments from various experiments.

[25, 26, 120]. The required proton and neutron nuclear form factors are reliably
obtained within the context of the QRPA method by considering realistic strong
nuclear forces [40, 84, 85, 135, 137]. Concentrating on ongoing and planned
neutrino experiments, we have devoted special effort in estimating the expected
number of CENNS events with high significance. Specifically, our study is focused
on the proposed detector materials of the COHERENT experiment [73–75] at
the Spallation Neutron Source (SNS) [69]. Even though a CENNS event has
never been experimentally measured, we however remark that the highly intense
neutrino beams [86, 87] provided at the SNS indicate very encouraging prospects
towards the detection of this reaction for the first time [78, 79], by using low energy
detectors [208]. Furthermore, neutrinos from stopped pion-muon beams [71, 72]
at the SNS [76, 117, 209] or elsewhere [77] have motivated many studies searching
for physics beyond the SM model too [26, 27, 116, 132].

In the present Chapter we quantify the prospects, not only of detecting
CENNS events at the SNS, but also of performing precision electroweak meas-
urements and probing neutrino properties beyond the SM. We conclude that the
extracted sensitivities on the effective NMM improve with respect to previous
results of studies of this type. We obtain for the first time robust upper limits
on µνµ. Moreover, we obtain a sensitivity for the neutrino charge-radius, which is
competitive with those of previous studies. Furthermore, we explore the sensitiv-
ity of these experiments for Standard Model precision measurements of the weak
mixing angle in the energy regime of few MeV.

The detection of neutral-current CENNS processes by measuring the nuclear
recoil spectrum of the scattered nucleus has by now become feasible [70]. As
a concrete example, the newly formed COHERENT Collaboration at the SNS
has excellent prospects [73–75], motivating also theoretical effort [26, 170]. In
this work, we consider the possibility of revealing signs of new physics through
a detailed study of CENNS at the TEXONO experiment [19, 183, 209]. We
demonstrate that the use of sub-keV Germanium-based kg-scale detectors [190,
210, 211], provides a favourable experimental set up with good prospects for
performing precision SM tests, as well as probing EM neutrino properties [166],
such as the neutrino magnetic moment [168, 196, 197, 200] and the neutrino
charge-radius [159, 161, 163, 198, 199]. In addition, this work highlights that
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the present calculations become more realistic by considering quenching effect
corrections [97, 212, 213]. The sensitivity is evaluated by assuming that a given
experiment searching for CENNS events will measure exactly the SM expectation.
Thus, any deviation [21, 111, 131] is understood as a signature of new physics [24,
25, 132, 206, 207].

Apart from the possibility of the first ever detection of CENNS events, our
present results emphasise the potentiality of discovering neutrino interactions
beyond the SM expectations [214]. In our estimates we perform nuclear structure
calculations within the context of the QRPA that uses realistic nuclear forces [40,
55, 85, 123, 135, 148], and employ a χ2-type statistical analysis. We find that
the prospects for improving current bounds on µνe are rather promising and
complementary to future sensitivities on the muon neutrino magnetic moment,
µνµ [170].

7.2.1 Standard model prediction

Within the context of SM, for low energies (Eν ≪ MW ) accessible to neut-
rino experiments, the weak neutral-current CENNS can be naturally studied by
considering the V ± A interaction of four-fermion ννff type operators. The
scattering amplitudeMSM can be compactly written as

MSM =
GF√
2
jµ

(

gVJ µ − gAJ µ
(5)

)

, (7.1)

where the neutrino weak current is given as usual by

jµ = ν̄(kf)γµ(1− γ5)ν(ki) , (7.2)

and the hadronic (axial) vector current, J µ
(5), has been computed in Chapt. 4.

The vector and axial vector couplings for protons and neutrons (gV and gA) are
defined in Eq.(4.70), while for the quark couplings we have

gu,Lαα =ρNC
νN

(
1

2
− 2

3
κ̂νN ŝ

2
Z

)

+ λu,L ,

gd,Lαα =ρNC
νN

(

−1
2
+

1

3
κ̂νN ŝ

2
Z

)

+ λd,L ,

gu,Rαα =ρNC
νN

(

−2
3
κ̂νN ŝ

2
Z

)

+ λu,R ,

gd,Rαα =ρNC
νN

(
1

3
κ̂νN ŝ

2
Z

)

+ λd,R .

(7.3)

In the latter expressions, after including the relevant radiative corrections, we
have ŝ2Z = sin2 θW = 0.23120, ρNC

νN = 1.0086, κ̂νN = 0.9978, λu,L = −0.0031,



7.2. The role of effective neutrino electromagnetic parameters 133

λd,L = −0.0025 and λd,R = 2λu,R = 7.5 × 10−5 [195]. From the scattering amp-
litude in Eq.(7.1), the differential cross section with respect to the nuclear recoil
energy, TN , for the case of a CENNS off a spherical spin-zero nucleus of mass M ,
reads
(
dσ

dTN

)

SM

=
G2

F M

2π

[

1− MTN
E2

ν

+

(

1− TN
Eν

)2
]
∣
∣
∣〈g.s.||M̂00(Q)||g.s.〉

∣
∣
∣

2

. (7.4)

Note, that additional corrections are incorporated in Eq.(7.4) compared to
Eq.(4.68).

For g.s.→ g.s. transitions, the corresponding coherent nuclear matrix element
takes the form [25, 26]

〈g.s.||M̂00(Q)||g.s.〉 =
[
2(gu,Lαα + gu,Rαα ) + (gd,Lαα + gd,Rαα )

]
ZFZ(Q

2)

+
[
(gu,Lαα + gu,Rαα ) + 2(gd,Lαα + gd,Rαα )

]
NFN (Q

2) .
(7.5)

The latter Coulomb matrix element, is therefore the radiatively corrected version
of Eq.(4.69) given in Chapt. 4. Note that, due to the smallness of the coupling
of protons with the Z-boson, the main contribution to the CENNS cross section
essentially scales with the square of the neutron number N of the target nucleus
(see e.g. [25]). We stress that the differential cross section is evaluated with high
significance by weighting the nuclear matrix element with corrections provided
by the proton (neutron) nuclear form factors FZ(N)(Q

2). This way the finite
nuclear size is taken into account with respect to the typical momentum transfer,
Q ≃ √2MTN . Furthermore, the N2 enhancement of the CENNS cross section
makes the relevant experiments favourable facilities to probe the neutron form
factor of the target nucleus at low energies [70, 73–75].

From a nuclear theory point of view, the reliability of the present CENNS
cross sections calculations is maximised in terms of accuracy by performing nuc-
lear structure calculations in the context of QRPA [123, 135]. Motivated by its
successful application on similar calculations for various semi-leptonic nuclear
processes [40, 85, 148], in this work we construct explicitly the nuclear ground
state, |g.s.〉 ≡ |0+〉, of the relevant even-even isotope through the solution of the
BCS equations (for a detailed description see Ref. [26]).

7.2.2 Electromagnetic neutrino-nucleus cross sections

The existence of neutrino masses is well-established thanks to the current
neutrino oscillation data, implying that they could have exotic properties, such as
non-zero neutrino magnetic moments. The non-zero EM moments of a neutrino
generate additional contributions to the SM weak neutrino-nucleus scattering
process which can be described from the EM amplitude

MEM =
4πaem
q2

j(ν)µ J µ , (7.6)
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where j
(ν)
µ is the effective EM current given in Eq.(6.5). In this frame-

work, potential neutrino-nucleus interactions of EM nature have been con-
sidered [157, 164, 165, 167, 174, 194], resulting in corrections to the weak CENNS
cross section of the form [166]

(
dσ

dTN

)

tot

=

(
dσ

dTN

)

SM

+

(
dσ

dTN

)

EM

. (7.7)

Here, the helicity-violating EM contribution to the neutrino-nucleus cross section
can be parametrised in terms of the proton nuclear form factor, the fine structure
constant aem and the electron mass me as [27]

(
dσ

dTN

)

EM

=
πa2emµeff

2 Z2

m2
e

(
1− TN/Eν

TN
+

TN
4E2

ν

)

F 2
Z(Q

2) . (7.8)

We stress, however (as for the SM differential cross section) the electromagnetic
cross section given in Eq.(7.8) more advanced in comparison with Eq.(6.60). The
details regarding the interpretation of the parameter, µeff , describing the effective
neutrino magnetic moment are given in Subsect. 6.2.1.

If the neutrino is of Dirac-type as in the SM, then the magnetic moment is
undetectably small due to its proportionality to the neutrino mass. Even though
from oscillation data the latter is well-known to be small, one cannot rule out
the possibility of sizeable neutrino magnetic moments. Indeed, in general scen-
arios where neutrinos are Majorana fermions, as expected on general grounds,
larger transition magnetic moments are possible. For example, relatively sizeable
contributions may be predicted in models involving NSI [27]. From the exper-
imental physics perspective, a potential signal will be detected as a distortion
of the nuclear recoil spectrum at very low energies where the EM cross section
dominates due to its ∼ 1/TN dependence. For this reason, such challenging tech-
nological constraints require innovative experimental advances towards reducing
the threshold to the sub-keV region.

Apart from the neutrino magnetic moment, the neutrino charge-radius is an-
other interesting electromagnetic property to be considered. Despite having van-
ishing electric charge, the first derivative in the expansion of the neutrino electric
form factor entering the decomposition of the leptonic matrix element (see Sub-
sect. 6.1.2) may provide non-trivial information concerning other neutrino elec-
tric properties [174]. The corresponding matrix element takes the current-current
form

M(〈r2ν〉+aν) = 4πaem

[

ν̄γµ

(
1

6
〈r2ν〉+ aνγ5

)

ν

]

J µ , (7.9)

evidenced by the 1/q2 photon propagator being cancelled by the q2 factor in the
associated neutrino current and the identities

ν̄LγµνL = −ν̄Lγµγ5νL, ν̄RσµννL = −ν̄Rσµνγ5νL . (7.10)
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Therefore, it is deduced that the neutrino charge-radius, 〈r2ν〉, and the neutrino
anapole moment, aν , cannot be distinguished in ultrarelativistic neutrino scat-
tering and should effectively appear as one moment, i.e. the effective neutrino
charge radius squared, defined as

〈r2ν〉(eff) = 〈r2ν〉 − 6aν . (7.11)

From now on, we will always denote 〈r2ν〉(eff) = 〈r2ν〉. We remind that, the gauge
invariant definition of the neutrino effective charge-radius 〈r2να〉, α = {e, µ, τ}, was
proposed long ago [159, 161], as a physical observable related to the vector and
axial vector form factors involving the EM interaction of a Dirac neutrino [165,
166]. In this framework, at the one-loop approximation a correction of few percent
to the weak mixing angle has been obtained [163, 198, 199]

sin2 θW → sin2 θW +

√
2πaem
3GF

〈r2να〉 . (7.12)

7.3 Neutrinos from the spallation sources

There are several experimental proposals that plan to detect for the first time
a CENNS [76, 77, 117, 209] signal. In this Section, we describe the ongoing
COHERENT experiment [73–75], proposed to operate at the Spallation Neutron
Source (SNS) at Oak Ridge National Lab [69]. This facility provides excellent
prospects for measuring CENNS events for the first time. In general, any potential
deviation from the SM expectations can be directly interpreted as signature of new
physics and, thus, has prompted many theoretical studies searching for physics
within [78, 79] and beyond the SM [26, 70, 111, 116, 132].

Currently, the SNS constitutes the leading facility for neutron physics searches,
producing neutrons by firing a pulsed proton beam at a liquid mercury tar-
get [117]. In addition to neutrons, the mercury target generates pions, which
decay producing neutrino beams as a free by-product. These beams are excep-
tionally intense, of the order of Φ = 2.5×107 ν s−1cm−2 (Φ = 6.3×106 ν s−1cm−2)
per flavour at 20 m (40 m) from the spallation target [86]. The corresponding
spectra are given in Eq.(4.76).

In this work we will distinguish two cases, the optimistic and the realistic
ones. The first case is convenient for exploring the nuclear responses of different
nuclear detector isotopes, in order to get a first idea of the relevant neutrino para-
meters within and beyond the SM. The second case is useful in quantifying the
sensitivities attainable with various individual technologies of each experimental
setup. In our calculations, we assume a time window of 1 year for the optimistic
and 2.4 × 107 s for the realistic case [76]. Detailed information on the different
detector setups considered here is summarised in Table 7.2. For a comprehensive
description of the relevant nuclear isotopes including the experimental criteria
and advantages of adopting each of them, the reader is referred to Refs. [26, 70].
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COHERENT experiment
20Ne [73] 40Ar [73] 76Ge [116] 132Xe [73, 208]

realistic

mass 391 kg 456 kg 100 kg 100 kg
distance 46 m 46 m 20 m 40 m
efficiency 50% 50% 67% 50%
recoil window 30-160 keV 20-120 keV 10-78 keV 8-46 keV

optimistic

mass 1 ton 1 ton 1 ton 1 ton
distance 20 m 20 m 20 m 20 m
efficiency 100% 100% 100% 100%
recoil window 1keV – Tmax 1keV – Tmax 1keV – Tmax 1keV – Tmax

Table 7.2: Summary of the detector concepts assumed in this work. We consider
four possible nuclei as targets and two possible experimental setups for each
nucleus, a realistic one, for different detector masses, distances, recoil energy
windows, and efficiencies, and the optimistic case where all the variables are
allowed to have their “best” value.

7.3.1 Numerical results

Assuming negligible neutrino oscillation effects in short-distance propagation,
for each interaction channel, x = SM,EM, tot, the total number of counts above
a certain threshold, T thres

N , is given through the expression

N events
x = K

∫ Eνmax

Eνmin

ηSNS(Eν) dEν

∫ TNmax

T thres

N

(
dσ

dTN
(Eν , TN)

)

x

dTN , (7.13)

where K = NtargttotΦ, with Ntarg the total number of atomic targets in the
detector, ttot the time window of data taking, and Φ the total neutrino flux. In
the present calculations, the various experimental concepts are taken into account
by fixing the corresponding input parameters as discussed previously.

7.3.2 Standard Model precision tests at SNS

We first examine the sensitivity of the COHERENT experiment to the weak
mixing angle sin2 θW of the SM in the low energy regime of the SNS operation.
In order to quantify this sensitivity, assuming that the experimental proposal will
measure exactly the SM prediction, we perform a statistical analysis based on a
χ2 with statistical errors only

χ2 =

(
N events

SM −N events
SNS (sin2 θW )

δN events
SM

)2

, (7.14)

where the number of SM events, N events
SM , depends on the Coulomb nuclear matrix

element entering the coherent rate. As central value for the SM weak mixing
angle prediction we adopt the PDG value ŝ2Z = 0.23120. We then compute the



7.3. Neutrinos from the spallation sources 137

0.21 0.22 0.23 0.24 0.25
0

2

4

6

8

10

prompt νµ
(realistic)

90% C.L.

sin2 θW

∆
χ
2

20Ne
40Ar
76Ge
132Xe

0.21 0.22 0.23 0.24 0.25

delayed ν̄µ
(realistic)

90% C.L.

sin2 θW

0.226 0.228 0.230 0.232 0.234
0

2

4

6

8

10

prompt νµ
(optimistic)

90% C.L.

sin2 θW

∆
χ
2

0.226 0.228 0.230 0.232 0.234

delayed ν̄µ
(optimistic)

90% C.L.

sin2 θW

Figure 7.1: ∆χ2 profiles in terms of the weak mixing angle sin2 θW showing the
sensitivity of the COHERENT experiment to SM precision tests. The PDG
value ŝ2Z = 0.23120, is used as the central value. Left (right) panels illustrate the
results obtained by considering the prompt (delayed) flux, while upper (lower)
panels account for the realistic (optimistic) case. Here, the solid (dashed) lines
refer to the nuclear BCS method (zero momentum transfer).

χ2 function depending on the expected number of events for a given value of
the mixing angle, N events

SNS (sin2 θW ). The corresponding results for the various
detector materials of the COHERENT experiment are shown in Fig. 7.1. In
Table 7.3, we illustrate the band, δ sin2 θW ≡ δs2W , at 1σ error, evaluated as δs2W =
(s2Wmax − s2Wmin)/2 and the corresponding the uncertainty δs2W/ŝ

2
Z , with s2Wmax

and s2Wmin being the upper and lower bounds respectively. At the optimistic level,
our results indicate that better sensitivities are expected for heavier target nuclei,
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Nucleus δs2W (νµ) Uncer. (%) δs2W (ν̄µ) Uncer. (%) δs2W (νe) Uncer. (%)

20Ne
0.0110 4.74 0.0077 3.33 0.0091 3.94
[0.0014] [0.61] [0.0011] [0.48] [0.0013] [0.56]

40Ar
0.0097 4.17 0.0061 2.64 0.0074 3.20
[0.0011] [0.48] [0.0009] [0.39] [0.0010] [0.43]

76Ge
0.0068 2.94 0.0045 1.92 0.0055 2.36
[0.0009] [0.39] [0.0008] [0.35] [0.0009] [0.37]

132Xe
0.0181 7.83 0.0102 4.39 0.0127 5.47
[0.0008] [0.35] [0.0006] [0.26] [0.0007] [0.30]

Table 7.3: Expected sensitivities to the weak mixing angle sin2 θW (να) ≡ s2W (να),
assuming the various channels (νµ, ν̄µ, νe) of the SNS beam for a set of possible
detectors at the COHERENT experiment. For the realistic [optimistic] case, the
band δs2W (να) and the corresponding uncertainty are evaluated within 1σ error.

Nucleus 20Ne 40Ar 76Ge 132Xe

δs2W (νµ)
0.0052 0.0042 0.0031 0.0073
[0.0007] [0.0006] [0.0005] [0.0004]

Uncer. (%)
2.23 1.82 1.34 3.14
[0.30] [0.26] [0.22] [0.17]

Table 7.4: Expected sensitivities to the weak mixing angle sin2 θW (νµ) ≡ s2W (νµ),
through a combined analysis of the prompt and delayed beams (νµ + ν̄µ). Same
conventions as in Table 7.3 are used.

such as 132Xe. This is understood as a direct consequence of the significantly larger
number of expected events provided by heavier nuclear isotopes [26]. However,
once we consider the realistic case, the expectations change drastically so that,
for the case of a 76Ge detector we find a better sensitivity, due to a closer location
to the SNS source (20 m in comparison with the 40 m for the 132Xe case) and a
higher efficiency in recoil acceptance (see Table 7.2). Furthermore, in Fig. 7.2 and
Table 7.4, we show that the expected sensitivities improve through a combined
measurement of the prompt and delayed beams (νµ + ν̄µ).

7.3.3 EM neutrino interactions at SNS

One of the main goals of our present work, is to examine the sensitivity of
the COHERENT experiment to the possible detection of CENNS events due to
neutrino EM effects, associated to various effective transition neutrino magnetic
moment parameters (NMM) such as µνµ, µν̄µ and µνe. The total number of events
expected in an experiment searching for CENNS depends strongly on the nuclear
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Figure 7.2: ∆χ2 profiles in terms of the weak mixing angle sin2 θW from the com-
bined measurement of the prompt and delayed beams (νµ+ν̄µ). Same conventions
as in Fig. 7.1 are used.

energy threshold T thres
N , as well as the total mass of the detector [26, 170]. For low

energy thresholds and more massive detectors, the total number of events expec-
ted is significantly larger and, therefore, the attainable sensitivities are higher.
We remind that, for a possible NMM detection, a very low energy threshold is
required, since the EM cross section dominates at low energies.

The sensitivity is evaluated by assuming that a given experiment searching
for CENNS events, will measure exactly the SM expectation, thus any deviation
is understood as a signature of new physics. Following [200] we define the χ2

function as

χ2 =

(
N events

SM −N events
tot (µνα)

δN events
SM

)2

. (7.15)

By employing the aforementioned method, we find that the COHERENT exper-
iment could provide useful complementary limits on µνµ. On the other hand,
the sensitivity to µνe, is not expected to be as good as that of reactor experi-
ments [27, 183, 184] (see Subsect. 7.4.2). However, a combined analysis of the
prompt and delayed muon neutrino beams (νµ+ν̄µ), could help to further improve
the sensitivity to a neutrino magnetic moment. The same applies to the combin-
ation of different detectors using the same neutrino source. For different nuclear
targets, the present results are shown in Figs. 7.3 and 7.4 and the sensitivities on
neutrino magnetic moments at 90% C.L. are summarised in Table 7.5.

The sensitivity to neutrino magnetic moments has been also computed for
the case of a combined measurement with different target nuclei. In this frame-
work, we take advantage of the multi-target strategy of the COHERENT exper-
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Nucleus 20Ne 40Ar 76Ge 132Xe

µνµ 9.09 [2.31] 9.30 [2.47] 8.37 [2.54] 12.94 [2.54]
µν̄µ 10.28 [2.53] 10.46 [2.69] 9.39 [2.75] 14.96 [2.74]
µνe 10.22 [2.44] 10.55 [2.60] 9.46 [2.68] 15.20 [2.68]

µcomb
νµ 8.07 [2.02] 8.24 [2.16] 7.41 [2.22] 11.58 [2.21]

Table 7.5: Upper limits on the neutrino magnetic moment (in units of 10−10µB)
at 90% C.L. expected at the COHERENT experiment for the realistic [optimistic]
case. The results indicated with (comb) are obtained from a combined measure-
ment of the prompt and delayed beams.

iment [73–75] and define the χ2 as

χ2 =
∑

nuclei

(
N events

SM −N events
tot (µνα)

δN events
SM

)2

. (7.16)

Assuming two nuclear targets at a time and taking into consideration the exper-
imental technologies discussed previously, we have found that among all possible
combinations the most stringent sensitivity corresponds to a combined measure-
ment of 20Ne+76Ge, that for the realistic (optimistic) case reads

µνµ = 6.48 (1.77)× 10−10µB 90%C.L. (7.17)

The above sensitivity is better than the case with only one detector. Notice
also that the optimistic sensitivity shown here gives an idea to the potential
constraint that could be achieved by improving the experimental setup. Moreover,
a combined measurement of all possible target nuclei would lead to somewhat
better expected sensitivities, i.e.,

µνµ = 5.87 (1.52)× 10−10µB 90%C.L. (7.18)

Eventually, we explore the possibility to vary more than one parameter at the
same time. To this aim, a χ2 analysis is performed, but in this case the fitted
parameters were simultaneously varied. Within this context, the contours of the
(sin2 θW −µν) parameter space at 90% C.L. are illustrated in Fig. 7.5. Figure 7.6
and Fig. 7.7 are similar to left and right panels of Fig. 7.5 respectively, but they
present additional information for the 68% and 99% C.L. sensitivities. Finally,
in Fig. 7.8 the allowed regions of the parameter space in the (µν̄µ–µνe) plane are
shown, where the corresponding results have been evaluated at 90% C.L.

7.3.4 Sensitivity to the neutrino charge-radius

Through CENNS, we estimate for the first time the sensitivity of a low energy
SNS experiment to constrain the neutrino charge-radius. The obtained bounds,
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Figure 7.3: ∆χ2 profiles for a neutrino magnetic moment, µνµ in units of 10−10µB,
of the COHERENT experiment, assuming various nuclear detectors. Same con-
ventions as in Fig. 7.1 are used.

are derived in the context of a χ2 analysis in the same spirit of the discussion
made above and they are presented in Figs. 7.9 and 7.10 and listed in Table 7.6.
As expected, the results behave similarly to the case of the weak mixing angle,
thus we conclude that for the realistic (optimistic) case a 100 kg 76Ge (heavy
132Xe) detector at 20 m is required to constrain more significantly the neutrino
charge-radius. Furthermore, through a combined measurement of the prompt
and delayed beams (νµ + ν̄µ) an appreciably improved sensitivity can be reached
for 〈r2νµ〉 in comparison to 〈r2νe〉. These sensitivities are better than current ones
(see Ref. [174] and references therein) and depending on the detector setup may
improve by one order of magnitude.
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from the combined measurement of the prompt and delayed beams (νµ+ν̄µ). Same
conventions as in Fig. 7.1 are used.

7.4 Neutrinos from reactors

We now turn our attention towards exploring how well one can probe neutrino
EM phenomena with the TEXONO experiment [19, 183, 209] through low-energy
CENNS measurements near the Kuo-Sheng Nuclear Power Station. Towards this
purpose, the TEXONO Collaboration has pursued a research program aiming
at detecting neutrino-nucleus events by using high purity Germanium-based de-
tectors HPGe with sub-keV threshold [190, 210, 211]. According to the pro-
posal, we consider a 1 kg 76Ge-detector operating with a threshold as low as
Tthres = 100 eVee. Due to the absence of precise information regarding the fuel
composition of the reactor core, we only include the dominant 235U component
of the antineutrino spectrum. In this respect, for the present study we assume a
typical neutrino flux of Φν̄e = 1013 ν s−1 cm−2 for a detector location at 28 m from
the reactor core. In order to estimate the reactor antineutrino energy-distribution
ην̄e(Eν) for energies above 2 MeV, existing experimental data from Ref. [215] are
employed. We stress that the main part of reactor antineutrinos is released with
energies Eν̄e < 2 MeV, thus their contribution is crucial and must be taken
into account. For their description we adopt the theoretical estimates given in
Ref. [182]. This will bring about improved sensitivities on the neutrino magnetic
moment.
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Figure 7.5: The µνµ(µν̄µ)-sin
2 θW contours obtained from a two parameter χ2

analysis. Allowed regions are shown for 90% C.L. Left (right) panels account for
the realistic (optimistic) case, while the upper (lower) panels refer to the prompt
(delayed) flux.
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Figure 7.6: Same as left panel of Fig. 7.5. In addition to 90%, allowed regions to
68% and 99% C.L. are also presented.
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7.4.1 Signal cross sections

At first, we present and discuss the individual weak and electromagnetic differ-
ential and total CENNS cross sections [see Eq.(7.7)] weighted over experimental
reactor antineutrino spectra [182, 215]. These convoluted cross sections determine
the neutrino signals expected to be recorded at a nuclear detector (e.g. the 76Ge
of the TEXONO experiment). For each interaction channel x, [x = SM,EM, tot]
the energy-integrated differential cross section, 〈dσ/dT 〉x, is defined as

〈 dσ
dTN
〉x =

∫

dEν

(
dσ

dTN
(Eν , TN)

)

x

ην̄e(Eν) , (7.19)
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Figure 7.9: ∆χ2 profiles for a neutrino charge-radius, 〈r2νµ〉 in units of 10−32cm2,
of the COHERENT experiment, assuming various nuclear detectors. Same con-
ventions as in Fig. 7.1 are used.

where ην̄e(Eν) denotes the normalised neutrino energy-distribution. The corres-
ponding signal cross section σsign

x reads

σsign
x (Eν) =

∫

dTN

(
dσ

dTN
(Eν , TN)

)

x

ην̄e(Eν) . (7.20)

For the 76Ge detector, assuming the experimental constraints placed recently by
TEXONO (µν̄e = 7.4 × 10−11 µB [183] and 〈r2ν̄e〉 = 6.6 × 10−32cm2 [19]), the
computed results are illustrated in Fig. 7.11. One sees that in the case of σsign,
the curve involving neutrino magnetic moment contribution exceeds that of the
pure SM weak rate at low neutrino energies, Eν . The curve containing neutrino
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Nucleus 20Ne 40Ar 76Ge 132Xe

〈r2ν̄µ〉
-0.55 – 0.52 -0.43 – 0.41 -0.31 – 0.30 -0.72 – 0.69
[-0.08 – 0.08] [-0.06 – 0.06] [-0.05 – 0.05] [-0.04 – 0.04]

〈r2νµ〉
-0.79 – 0.73 -0.69 – 0.65 -0.48 – 0.46 -1.31 – 1.20
[-0.10 – 0.10] [-0.08 – 0.08] [-0.06 – 0.06] [-0.05 – 0.05]

〈r2νe〉
-0.65 – 0.61 -0.53 – 0.50 -0.38 – 0.37 -0.90 – 0.85
[-0.09 – 0.09] [-0.07 – 0.07] [-0.06 – 0.06] [-0.05 – 0.05]

〈r2νµ〉comb -0.44 – 0.42 -0.36 – 0.35 -0.26 – 0.26 -0.63 – 0.60
[-0.06 – 0.06] [-0.05 – 0.05] [-0.04 – 0.04] [-0.03 – 0.03]

Table 7.6: Expected sensitivities on the neutrino charge-radius (in units of
10−32cm2) from the analysis of the COHERENT experiment. The limits are
presented at 90% C.L. for the realistic [optimistic] case. The results indicated
with (comb) are obtained from a combined measurement of the prompt and delayed
beams.
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Figure 7.10: ∆χ2 profiles for the neutrino charge-radius, 〈r2νµ〉 in units of

10−32cm2, from the combined measurement of the prompt and delayed beams
(νµ + ν̄µ). Same conventions as in Fig. 7.1 are used.

charge-radius contributions through Eq.(7.12) is showing a similar behaviour as
the pure SM (the photon propagator cancellation leads to four-fermion contact
interaction [190, 214]).
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Figure 7.11: Weak and electromagnetic differential (left panel) and total (right
panel) cross sections convoluted with reactor ν̄e-spectra.

COHERENT TEXONO
(Target, Threshold) (100 kg 76Ge, 10 keVee) (1 kg 76Ge, 100 eVee)

Efficiency 67% 100% 50%

Quenching Qf = 1 Qf = 1 Qf = 0.20 Qf = 0.25 Qf = 1 Qf = 0.20 Qf = 0.25
δs2W (ν̄e) 0.0055 0.0010 0.0033 0.0025 0.0014 0.0046 0.0035
Uncer. (100%) 2.36 0.43 1.41 1.08 0.61 1.97 1.51
µν̄e × 10−10 µB 9.46 0.40 0.98 0.83 0.47 1.17 0.99
〈r2ν̄e〉 × 10−32 cm2 -0.38 – 0.37 -0.07 – 0.07 -0.22 – 0.22 -0.17 – 0.17 -0.10 – 0.10 -0.32 – 0.31 -0.24 – 0.24

Table 7.7: Summary of the sensitivities obtained for sin2 θW (1σ) and for the EM
neutrino parameters (90% C.L.) at the TEXONO experiment. The results refer
to various sensitivities and quenching factors. Comparing with Ref. [170] one
sees that a substantial improvement in the sensitivity for the weak mixing angle
sin2 θW , the magnetic moment µν̄e parameter and the neutrino charge-radius 〈r2ν̄e〉
w.r.t. the COHERENT proposal.

7.4.2 Statistical analysis

Our present analysis is strongly based on the estimation of the number of
CENNS events. Therefore, we first provide a brief description of the conventions
and approximations we use in our calculations. For each interaction channel x,
the number of CENNS events above a minimum nuclear recoil energy, TNmin

,
reads [111]

Nx = K

∫ Eνmax

Eνmin

ην̄e(Eν) dEν

∫ TNmax

TNmin

(
dσ

dTN
(Eν , TN)

)

x

dTN . (7.21)

In the above expression, K = NtargttotΦν̄e , with Ntarg being the total number of
atoms in the detector and ttot the relevant irradiation period. Note that potential
effects due to neutrino oscillation in propagation are neglected, since this is well
satisfied for the short-baselines considered here. The numerical results throughout
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this work refer to a 1 kg 76Ge-detector, one year of data taking and a detector
threshold of 100 eVee. In addition, we consider two different detector efficiencies
including an optimistic approach of a perfectly efficient detection capability and
the more realistic scenario assuming a recoil acceptance of 50%.
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Figure 7.13: CENNS events as a function of the detector threshold assuming
different quenching factors and a 1kg-day 76Ge target. A notable agreement is
verified between the results obtained for the case of constant Qf = 0.25 and the
empirical quenching factor of Eq.(7.22).
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The present calculations take into consideration the fact that the nuclear recoil
events are quenched [212] (in Ref. [170], where for each target the calculation
is referred to the nuclear recoil energy window [73, 75], such a treatment is not
necessary). Corrections of this type are crucial since for a given ionisation detector
the observed energy (equivalent to an electron energy) is lower than the total
nuclear recoil energy, i.e. much energy is converted to heat (phonons) which
is not measured, especially at low energies [97]. To convert from nuclear recoil
energy (eVnr) to electron equivalent energy (eVee), we multiply the energy scale
by a quenching factor, Qf (see right panel of Fig. 7.12. In principle Qf varies with
the nuclear recoil energy [213] and has to be determined experimentally. Usually,
for its estimation the following empirical form is considered [212]

Qu(TN) = r1

[
TN
1keV

]r2

, r1 ≃ 0.256, r2 ≃ 0.153 (7.22)

(see left panel of Fig. 7.12). We note, however, that for the sub-keV Germanium-
based targets considered here it can be well-approximated as constant with
typical values in the range 0.20-0.25 [210]. Thus, the TEXONO threshold
Tthres = 100 eVee corresponds to nuclear recoil energy TNmin

= 500 eVnr for
Qf = 0.20 and TNmin

= 400 eVnr for Qf = 0.25, correspondingly the maximum
nuclear recoil energy TNmax

= 1.81 keVnr, is restricted to a maximum observable
energy of 362 and 452 eVee. Figure 7.13, presents a graphical illustration of the
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variation of the expected CENNS event rates at different threshold and quenching
factor.

The sensitivity of the TEXONO experiment to the SM weak mixing angle
sin2 θW is quantitatively determined on the basis of a χ2-type analysis relying on
statistical errors only [170]

χ2 =

(
NSM −NSM(sin2 θW )

δNSM

)2

. (7.23)

In our calculational procedure we have assumed that the TEXONO experiment
will detect the precise number of SM events, NSM, by fixing the electroweak
mixing parameter to the PDG value i.e. ŝ2Z = 0.23120 [195]. We estimate the
expected events NSM = (27962, 2586, 4415) assuming Qf = (1, 0.20, 0.25) and a
detection threshold 100 eVee, in good agreement with Ref. [211]. The χ2 function
is then minimised with respect to sin2 θW , by varying this parameter around its
central value, taken as the value reported by the PDG.

We have explicitly verified that there are good prospects for making precision
tests of the SM by using low-energy 76Ge detectors. Our results for the TEXONO
sensitivity to the weak mixing angle are presented in Fig. 7.14. Furthermore, we
have also evaluated the 1σ error band on sin2 θW defined as δ sin2 θW ≡ δs2W =
(s2Wmax − s2Wmin)/2 as well as the corresponding uncertainty δs2W/ŝ

2
Z , with s

2
Wmax

(s2Wmin) being the respective upper (lower) bound. The resulting sensitivities are
shown in Table 7.7. Specifically, neglecting the quenching corrections (Qf = 1),
the improvement upon previous results [170] is up to 82% (74% when realistic
efficiencies are taken into account). Furthermore, the effect for Qf = 0.20 (0.25)
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leads to reduction of δ sin2 θW sensitivity by a factor of 3.3 (2.5) for both detection
efficiencies.

Prompted by the upcoming generation of low-threshold nuclear detectors, we
have made an effort to identify possible deviations from the SM neutrino-quark
interaction cross section originated by non-standard neutrino EM properties. In
particular, analysing their sensitivity to electromagnetic CENNS events we have
found that important deviations may be induced by the presence of a non-zero
transition neutrino magnetic moment µeff ≡ µν̄e. In order to determine this
sensitivity we use a χ2 function of the form [200]

χ2 =

(
NSM −Ntot(µν̄e)

δNSM

)2

. (7.24)

In Eq.(7.24), we substitute the SM cross section by the one given in Eq.(7.7)
in order to account for possible events, Ntot, originating from the corrections
associated to the non-trivial structure of the neutrino EM current, as discussed
previously. The corresponding results obtained by varying the effective transition
neutrino magnetic moment, µν̄e, are presented in Fig. 7.15 (left panel). The
experimental TEXONO limit from ν̄e− e scattering, µν̄e = 7.4×10−11µB [183], is
also shown for comparison (the most stringent bound on the neutrino magnetic
moment comes from the reactor experiment GEMMA as µν̄e = 2.9 × 10−11µB

at 90% C.L. [216]). One sees that the prospects are very promising. Indeed,
from Table 7.7, we find that the attainable sensitivities are improved by about
one order of magnitude compared to the corresponding expectations at a SNS
facility, considered recently in [170]. Note however, that experiments at the SNS
are not optimised to measure electron-neutrino properties.

Moreover, it is worth mentioning that for the case of a 100 eVee threshold and
Qf = 1, the resulting sensitivity is by 46% (36% for the case of realistic efficiency)
better than the existing limits derived from ν̄e−e scattering TEXONO data [183].
However, assuming Qf = 0.20 (0.25) the above sensitivity reduces by a factor of
2.5 (2.1) for both recoil acceptances. From our calculations we have also found
that neglecting quenching corrections the sensitivity to µν̄e of a given detector
with mass m is roughly equivalent to that of a detector with ten times bigger
mass for the case of Qf = 0.25. The results concerning this point are shown in
Fig. 7.15 (right panel).

It is however, interesting to explore the case of a binned χ2 analysis

χ2(µν̄e) =
N∑

i=1

χi =
N∑

i=1

[
NSM(i)−Nµν̄e

(i)

δNSM(i)

]2

, (7.25)

where (i) denotes the corresponding bin associated to the corresponding i-th
recoil energy window. The corresponding results are shown in Table 7.8 and
indicate that a binned sample is not needed when we deal with future data. A



152 Chapter 7. Sensitivities to electromagnetic neutrino parameters

−0.20−0.15−0.10−0.05 0.00 0.05 0.10 0.15 0.20
0

2

4

6

8

10

Tthres = 100 eVee

76
Ge

efficiency:(100%, 50%)

90% C.L.

〈r2ν̄e

〉 × 10
−32

cm
2

∆
χ
2

Qf = 1

Qf = 0.20

Qf = 0.25
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bin width # bins ∆χ2/µν̄e µν̄e/10
−10 µB difference

- no 110 0.3960 -
50 eV 28 120 0.3879 2.0%
100 eV 14 118 0.3889 1.8%
200 eV 7 116 0.3909 1.3%

Table 7.8: Sensitivities of TEXONO experiment to neutrino magnetic moment.
A comparison is made for binned and no-binned sample.

global analysis including the above sensitivity and the sensitivity expected at the
COHERENT experiment has no impact to the present result, i.e.

µcomb
ν̄e = 0.3959 (0.4709)× 10−10 µB , (7.26)

for the optimistic (realistic) case [see Table 7.7 for comparison].
In view of our previous discussion, the TEXONO sensitivity to 〈r2ν̄e〉-related

searches is estimated through the definition of the χ2 given in Eq.(7.23) by repla-
cing sin2 θW with that of Eq.(7.12) and fixing sin2 θW to the PDG value. After
the χ2 minimisation we find that the TEXONO experiment is expected to be
very sensitive to EM contributions of this type. The estimated 90% C.L. sens-
itivities are presented in Table 7.7 and in Fig. 7.16. In the particular case of
Qf = 0.25 we see that thanks to the observation of CENNS events, TEXONO
can reach an improvement of the order of 35% or more, with respect to similar
calculations [170]. Again, this sensitivity reduces by a factor of 3.2 (2.4) when
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Figure 7.17: 90% C.L. allowed regions in the (sin2 θW -µν̄e) plane (left panel) and
the (〈r2ν̄e〉-µν̄e) plane (right panel) from a two parameter combined analysis. See
the text for more details.

quenching corrections Qf = 0.20 (0.25) are taken into account. Moreover, it is
worth noting that the latter sensitivities are by one order of magnitude better
than the current TEXONO constraint obtained from ν̄e − e scattering [19].

Finally, it is also interesting to show the combined sensitivities obtained by
varying two of the above parameters (sin2 θW , µν̄e and 〈r2ν̄e〉) simultaneously. The
90% C.L. allowed regions in the (sin2 θW -µν̄e) and (〈r2ν̄e〉-µν̄e) plane are shown in
the left and right panel of Fig. 7.17, respectively for different quenching factors.
One notices that the resulting parameter space is substantially reduced with
respect to the corresponding sensitivity regions for muon neutrinos at a SNS
experiment (see e.g. Ref. [170]). The latter is a direct consequence of the low-
threshold TEXONO detectors adopted in the present study.

7.5 Conclusions

In this Chapter, at first, we have studied the sensitivities on Majorana neut-
rino magnetic moments, attainable through neutral-current coherent neutrino-
nucleus scattering cross section calculations, at the Spallation Neutron Source
facilities. The limits on the effective neutrino magnetic moment, µeff , obtained
from neutrino experiments are in reality a restriction on a combination of physical
observables. In this sense, an improvement in the muon effective neutrino mag-
netic moment will contribute towards improving the constraints on the physical
observables through a combined analysis of neutrino data. The sensitivities we
have extracted are obtained by means of a simple χ2 analysis employing realistic
nuclear structure calculations within the quasi-particle random phase approxim-
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ation (QRPA), for the evaluation of the coherent cross section. We find that,
current limits on the muon neutrino magnetic moment, µνµ, can be improved by
about a factor of five. In addition, we show that the SNS allows for a competitive
determination of the electroweak mixing angle θW . Moreover, the COHERENT
proposal may provide an excellent probe for investigating other electromagnetic
neutrino properties, such as the neutrino charge-radius.

In the next part of this Chapter, we have explored the possibility of perform-
ing Standard Model precision studies and probing for new physics through low
energy neutral-current coherent elastic neutrino-nucleus scattering (CENNS) at
the TEXONO experiment. Moreover, we have presented a comprehensive analysis
for the case of potential sub-leading neutrino EM interactions. The calculated
convoluted cross sections, clearly indicate the need for novel detector technologies
with sub-keV sensitivities. Furthermore, from a nuclear physics point of view, the
reactor neutrino beam induces transitions in the bound nuclear spectrum while
the SNS beam may in addition excite much higher transitions of the nuclear de-
tector. We conclude that, apart from providing the first ever detection of CENNS
events, low threshold Germanium-based kg-scale detectors, e.g. TEXONO, will
bring substantial improvements on precision SM tests as well as sensitivities on
neutrino EM properties, such as the neutrino magnetic moment and the neutrino
charge-radius. We show explicitly that, the sensitivities improve by up to one or-
der of magnitude with respect to previous estimates. In this Chapter, apart from
realistic nuclear structure calculations within the context of the QRPA, we have
also taken into account quenching effects. We have, furthermore, checked that
our sensitivities are determined mainly by the number of events: a binned sample
would result in differences less than 3%. For the case of the electron antineutrino
magnetic moment, µν̄e, it is also worth mentioning that, a global fit including an
experiment at the SNS added to the TEXONO experiment will not essentially
improve these results, since SNS provides the best sensitivities for µνµ in the case
of muonic neutrinos.

In view of the operation of the proposed sensitive neutrino experiments our
results, presented for various choices of experimental setups and target materials,
may contribute towards a deeper understanding of the so-far hidden neutrino
properties.



Chapter 8

Sterile neutrinos from neutrino-nucleus
scattering

8.1 Introduction

In this Chapter, at first, we review the basic features of the theory regarding
neutrino oscillations in vacuum, and derive the well-known three-neutrino oscil-
lation formulas. In this context the neutrino is required to be a massive particle.
Contrary to the case of charged leptons where their mass eigenstates are simul-
taneous eigenstates of the Hamiltonian, the weak eigenstates of neutrinos do not
coincide with their mass eigenstates. For this reason, the flavour states of neutri-
nos are not conserved with time evolution, leading to the phenomenon of neutrino
oscillations. The discovery of neutrino oscillations in propagation constitutes a
solid proof of physics beyond the SM emphasising that the neutrino is the only
particle that exhibits exotic properties.

In the next stage, we consider the existence of an additional sterile neutrino
state in the theory. To this purpose, the sub-leading impact of a fourth neut-
rino generation is investigated at reactor and Spallation Neutron Source (SNS)
neutrino experiments. Specifically, the sensitivity of the TEXONO and CO-
HERENT experiments to sterile neutrinos is explored through coherent elastic
neutrino-nucleus scattering (CENNS). The present study involves realistic nuc-
lear structure calculations within the framework of the QRPA for the high purity
Germanium detectors (HPGe) which operate with sub-keV thresholds in conjunc-
tion with a sensitivity analysis.

8.2 Neutrino oscillations in vacuum

Neutrino oscillations are a quantum mechanical phenomenon where a neutrino
of a specific flavour can be later detected to have a different flavour. It is of great
experimental and theoretical interest, since neutrino oscillations require massive
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neutrinos which means that new physics beyond the Standard Model is required.
They occur because of the mixing in the charged weak current

|να〉 =
∑

i

U∗
αi |νi〉 , (8.1)

where the weak neutrino eigenstates or flavour states |να〉, α = e, µ, τ are super-
position of the mass neutrino eigenstates |νi〉, i = 1, 2, 3 and U is a n× n unitary
(mixing) matrix. Both flavour and mass neutrino eigenstates have the property
of being orthonormal

〈να|νβ〉 =δαβ ,
〈νi|νj〉 =δij .

(8.2)

Eq.(8.1) can alternatively be written in matrix form





νe
νµ
ντ



 =





Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3









ν1
ν2
ν3



 . (8.3)

The unitary matrix Uαi can immediately be parametrised as follows

UPMNS =

=





1 0 0
0 c23 s23
0 −s23 c23









c13 0 s13e
−iδ

0 1 0
−s13eiδ 0 c13









c12 s12 0
−s12 c12 0
0 0 1





×





eiα1/2

eiα2/2

1





=





c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13





×





eiα1/2

eiα2/2

1



 ,

(8.4)

with sij = sin θij and cij = cos θij .
This matrix namely, Pontecorvo-Maki-Nakagawa-Sakata (PMNS) or lepton

or neutrino mixing matrix, is a complex 3 × 3 rotation matrix which is element
of SU(3) and therefore has 8 parameters, 3 angles and 5 phases plus a diagonal
Majorana matrix. Due to field redefinitions we can eliminate four out of five
phases and then we are left with only three angles and one phase, the so-called δ
CP violating phase.

The first of the previous four matrices corresponds to the atmospheric neutri-
nos and the third to the solar neutrinos, both of them being well measured by the
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experiments. The second one, contains the δ phase, which is not well measured
yet, while the diagonal Majorana matrix does not contribute to rotations since it
is diagonal. The δ phase requires all angles to be zero, but since we know from
experiments that θ12 and θ23 are not zero, we believe that if this phase indeed
exists, it is associated with θ13. In addition, the Majorana α1 and α2 CP violating
phases are physically meaningful, only if neutrinos are Majorana particles.

From Eq.(8.1), it becomes obvious that the weak eigenstates |να〉 are identical
to the mass eigenstates |νi〉, if only the PMNS matrix is the identity matrix, but
from experiments we know this is not the case. Moreover, a non-unitary PMNS
matrix immediately implies the existence of sterile neutrinos or physics beyond
the Standard Model.

8.2.1 Two neutrino flavour oscillation probabilities

A useful simplification is to compute the two neutrino oscillation probability
introducing the rotation matrix in two dimensions

(
νe
νµ

)

=

(
cos θ sin θ
− sin θ cos θ

)(
ν1
ν2

)

. (8.5)

while the muon neutrino eigenstate in terms of the two mass eigenstates reads

|νµ〉 = − sin θ |ν1〉+ cos θ |ν2〉 . (8.6)

By using the Schrödinger equation we evolve the neutrino state in time

i
d

dt
|νi(t)〉 = H |νi(t)〉 , (8.7)

which implies the plane wave solution

|νi(t)〉 = e−iEit |νi(0)〉 . (8.8)

Using the fact that neutrinos are generally ultra-relativistic (m < 1eV, E > 100
keV), and hence E ≈ p≫ m (“equal-momentum approximation”), we can write

Ei =
√

p2 +m2
i = p

√

1 +
m2

i

p2
≈ p+

m2
i

2p
≈ E +

m2
i

2E
. (8.9)

Combining this gives

|νµ(t)〉 =− sin θ |ν1〉 e−i(E+m2
1
/2E)t + cos θ |ν2〉 e−i(E+m2

2
/2E)t

=e−i(E+m2
1
/2E)t

(

− sin θ |ν1〉+ cos θ |ν2〉 e+i
m2

1
−m2

2

2E

)

.
(8.10)
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By making the following substitutions

∆m2
12 = m2

1 −m2
2 , (8.11)

z = E +m2
1/2E , (8.12)

t = L/c = L , (8.13)

(the last relation holds true since we work in natural units) one gets

|νµ(t)〉 = e−iz

(

− sin θ |ν1〉+ cos θ |ν2〉 e+i
∆m2

12

2E
L

)

. (8.14)

The probability to detect νe can be found by the transition of amplitudes

Pνµ→νe = | 〈νe|νµ〉 |2 , (8.15)

and using the orthogonality relation of the states given in Eq.(8.2), one has

Pνµ→νe =| 〈νe|νµ〉 |2

=e−izeiz sin2 θ cos2 θ

(

−1 + e+i
∆m2

12

2E
L

)(

−1 + e−i
∆m2

12

2E
L

)

,
(8.16)

which finally gives

Pνµ→νe =
1

2
sin2 2θ

[

1− cos

(
∆m2

12

2E
L

)]

,

= sin2 2θ sin2

(
∆m2

12L

4E

)

.

(8.17)

By restoring the natural units the disappearance probability takes the form

Pνµ→νe(L,E) = sin2 2θ sin2

(

1.267∆m2
12[eV

2]
L

E

[km]

[GeV]

)

. (8.18)

Then, the survival probability of νµ is trivially obtained as

Pνµ→νµ(L,E) = 1− sin2 2θ sin2

(

1.267∆m2
12[eV

2]
L

E

[km]

[GeV]

)

, (8.19)

while CP invariance implies that for the antineutrino case it also holds

Pν̄µ→ν̄µ = Pνµ→νµ(L,E) . (8.20)
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8.2.2 Three neutrino flavour oscillation probabilities

The Schrödinger equation implies the time propagation of neutrinos, thus in
natural units one writes

|νi(t)〉 = e−iEit |νi(0)〉 , (8.21)

while the transition probabilities can be found from squaring the amplitudes

Pνα→νβ(t) =
∣
∣Aνα→νβ(t)

∣
∣2 =

∣
∣
∣
∣
∣

(
∑

j

Uαje
iEjtU∗

βj

)(
∑

i

U∗
αie

−iEitU∗
βi

)∣
∣
∣
∣
∣
. (8.22)

Assuming that all neutrinos have equal momenta and propagate with the speed
of light one finds

Pνα→νβ(L,E) =
∑

i,j

U∗
aiUβiUαjU

∗
βj exp

(

−i∆m
2
ijL

2E

)

. (8.23)

The last equation can be written in the form

Pνα→νβ(L,E) =
∑

i

|Uαi|2 |Uβi|2 + 2
∑

i>j

ℜe
[

U∗
aiUβiUαjU

∗
βj exp

(

−i∆m
2
ijL

2E

)]

.

(8.24)
By using the unitary relation

U †U =1,
∑

i

UαiU
∗
βi =δαβ ,

(8.25)

we have

∑

ij

U∗
aiUβiUαjU

∗
βj =

∑

i

U∗
aiUβi

∑

j

UαjU
∗
βj = (δαβ)

2 = δαβ . (8.26)

In addition, we evaluate the summation

∑

ij

U∗
aiUβiUαjU

∗
βj =

∑

i=j

U∗
aiUβiUαjU

∗
βj +

∑

i>j

U∗
aiUβiUαjU

∗
βj +

∑

i<j

U∗
aiUβiUαjU

∗
βj

=
∑

i

|Uαi|2 |Uβi|2 + 2
∑

i>j

ℜe
[
U∗
aiUβiUαjU

∗
βj

]
,

(8.27)
and we therefore arrive at the relation

δαβ − 2
∑

i>j

ℜe
[
U∗
aiUβiUαjU

∗
βj

]
=
∑

i

|Uαi|2 |Uβi|2 . (8.28)
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Thus, Eq.(8.24) is written as

Pνα→νβ(L,E) =δαβ − 2
∑

i>j

ℜe
{

U∗
aiUβiUαjU

∗
βj

[

1− exp

(

−i∆m
2
ijL

2E

)]}

,

=δαβ − 4
∑

i>j

sin

(
∆m2

ijL

4E

)

ℑm
{

U∗
aiUβiUαjU

∗
βj exp

(

−i∆m
2
ijL

4E

)}

.

(8.29)
Eventually, by using the property

U∗
aiUβiUαjU

∗
βj exp

(

−i∆m
2
ijL

4E

)

=
(
ℜe
[
U∗
aiUβiUαjU

∗
βj

]
+ iℑm

[
U∗
aiUβiUαjU

∗
βj

])

×
[

cos

(
∆m2

ijL

4E

)

− i sin
(
∆m2

ijL

4E

)]

, (8.30)

we recover the usual form of the three flavour neutrino oscillation probability

Pνα→νβ(L,E) = δαβ −4
∑

i>j

ℜe
[
U∗
aiUβiUαjU

∗
βj

]
sin2

(
∆m2

ijL

4E

)

+2
∑

i>j

ℑm
[
U∗
aiUβiUαjU

∗
βj

]
sin

(
∆m2

ijL

2E

)

.

(8.31)

As a concrete example, we find the νe oscillation probability. By direct sub-
stitution we get

Pνe→νe = 1− 4 |Ue3|2 |Ue1|2 sin2

(

∆m2
13

L

4E

)

− 4 |Ue3|2 |Ue2|2 sin2

(

∆m2
23

L

4E

)

− 4 |Ue2|2 |Ue1|2 sin2

(

∆m2
12

L

4E

)

.

(8.32)

Using the fact that ∆m2
31 ≈ ∆m2

32, we recall the unitarity relation of Eq.(8.25)
and by restoring the natural units we get

Pνe→νe = 1− cos4 θ13 sin2 2θ12 sin2

(

1.267∆m2
12

L

E

)

− sin2 2θ13 sin2

(

1.267∆m2
23

L

E

)

.

(8.33)

The survival probability, is simply

Pνα→να = 1− Pνα→νβ . (8.34)
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For the antineutrino case, Eq.(8.31) becomes

Pν̄α→ν̄β(L,E) = δαβ −4
∑

i>j

ℜe
[
U∗
aiUβiUαjU

∗
βj

]
sin2

(
∆m2

ijL

4E

)

−2
∑

i>j

ℑm
[
U∗
aiUβiUαjU

∗
βj

]
sin

(
∆m2

ijL

2E

)

.

(8.35)

Moreover, under CPT invariance, it follows that Pνe→νe = Pν̄e→ν̄e.

8.3 Impact of a light sterile neutrino to

neutrino-nucleus scattering

We employ a minimal extension of the standard model by considering a fourth
light sterile neutrino state added to the three active neutrinos. In this paramet-
risation, the weak flavour states of neutrinos να, α = {e, µ, τ, · · · } are related to
the mass eigenstates νi, i = {1, 2, 3, 4, · · · } through the unitary transformation
as να =

∑

i Uαiνi. In the (3+1) scheme, the generated reactor antineutrinos ν̄e
of energy Eν are expected to travel the propagation distance L with the survival
probability

Pν̄e→ν̄e = 1− 4
3∑

i=1

4∑

j>i

|Uei|2 |Uej|2 sin2 (∆ij) , (8.36)

where ∆ij = ∆m2
ijL/4Eν , with the mass splittings denoted as ∆m2

ij = m2
i −m2

j .
The matrix elements entering Eq.(8.36) take the form [217]

Ue1 = cos θ14 cos θ13 cos θ12 , (8.37)

Ue2 = cos θ14 cos θ13 sin θ12 , (8.38)

Ue3 = cos θ14 sin θ13 , (8.39)

Ue4 = sin θ14 . (8.40)

In this framework, the hypothesis of a fourth neutrino generation yields the ap-
proximate disappearance probability [218]

Pν̄e→ν̄e = 1− cos4 θ14 sin
2 2θ13 sin

2

(
∆m2

13L

4Eν

)

− sin2 2θ14 sin
2

(
∆m2

14L

4Eν

)

. (8.41)

Note, that for vanishing θ14 the latter expression reduces to the well-known os-
cillation probability for short-baselines and also that possible atmospheric driven
oscillations are neglected since they are significant for L > 100 m. Due to the
smallness of the recently measured θ13 neutrino angle at Daya Bay [219], for sim-
plicity in our calculations we set sin2 2θ13 = 0. Moreover, we use the fact that
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within the framework of the (3+1) scheme it holds that [220]

sin2 2θαα = 4|Uα4|2
(
1− |Uα4|2

)
, (8.42)

sin2 2θαβ = 4|Uα4|2|Uβ4|2 , (8.43)

where α, β = e, µ, τ, s. Focusing on the relevant short-baseline (SBL) experi-
ments, the above expressions enter the respective effective survival and transition
probabilities (they have the same form for neutrinos and antineutrinos)

Pνα→να = 1− sin2 2θαα sin
2

(
∆m2

41L

4E

)

, (8.44)

Pνα→νβ = sin2 2θαβ sin
2

(
∆m2

41L

4E

)

, α 6= β . (8.45)

We furthermore note, the equivalence of Eq.(8.36) with Eq.(8.44) in the limit of
vanishing θ13.

8.4 Numerical results

Reactor neutrino experiments are sensitive to |Ue4|2 through the measurement
of sin2 2θee. In the presence of sterile neutrinos, the number of events over a given
nuclear recoil threshold, T thres

N , reads

N events
sterile = K

∫ Eνmax

Eνmin

∫ 1

−1

dEνd cos θ Pν̄e→ν̄e

dφν̄e

dEν

dσν̄e
d cos θ

× δ
(

TN −
Q2

2M

)

, (8.46)

where K = Ntargttot, with Ntarg the total number of atomic targets in the de-
tector, ttot the time window of exposure and Q2 the momentum transfer (θ is the
scattering angle), defined as

Q2 = 4E2
ν sin

2(θ/2) . (8.47)

Note, that contrary to our recent studies [170, 221] in the above expression poten-
tial neutrino oscillation in propagation effects are now taken into account. The
numerical results throughout this work, assume 1 kg of 76Ge target mass, one year
of data taking and a detector threshold of 100 eVee. To maximise the reliability
of our estimation on the expected event rate, corrections due to quenching effects
are also considered, by assuming a quenching factor of Qf = 0.25 [221]. In order
to get an idea of how the presence of sterile neutrinos affects the expected number
of events at a given detector, we define the ratio

R =
N events

sterile

N events
SM

. (8.48)
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Figure 8.1: The ratio R in terms of a given baseline L. The thick (thin) lines
correspond to Qf = 1 (Qf = 0.25). The TEXONO baseline is indicated with the
vertical dotted line.

We mention that R is independent of detector mass and flux uncertainties. Ap-
parently, the equality R = 〈σ〉sterile/〈σ〉SM holds true, where by 〈σ〉 we denote the
averaged cross section over the neutrino distribution. Figure 8.1 illustrates graph-
ically the corresponding numerical result for various choices of the sterile neutrino
parameters, while Fig. 8.2 visualises the impact of sterile neutrino parameters on
the expected number of events at the TEXONO experiment.

In our effort towards quantifying the sensitivity of the TEXONO experiment
to sterile neutrinos, we define the χ2 as

χ2 =

(
N events

SM −N events
sterile

δN events
SM

)2

. (8.49)

Our present results indicate clearly that a dedicated experiment searching for
CENNS has also satisfactory capabilities in probing sterile neutrinos. In Fig. 8.3
we illustrate the allowed 90% C.L. contours in the (|Ue4|2, ∆m2

14) plane obtained
from a two-parameter χ2 analysis as described above. For the case of TEXONO
experiment, the lack of ν̄e disappearance is depicted in Fig. 8.4 and large values
of sin2 2θee are constrained by the exclusion curves, in agreement with the results
of Refs. [220, 222]. In addition, as stated in Ref. [223], the requirement of large
|Ue1|2 + |Ue2|2 for solar neutrino oscillations, implies that values with |Ue4|2 close
to unity are excluded. Therefore, for small sin2 2θee one has

sin2 2θee ≃ 4|Ue4|2 . (8.50)
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Figure 8.2: Contour plot of the number of events at TEXONO obtained through
a raster scan of the sterile neutrino parameters.
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Figure 8.3: Allowed region at 90% C.L. in the (|Ue4|2, ∆m2
14) plane assuming a

light sterile neutrino in the (3+1) scheme, at the TEXONO experiment. The
calculations consider one year of total exposure, 1 kg 76Ge detector and two
possible quenching factors.

The latter expression satisfies the general expectation that the fourth generation
massive neutrino is mostly sterile. Focusing on the muon neutrinos produced at
the SNS, the resulted constraints on sin2 2θµµ extracted from the analysis of the



8.4. Numerical results 165

10−2 10−1 100
10−2

10−1

100

101

102

76
Ge

TEXONO

90% C.L.

sin
2
2θee

∆
m

2 1
4

Qf = 1

Qf = 0.25

Figure 8.4: Excluded region at 90% C.L. in the (sin2 2θee, ∆m
2
14) plane assuming

a light sterile neutrino in the (3+1) scheme, at the TEXONO experiment. For
the details see Fig. 8.3.

10−2 10−1 100
10−2

10−1

100

101

102

76
Ge

COHERENT
(optimistic)
90% C.L.

sin2 2θµµ

∆
m

2 1
4

delayed ν̄µ

Figure 8.5: Excluded region at 90% C.L. in the (sin2 2θµµ, ∆m
2
14) plane assuming

a light sterile neutrino in the (3+1) scheme, at the COHERENT experiment.
Only the delayed ν̄µ beam is taken into account.

COHERENT experiment [75, 116] (see Fig. 8.5), in conjunction with the large
values of |Uµ1|2 + |Uµ2|2 + |Uµ3|2 indicated by atmospheric neutrino data [224],
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Figure 8.6: Excluded region at 90% C.L. in the (sin2 2θeµ, ∆m
2
14) plane from a

combined analysis of futuristic COHERENT and TEXONO data in the (3+1)
scheme.

imply small values for |Uµ4|2. Then, analogously to reactor neutrino experiments,
one writes

sin2 2θµµ ≃ 4|Uµ4|2 . (8.51)

A combination of Eq.(8.43) with Eqs.(8.50) and (8.51) yields the appearance-
disappearance constraint [225]

sin2 2θeµ =
1

4
sin2 2θee sin

2 2θµµ . (8.52)

Therefore, sin2 2θeµ is quadratically suppressed for small values of sin2 2θee and
sin2 2θµµ. From the corresponding exclusion curve in Fig. 8.6 we see that the
combined constraint of Eq.(8.52) has the potential to provide a high sensitivity
to sterile neutrino searches. Confronting the present results to existing constraints
extracted from the LSND [226] and MiniBooNE [227] data, we conclude that the
projected sensitivities from CENNS are generically more severe. The obtained
results are also competitive to recent constraints extracted from global analyses
of SBL neutrino oscillation searches [220, 228].
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Figure 8.7: Contribution to m2β due to a sterile neutrino.

8.4.1 Impact of sterile neutrinos on beta-decay and on

neutrinoless double beta-decay

Motivated by the result of Fig. 8.6, at this point we consider a heavy sterile
neutrino, i.e.

m1, m2, m3 ≪ m4 . (8.53)

with ∆m2
14 > 0.1 (eV2). Specifically, we consider the normal scheme only, since

the inverted hierarchy is ruled out from cosmology [229, 230].
We now turn our attention to neutrinoless double-β decay which is predicted

to occur in the presence of massive Majorana neutrinos. In this case, the decay
rate is proportional to the effective Majorana mass [231]

m2β = |
∑

k

U2
ekmk| . (8.54)

In the context of the (3+1) scheme, the presence of the additional sterile neutrino
generates and additional phase, α4, which enters the definition of the effective
Majorana mass, as follows

|m2β | =
∣
∣|Ue1|m1 + |Ue2|eiα2m2 + |Ue3|eiα3m3 + |Ue4|eiα4m4

∣
∣ . (8.55)

In the particular case of a heavy sterile neutrino, as illustrated in Eq.(8.53), the
relevant contribution to m2β reads [232]

|Ue4|2
√

∆m2
14 . (8.56)

For the case of beta-decay the effective electron mass, mβ, takes the form

m2
β =

∑

i

|Uei|2m2
i . (8.57)
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Figure 8.8: Contribution to mβ due to a sterile neutrino.

Therefore, assuming a heavy sterile neutrino the relevant term contributing to
mβ is

|Ue4|
√

∆m2
14 . (8.58)

From the χ2 analysis of the TEXONO experiment (assuming different quenching
factors), the relevant contributions to m2β and mβ [see Eqs.(8.56),(8.58)] are
shown in the histograms of Figs 8.7 and 8.8 respectively. In both cases, one sees
that for Qf = 1, very small values are favoured, while for Qf = 0.25 larger values
are also possible. Furthermore, the results indicate that the contribution of a
fourth generation sterile neutrino to mβ is about one order of magnitude larger
as compared to that for m2β.

8.5 Conclusions

In this Chapter, we explored the possibility of detecting physical observables
related to the potential effects of sterile neutrinos to short-baseline CENNS ex-
periments. Focusing on the normal (3+1) scheme, we found that the recently
planned neutral current neutrino-nucleus experiments such as the TEXONO and
COHERENT, have good prospects of detecting the existence of sterile neutrinos.
From our present results we extract the conclusion that, on the basis of dedicated
low-energy experiments looking for CENNS events, the analysis of neutrino oscil-
lations might be complementary to charged-current appearance and disappear-
ance searches. We verified that, by employing high-purity Germanium detectors
with sub-keV sensitivities, more severe constraints can be provided on the sterile
mixing parameters. Such measurements are crucial towards understanding better
the neutrino interactions at all energy scales and will provide a clear evidence for
new physics.



Chapter 9

Summary of Thesis and outlook

9.1 Summary and conclusions

The present Thesis addresses interesting open questions of the current neut-
rino physics into the overlap field of nuclear astrophysics, astroparticle physics,
theoretical nuclear physics and fundamental electroweak interactions. In partic-
ular, the subject of exotic lepton flavour violating processes in the field of nuclei
which is a concrete example of the coexistence of particle physics, nuclear physics,
astrophysics and cosmology is extensively studied.

We focused on both conventional and exotic channels of neutral-current
neutrino-nucleus scattering and performed calculations in the context of the
Donnelly-Walecka method, paying special attention on the nuclear physics as-
pects of the process. Specifically, in our study the contributions to new physics
that arise from the non-standard interaction (NSI) parameters entering the corres-
ponding beyond the Standard Model Lagrangians, are comprehensively evaluated.
These parameters are distinguished in flavour-conserving and flavour-violating
terms and the corresponding nuclear matrix elements have been formulated and
computed. For the case of elastic channel, realistic nuclear structure calculations
have been performed through the advanced Bardeen-Cooper-Schrieffer (BCS)
nuclear method, while the inelastic channels have been studied by employing
the state-of-the-art quasi-particle random phase approximation (pp-nn QRPA).

The developed codes (in FORTRAN and Mathematica) provide a refined ver-
sion of the BCS method for the successful simulation of SM, NSI and EM coherent
neutrino-nucleus scattering events. The latter is appropriate to construct expli-
citly the nuclear ground state of complex even-even nuclei. To this purpose,
realistic strong two-nucleon pairing forces are taken into consideration through
the Bonn C-D (meson-exchange) potential for the residual interaction, while for
the nuclear field we use a coulomb corrected Woods-Saxon potential with ad-
ditional spin-orbit corrections. In order to obtain the nuclear form factors with
high reliability, we solved iteratively the BCS equations and determined the single

169



170 Chapter 9. Summary of Thesis and outlook

quasi-particle energies and occupation amplitudes for each (n, l)j level of the
chosen model space, separately for protons and neutrons. The renormalisation of
the residual interaction was obtained through the appropriate adjustment of the
pairing interaction strength parameters, g

p (n)
pair , in order to reproduce the empirical

energy gaps, ∆p (n), with high accuracy.
Realistic calculations have been carried out for a set of interesting nuclei cover-

ing the entire periodic table (from light to heavy nuclides) and we mainly focused
on the 20Ne, 40Ar, 76Ge and 132Xe isotopes. Such nuclear systems are of par-
ticular interest for ongoing and recently planned multipurpose experiments (for
Supernova, Spallation Source, reactor and Cold Dark Matter studies) that aim to
detect coherent neutrino-nucleus scattering events for the first time. The obtained
results indicate that measurable rates are expected even for kg-scale detectors at
the COHERENT and TEXONO experiments. We have shown that the involved
nuclear physics aspects are of primary importance and lead to differences of up
to 30% or larger in comparison with previous studies.

We have verified explicitly that the aforementioned facilities, by employing
low-threshold detectors, are expected to be extremely sensitive to new physics
that arises from the inclusion of NSI. In addition, it is demonstrated that neutrino
vectorial NSI is largely connected to charged lepton flavour violating processes,
and for this reason, we have evaluated the expected upper bounds on NSI com-
ing out of the sensitivity of muon-to-electron conversion experiments. From a
statistical analysis of the tensorial NSI terms, we extracted stringent upper lim-
its to the NSI neutrino transition magnetic moments and neutrino milli-charges.
Moreover, focusing on reactor neutrino experiments, we arrived at the conclusion
that within the current limits, more events are expected due to tensor NSI as
compared to those induced by a neutrino magnetic moment.

Our present results indicate that, through neutrino-nucleus scattering, the at-
tainable sensitivities on EM neutrino parameters are improved by up to one order
of magnitude compared to previous studies. We have, furthermore, shown that
the aforementioned experiments have a high potential to put severe constraints
on the neutrino charge-radius. We also concluded that they offer the capabil-
ity to perform Standard Model precision tests in the low energy regime, with a
competitive determination of the weak mixing angle. From experimental physics
perspectives, quenching factors have been also taken into consideration.

In addition to the above, we have demonstrated that, experiments searching
for neutrino-nucleus scattering have excellent capabilities to probe sterile neut-
rinos. The corresponding results, derived through a statistical analysis, indicate
that reactor neutrino experiments operating with high purity Germanium detect-
ors have excellent prospects to constrain the mixing parameters characterising
light sterile neutrino states.

In summary, the outcomes of this Thesis may contribute usefully towards ana-
lysing the event-signal recorded in neutrino detectors, and in conjunction with
data expected to be measured in current and future neutrino experiments, they
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may furthermore provide additional information to understand deeper the funda-
mental electroweak interactions in the neutral- and charged-lepton sector, both
for conventional and exotic processes.

9.2 Future perspectives

The reliability of the developed method and its successful application to con-
ventional and exotic neutral-current neutrino-nucleus processes, has highly mo-
tivated us to extend the present research and study a broad class of interesting
electroweak phenomena.

A generalisation of the method in order to explore charged-current NSI
neutrino-nucleus processes is of significant importance. Moreover, special effort
may be devoted to examine the impact of various SM extensions as well as Su-
persymmetric models that may provide additional corrections to the weak SM
neutrino-nucleus scattering.

Through appropriate, but relatively simple modifications, the high efficiency
and flexibility of the constructed codes, offer the possibility to study neutral-
current flavour violating processes in the charged lepton sector, such as the exotic
muon-to-electron (or high energy electron-to-muon) conversion in nuclei. The
relevant experiments Mu2e and COMET are expected to operate soon and have
prompted a great rush to produce adequate SM extensions and further study re-
garding the nuclear physics aspects of the process in order to analyse and interpret
the future data.

In a future step we are intended to explore in detail neutral-current and
charged-current non-standard neutrino-nucleon processes. Such processes are of
great importance and could be the origin of the unexplained observed excess of
electronlike events in the MiniBooNE detector as well as to provide more direct
clues regarding the LSND anomaly.

We are also intended to conduct a comprehensive research study related to
WIMP-nucleus and WIMP-nucleon interactions by paying special attention to the
spin-dependent component of the process through a refined version of the odd-
A QRPA method. From experimental physics perspectives, the comprehensive
study of this channel is of key interest, since the inelastic signal will be recorded
beyond the detector threshold energy, while the elastic signal is mostly cut-off by
the detector threshold.





Appendix A

A.1 Notation and conventions

We adopt the standard Bjorken and Drell convention, i.e. we use natural units
~ = c = kB = 1 and the (+−−−) signature

gµν =







1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1






. (A.1)

The Dirac gamma matrices, form a Clifford algebra, and are defined by the anti-
commutation relations

{γµ, γν} = γµγν + γνγµ = 2gµν , (A.2)

so that γµγµ = 4 and γ0γµ†γ0 = γµ.
The conventions for γ5 and ǫµνρσ are

γ5 ≡ γ5 = iγ0γ1γ2γ3 =
i

4!
ǫµνρσγ

µγνγργσ, ǫ0123 = 1 . (A.3)

In the chiral or Weyl basis the Dirac matrices are

γ0 =

[
0 1
1 0

]

, γi =

[
0 σi

−σi 0

]

, γ5 =

[
−1 0
0 1

]

, (A.4)

with σi denoting the Pauli matrices

σ1 =

[
0 1
1 0

]

, σ2 =

[
0 −i
i 0

]

, σ3 =

[
1 0
0 −1

]

. (A.5)

The spin tensor satisfies the relations

σµν =
i

2
[γµ, γν ] , σiσj = δij + i

∑

k

ǫijkσk . (A.6)
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By defining the projection operators

PR ≡
[
0 0
0 1

]

=
1 + γ5

2
, PL ≡

[
1 0
0 0

]

=
1− γ5

2
, (A.7)

in the Weyl basis the spinor component fields take the following simple form

ψR =
1 + γ5

2
ψD, ψL =

1− γ5
2

ψD . (A.8)

The projection operators satisfy the properties

PR + PL = 1,

(PR)
2 = PR ,

(PL)
2 = PL .

(A.9)

The very important relations also hold true

ψR = PLψ, ψL = PRψ ,

PRPL = 0, PLPR = 0 .
(A.10)

A.2 Trace identities

The Gamma matrices obey the following trace identities

1. The trace of the product of an odd number of γ is 0,

2. tr(γµγν) = 4gµν,

3. tr(γµγνγργσ) = 4(gµνgρσ − gµρgνσ + gµσgνρ),

4. tr(γ5) = tr(γµγνγ5) = 0,

5. tr(γµγνγργσγ5) = −4iǫµνρσ .

By introducing the Feynman slash notation /a ≡ γµaµ, one has the properties

/a/a = aµaµ = a2 , (A.11)

/a/b + /b/a = 2a · b , (A.12)

γµ/aγ
µ = −2/a , (A.13)

γµ/a/bγ
µ = 4a · b , (A.14)

γµ/a/b/cγ
µ = −2/a/b/c . (A.15)
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The corresponding trace identities read

tr
(

/a/b
)

= 4a · c , (A.16)

tr
(
γ5/a/b

)
= 0 , (A.17)

tr
(

/a/b/c/d
)

= 4 [(a · b)(c · d)− (a · c)(b · d) + (a · d)(b · c)] , (A.18)

tr
(
γ5/a/b/c/d

)
= 4iǫµνρσa

µbνcρdσ . (A.19)

(A.20)

tr[γµ/p1γ
ν
/p2] = 4 [pµ1p

ν
2 + pν1p

µ
2 − (p1 · p2)gµν ] , (A.21)

tr[γµ(1− γ5)/p1γ
ν(1− γ5)/p2] = 2 tr[γµ/p1γ

ν
/p2]− 8iǫµνρσp1ρp2σ . (A.22)

tr[γµ/p1γ
ν
/p2] tr[γµ/p3γν/p4] = 32 [(p1 · p3)(p2 · p4) + (p1 · p4)(p2 · p3)] ,(A.23)

tr[γµ/p1γ
νγ5/p2] tr[γµ/p3γνγ5/p4] = 32 [(p1 · p3)(p2 · p4)− (p1 · p4)(p2 · p3)] .(A.24)

tr[γµ(1− γ5)/p1γ
ν(1− γ5)/p2] tr[γµ(1− γ5)/p3γν(1− γ5)/p4] =

256(p1 · p3)(p2 · p4) . (A.25)

A.3 Mandelstam variables

Assuming the incoming and outgoing neutrinos to have four-momentum ki =
(Eν ,ki) and kf = (E ′

ν ,kf ) respectively and the incoming and out coming nucleus
pi = (EN ,pi) and pf = (E ′

N ,pf), the Mandelstam variables read

s =(ki + pi)
2 =M2 + 2MEν ,

u =(pi − kf)2 =M2 − 2ME ′
ν ,

t =(ki − kf)2 = q2 = −Q2 = 2M(E ′
ν − Eν) .

(A.26)





Appendix B

B.1 Nuclear matrix elements of the hadronic

current

In previous comprehensive µ− → e− conversion studies, it has been claimed
that the reformulation of the quark-level effective Lagrangian yields the effective
nucleon-level Lagrangian written in terms of the nucleon isospin operators as [123,
126, 133, 134, 233]

LN
eff = Gα

[∑

A,B

jAµ

(

α
(0)
A,BJ

Bµ
(0) + α

(3)
A,BJ

Bµ
(3)

)

+
∑

C,D

jC
(

α
(0)
C,DJ

D
(0) + α

(3)
C,DJ

D
(3)

)

+jµν

(

α
(0)
T Jµν

(0) + α
(3)
T Jµν

(3)

) ]

, α = ph, nph.

(B.1)

Here, the index α refers to the photonic (α = ph) and non-photonic (α = nph)
contribution [126]. The components of the isoscalar, J(0), and isovector, J(3),
nucleon currents are defined as

JV µ
(k) = N̄γµτkN , (B.2)

JAµ
(k) = N̄γµγ5τkN , (B.3)

JS
(k) = N̄τkN , (B.4)

JP
(k) = N̄γ5τkN , (B.5)

Jµν
(k) = N̄σµντkN , (B.6)

with k = 0, 3. Each component is separately treated, however not all of them
should be taken into account. In fact, the pseudoscalar and tensor nucleon
components are negligible. Therefore, at nuclear-level the effective interaction
Hamiltonian Ĥeff , takes the well-known current-current form [123, 126].

At low and intermediate energies, considered in the present study, any semilep-
tonic process is described by an effective interaction Hamiltonian, written in terms
of the leptonic ĵleptµ and hadronic Ĵ µ currents as
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Ĥeff =
G√
2

∫

d3x ĵleptµ (x)Ĵ µ(x) , (B.7)

where G = GF for neutral-current processes and G = Gc for charged-current
processes.

By assuming that the nuclear states |Jπ, T 〉 are characterised by well-defined
energy, momentum, spin J , parity π, and isospin T (J-projected method). In
first-quantisation, for the case of free motion of nucleons within the nucleus, the
operator of the hadronic current density is defined as

Jµ(x) =
A∑

i=1

Jµ(xi)δ
(3)(x− xi) =

A∑

i=1

[Jµ(xi) + Jµ5xi]δ
(3)(x− xi) , (B.8)

where the nuclear matrix elements for Jµ for polar-vector and Jµ5 for axial vector
currents respectively, take the form

〈pf |Ĵ±
µ (0)|pi〉 = ū(pf)[F

V
1 γµ + F V

2 σµνqν ]τ±u(pi) , (B.9)

〈pf |Ĵ±
µ5(0)|pi〉 = ū(pf)[F

A
1 γ5γµ − iFPγ5qµ]τ±u(pi) . (B.10)

In the non-relativistic limit (valid for low-momentum transfer), the corres-
ponding single-nucleon matrix elements in the momentum space become

JV
0α(q) = F α

1 τα , (B.11)

JV
α (q) =

( F α
1

2M
(2p+ q) +

F α
1 + F α

2

2M
iσ × q

)

τα , (B.12)

JA
0α(q) =

( F α
A

2M
σ · (2p+ q)− ω

2M
F α
P σ · q

)

τα , (B.13)

JA
α (q) = F α

Aστα . (B.14)

Incorporating the previous lines, the latter expressions in position space read

JV
0α(r) = F α

1 τα , (B.15)

JV
α (r) =

(

− i F
α
1

2M
(
−→∇ −←−∇)− F α

1 + F α
2

2M
σ ×−→∇

)

τα , (B.16)

JA
0α(r) =

(

− i F
α
A

2M
σ · (−→∇ −←−∇)− i ω

2M
F α
P σ ·
−→∇
)

τα , (B.17)

JA
α(r) = F α

Aστα , (B.18)

where the isospin index α = ±, 0 denotes the respective transition nature.
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The matrix element of the leptonic current, between an initial |ℓi〉 and a final
state |ℓf〉 takes the form

〈ℓf |ĵleptµ |ℓi〉 = ℓµ e
−iq·x . (B.19)

For neutrino-nucleus processes, the leptonic matrix elements ℓµ can be cast in the
form

ℓµ = ū(kf)γµ(1− γ5)u(ki) , (B.20)

and the momentum transfer is equal to q = ki − kf = pf − pi.
We proceed by defining a complete orthonormal set of spatial unit vectors.

Any vector can be expanded in this set as follows

l =
∑

λ=0,±1

lλe
†
λ . (B.21)

It is convenient to first go from plane polarisation to circular polarisation with
the transformation

e±1 ≡∓
1√
2
(eq1 ± i eq2), e0 ≡ eq0 ≡

q

|q| ≡
~q

κ
,

e†λ · eλ′ ≡δλλ′ , e†λ = (−1)λe−λ .

(B.22)

Hence, lλ = eλ · l and, lλ=0 ≡ e0 · l ≡ l3

l±1 = ∓
1√
2
(l1 ± i l2), l0 ≡= l3 . (B.23)

In this case the plane wave can be expanded as

eiq·x =
∑

l

il
√

4π(2l + 1)jl(ρ)Yl0(Ωx) , (B.24)

with ρ = κ|x| and κ = |q|. The vector Spherical Harmonics are defined by the
relations [51]

YM
Jl1 ≡

∑

mλ

〈lm1λ|l1JM〉Ylm(Ωx)eλ, λ = ±1, 0 , (B.25)

and can be inverted by using the orthogonality properties of the Clebsch-Gordan
coefficients

Ylmeλ =
∑

JM

〈lm1λ|l1JM〉YM
Jl1 . (B.26)

The vector Spherical Harmonics project an irreducible tensor operator (ITO) of
rank J from any vector density operator in the nuclear Hilbert space. A Com-
bination of Eq.(B.24) with Eq.(B.26) and using of the properties of the Clebsch-
Gordan coefficients yields

eqλe
iq·x =

∑

l

∑

J

il
√

4π(2l + 1)jl(ρ)〈l01λ|l1Jλ〉Yλ
Jl1(Ωx) . (B.27)
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Therefore, the Clebsch-Gordan coefficient limits the sum on l to three terms,
l = J and J ± 1. Evaluating for λ = ±1, one finds

eqλe
iq·x = −

∞∑

J≥1

√

2π(2J + 1)iJ
{

λjJ(ρ)Y
λ
JJ1 +

1

κ
∇×

[
jJ(ρ)Y

λ
JJ1

]}

, (B.28)

and for λ = 0

eq0e
iq·x =

−i
κ

∞∑

J≥0

√

4π(2J + 1)iJ∇ [jJ(ρ)YJ0] . (B.29)

Thus, by substituting the latter results to

〈f |Ĥeff |i〉 =
G√
2
ℓµ
∫

d3x e−iq·x〈f |Ĵµ(x)|i〉 ,

=
G√
2

∫

d3x e−iq·x [l0J0(x)fi − l · J (x)fi]
(B.30)

one finds Eq.(4.4)

〈f |Ĥeff |i〉 = −
G√
2
〈f |
{
∑

J≥0

√

4π(2J + 1)(−i)J
(

l3L̂J0(κ)− l0M̂J0(κ)
)

+
∑

λ=±1

∑

J≥1

√

2π(2J + 1)(−i)J lλ
(

λT̂ mag
J−λ (κ) + T̂ el

J−λ(κ)
)
}

|i〉 .

(B.31)

B.2 Compact expressions of the reduced trans-

ition matrix elements

The single-particle transition matrix elements 〈j1‖T J
i ‖j2〉 of the operators

given in Eqs.(4.29)–(4.35) are compactly written as [135]

〈j1‖T J‖j2〉 = e−yyβ/2
nmax∑

µ=0

PJ
µ y

µ , y = (κb/2)2 (B.32)

where nmax = (N1 +N2 − β) /2 and Ni = 2ni + li indicates the Harmonic Oscil-
lator quanta of the i−th level.

As a first step of our calculational procedure, we have constructed an efficient
modern Mathematica code to compute the reduced ME for all basic operators T J

i

and for any configuration (j1, j2)J , using the analytical expressions of Eq.(4.28).
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As expected, the coefficients obtained in Ref. [135, 234], coincide with those of
the present work. As an example, the coefficients P6, J

µ for the reduced ME of
the operator T J

6 ≡ ∆′J
M are tabulated in Table B.1. We mention however, that in

Ref. [234], only configurations for which N1 −N2 ≤ 3 are included, while in our
code there is not any similar restriction. We conclude that all geometrical coeffi-
cients PJ

µ are simple rational numbers for the diagonal elements (not shown here),
or square roots of rational numbers for the non-diagonal elements. The double
differential cross sections of Eq.(4.37) from which the nuclear calculations start,
includes reduced ME of the form |〈j1||T J

i ||j2〉|2, hence their evaluation is crucial.
We currently perform realistic nuclear structure calculations for coherent cross
sections that depend on the nuclear form factors for protons and neutrons. The
appropriate code, provides improved results, by a refined version of the fractional
occupation probabilities method of Ref. [57].

(n1l1)j1 − (n2l2)j2 J µ = 0 µ = 1 µ = 2 µ = 3 µ = 4

0p1/2 − 0s1/2 1
√

1
6

0p3/2 − 0s1/2 1 −
√

1
3

0

0d5/2 − 0s1/2 2 −
√

3
5

0

0f5/2 − 0p1/2 2 −
√

7
5

√
20
63

0

0d7/2 − 0p1/2 4
√

8
63

0

1p3/2 − 1s1/2 1 −
√

5
9

√
4
45

−
√

4
45

0

0d3/2 − 0f7/2 3 −
√

16
175

√
4
45

−
√

16
1575

0

1f5/2 − 2p3/2 2 0
√

8
7

−
√

288
343

√
2888
27783

−
√

32
27783

Table B.1: The coefficients P6, J
µ for the the 〈j1||∆′J

M ||j2〉.

B.3 Nucleon form factors

The free nucleon form factors FX(Q
2), X= 1, A, P and µV (Q2) entering

Eqs.(4.16)–(4.23) are written as functions of the four momentum transfer Q2,
as

F V
1 (Q2) = 1.000

[

1 +

(
Q

840MeV

)2
]−2

(B.33)

µV (Q2) = 4.706

[

1 +

(
Q

840MeV

)2
]−2

(B.34)
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FA(Q
2) = gA

[

1 +

(
Q

1032MeV

)2
]−2

(B.35)

FP (Q
2) =

2mN FA(Q
2)

Q2 +m2
π

(B.36)

where mN is the nucleon mass and gA is the free nucleon coupling constant.
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C.1 Clebsch-Gordan coefficients

Let us consider two commuting angular momenta J1 and J2, where J1+J2 = J
with the corresponding quantum numbers j1, j2, j and projections m1,m2, m. For
the total angular momentum, the product eigenstates

|j1m1j2m2〉 = |j1m1〉|j2m2〉 , (C.1)

form an orthonormal set if each state |jimi〉 forms separately an orthonormal set
in the i-th subspace. This forms complete set of states, namely the uncoupled
basis. In the case of coupled angular momentum, the complete set of states forms
the coupled basis denoted by

|j1j2jm〉 . (C.2)

Thus the two basis are related through the relation

|j1j2jm〉 =
∑

m1,m2

|j1m1j2m2〉〈j1m1j2m2|j1j2jm〉

≡
∑

m1,m2

(j1m1j2m2|jm)|j1j2jm〉 .
(C.3)

The quantity (j1m1j2m2|jm) is referred to as the Clebsch-Gordan coefficient and
obeys the addition law

(j1m1j2m2|jm) = 0 unless m1 +m2 = m, (C.4)

and the triangular condition

|j1 − j2| ≤ j ≤ j1 + j2 ≡ ∆(j1j2; j) . (C.5)

The Clebsch-Gordan coefficients (j1m1j2m2|jm) are real

(j1j1j2j2|j1 + j2j1 + j2) = 1, (j1m1j2 − j2|jm) ≥ 0 . (C.6)

183
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and fulfil the constraint j1 + j2 + j=integer. These conditions fix the phases of
all Clebsch-Gordan coefficients.

The orthogonality of the Clebsch-Gordan coefficients is expressed as
∑

m1m2

(j1m1j2m2|jm)(j1m1j2m2|j
′

m
′

) = δjj′δmm′ , (C.7)

while starting from the completeness of the coupled basis
∑

jm

= |j1j2jm〉〈j1j2jm| = 1 , (C.8)

one derives the completeness property of the Clebsch-Gordan coefficients
∑

jm

(j1m1j2m2|jm)(j1m
′

1j2m
′

2|jm) = δm1m
′

1

δm2m
′

2

. (C.9)

C.2 3-j symbols

The 3-j symbols [35] entering the Wigner-Eckart theorem (see Sect. C.6) and
employed for the coupling of two angular momenta j1 and j2 with j3 = j1 + j2,
are related to the Clebsch-Gordan coefficients as

(
j1 j2 j3
m1 m2 m3

)

=







(−1)j1−j2−m3

[

ĵ3

]−1

(j1m1j2m2|j3 −m3),

0 (if m1 +m2 +m3 6= 0 and j1 + j2 6= j3) .
(C.10)

The inverse relation can be found by noting that j1 − j2 −m3 is an integer and
making the substitution m3 → −m3, we find

(j1m1j2m2|j3m3) = (−1)j1−j2+m3 ĵ3

(
j1 j2 j3 ,
m1 m2 −m3

)

, (C.11)

with the usual hat notation, ĵ =
√
2j + 1.

C.3 6-j symbols

For three angular momenta coupling j1, j2, j3 two couplings are required. For
example, from the coupling of j1+j2 one gets j12 which couples to j3 giving j (one
would arrive at the same result if the coupling j2 + j3 giving j23 which couples to
j1 to give j). This coupling is expressed in terms of the 6-j symbols as [35]

|j1, j2j3(j23); jm〉 =
∑

j12

|j1j2(j12)j3; jm〉

× 〈j1j2(j12)j3; jm|j1, j2j3(j23); jm〉

≡
∑

j12

(−1)j1+j2+j3+j ĵ12ĵ23

{
j1 j2 j12
j3 j j23

}

|j1j2(j12)j3; jm〉 . (C.12)
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The 6-j symbols satisfy the triangular inequalities

{
j1 j2 j12
j3 j j23

}

= 0 unless

{

∆(j1j2; j12),∆(j3j; j12) ,

∆(j3j2; j23),∆(j1j; j23) .
(C.13)

C.4 9-j symbols

For the case of four angular momenta coupling j1, j2, j3, j4 the following coup-
lings hold true

• j1 + j3 = j13, j2 + j4 = j24, j13 + j24 = j ,

• j1 + j2 = j12, j3 + j4 = j34, j12 + j34 = j .

This coupling is expressed in terms of the 9-j symbols as [35]

|j1, j3(j13)j2j4(j24); jm〉 =
∑

j12j34

|j1j2(j12)j3j4(j34); jm〉

× 〈j1j2(j12)j3j4(j34); jm|j1j3(j13)j2j4(j24); jm〉

≡
∑

j12j34

ĵ12ĵ34ĵ13ĵ24







j1 j2 j12
j3 j4 j34
j13 j24 j






|j1j2(j12)j3j4(j34); jm〉 . (C.14)

The 9-j symbols satisfy the triangular inequalities







j1 j2 j12
j3 j4 j34
j13 j24 j






= 0 unless

{

∆(j1j2; j12),∆(j3j4; j34),∆(j13j24; j) ,

∆(j1j3; j13),∆(j2j4; j24),∆(j12j34; j) .

(C.15)

C.5 Racah W-coefficients

The Racah coefficients differ from the 6-j symbols by a phase factor

{
j1 j2 j12
j3 j j23

}

= (−1)j1+j12+j3+j23W (j1j2jj3; j12j23) . (C.16)

The Racah coefficients are combined to the recoupling coefficients through the
following relations

W (j1j2jj3; j12j23) ≡
[

ĵ12

]−1 [

ĵ23

]−1

〈(j1, (j2j3)j23)j|((j1j2)j12, j3)j〉 . (C.17)
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C.6 The Wigner-Eckart theorem

The matrix elements of irreducible tensor operators are expressed in terms of
the 3-j symbols as

〈j′m′|T̂JM |jm〉 = (−1)j′−m′

(
j′ J j
−m′ M m

)

〈j′||T̂J ||j〉 , (C.18)

where the quantity 〈j′||T̂J ||j〉 is the so-called reduced matrix element. The fol-
lowing selection rules apply

〈j′m′|T̂JM |jm〉 = 0

{

∆(jJ ; j) ,

m+M = m′ .
(C.19)

C.7 Products of coupled tensor operators

Consider the spherical operators, TJ1 of rank J1 and TJ2 of rank J2. In this
case we define the spherical tensor TJ as their tensor product or rank J if the
following condition is fulfilled

TJM =
∑

M1M2

(J1M1J2M2|JM)TJ1M1
TJ2M2

≡ [TJ1TJ2 ]JM . (C.20)

Then, the scalar product of two spherical tensors reads

TJ · SJ = (−1)J Ĵ [TJSJ ]00 =
∑

M

(−1)MTJMSJ,−M , (C.21)

and the corresponding cross product takes form

(T× S)M = −i
√
2 [T1S1]1M . (C.22)
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D.1 Woods-Saxon wavefunctions

The angular momentum eigenstates of the operators l2 and l · s are the states
|l 1

2
jm〉. The respective eigenvalues are

l2|l1
2
jm〉 =l(l + 1)~2|l1

2
jm〉 ,

s2|l1
2
jm〉 =3

4
~
2|l1

2
jm〉 ,

j2|l1
2
jm〉 =j(j + 1)~2|l1

2
jm〉 ,

jZ |l
1

2
jm〉 =m~|l1

2
jm〉 .

(D.1)

Using the fact that j2 = (l+ s)2 = l2 + 2l · s+ s2 , the above expressions, lead to

l · s|l1
2
jm〉 = 1

2
[j(j + 1)− l(l + 1)− 3

4
]~2|l1

2
jm〉 . (D.2)

Then, the Schrödinger equation for the Woods-Saxon Hamiltonian

h =
−~2

2mN
(∇2

r −
l2/~2

r2
) + VWS(r) + Vc(r) + Vls(r)l · s (D.3)

becomes

h|nl1
2
jm〉 =

{

−~2

2mN

[

∇2
r −

l(l + 1)

r2

]

+ VWS(r) + Vc(r)

+
1

2

[

j(j + 1)− l(l + 1)− 3

4

]

~
2Vls(r)

}

|nl1
2
jm〉 ,

≡hlj(r)|nl
1

2
jm〉 ,

=εnlj|nl
1

2
jm〉 ,

(D.4)
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where ∇2
r = 1

r2
d
dr
(r2 d

dr
). In the above expression with hlj(r) it is indicated that

the quantum numbers l and j are parameters of the radial Hamiltonian. In the
single-nucleon coordinate space the radial wavefunction fnlj(r) is written as 1

hlj(r)fnlj(r) = εnljfnlj(r) . (D.5)

The above differential equation is solved for the eigenvalues εnlj and the eigen-
functions fnlj(r) (orthogonal with respect to n), whereas the orthogonality with
respect to l, j is satisfied as follows

∫ ∞

0

r2fnlj(r)fn′lj(r) = δnn′ . (D.6)

D.2 Harmonic Oscillator wavefunctions

Apart from direct numerical methods, the radial differential equation (D.5)
may be solved by writing the wavefunctions fnlj(r) in terms of linear combinations
of the Harmonic Oscillator wavefunctions, gnl(r) in the form

fnlj(r) =
∑

ν

A(nlj)
ν gνl(r) , (D.7)

up to a normalisation condition A
(nlj)
ν satisfying
∑

ν

[A(nlj)
ν ]2 = 1 . (D.8)

The solution is found through the diagonalisation

〈ν ′|hlj(r)|ν〉 =
∫ ∞

0

dr r2gν′l(r)hlj(r)gνl(r) , (D.9)

and therefore transforming the Hamiltonian to the Harmonic Oscillator basis.
The three dimensional Harmonic Oscillator potential is defined as (see also

Sect. 3.3)

VHO(r) = −V1 + kr2 = −V1 +
1

2
mNω

2r2, (D.10)

where V1 and k are fitting parameters. For this potential, the Harmonic Oscillator
wavefunctions, gnl(r), are solutions of the radial Schrödinger equation

−~2

2mN

[

∇2
r −

l(l + 1)

r2

]

gnl(r)− V1 +
1

2
mNω

2r2gnl(r) = εnlgnl(r) , (D.11)

with the energy eigenvalues

εnl = −V1 + (N +
3

2
)~ω = −V1 + (2n+ l +

3

2
)~ω . (D.12)

1Note that, |nl 1
2
jm〉 = fnlj(r)|l 12jm〉
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We employ the usual convention for the definition Major Harmonic Oscillator
quantum number, N , as

N = 2n + l, n = 0, 1, 2, 3, · · · , (D.13)

and then, the wavefunction gnl(r) is written explicitly in terms of the Laguerre

polynomials, L
(l+ 1

2
)

n (x), and the Gamma function Γ(x) according to the relation

gnl(r) =

√

2n!

b3Γ
(
n + l + 3

2

)

(r

b

)l

e−r2/2b2L
(l+ 1

2
)

n (r2/b2) . (D.14)

The associated Laguerre polynomials are more conveniently written as

Ll+1/2
n (x) =

n∑

m=0

(−)m
m!

(
n + l + 1/2
n−m

)

xm =
n∑

m=0

Λm(nl)x
m , (D.15)

with

Λm(nl) =
(−)m
m!

(
n+ l + 1/2
n−m

)

. (D.16)

[see also Eq.(3.136)]. The parameter b, namely the oscillator length, which char-
acterises the width of the Oscillator potential reads

b =

√

~

mNω
. (D.17)

In our calculations we use ~ω = 41A−1/3 MeV and b = 1.005A−1/6 fm. Further
corrections, imposed due to center-of-mass motion and the finite nucleon size are
addressed in Ref. [57]. The oscillator functions obey the orthogonality relation

∫ ∞

0

dr r2gnl(r)gn′l(r) = δnn′. (D.18)

Furthermore, it is possible to extract numerical values for gnl(r) by introducing
the auxiliary functions υnl(r) as

gnl(r) =

√

2l+2−n (2n+ 2l + 1)!!

b3
√
πn! [(2l + 1)!!]2

(r

b

)l

e−r2/2b2υnl
(
r2/b2

)
, (D.19)

as well as the recursion relations

υn,l−1(x) =υn−1,l−1(x)− 2xυn−1,l(x)/(2l + 1) ,

υn,l(x) =[(2l + 1)υn,l−1(x) + 2nυn−1,l(x)]/(2n+ 2l + 1) .
(D.20)
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D.3 Quasi-boson approximation (QBA)

The QRPA sates |ω〉must be orthonormal. Thus, recalling the QRPA-phonon
creation operator, Q†

ω, given in Eq.(3.107)

Q†
ω =

∑

a≤b

[

Xω
abA

†
ab(JM)− Y ω

abÃab(JM)
]

, (D.21)

we have

δωω′ = 〈ω|ω′〉 = 〈QRPA|QωQ
†
ω′ |QRPA〉 = 〈QRPA|

[

QωQ
†
ω′

]

|QRPA〉

=
∑

a≤b
c≤d

{

Xω∗
ab X

ω′
cd〈QRPA|

[

Aab(JM), A†
cd(J

′M ′)
]

|QRPA〉

+Y ω∗
ab X

ω′
cd〈QRPA|

[

Ã†
ab(JM), Ãcd(J

′M ′)
]

|QRPA〉
}

. (D.22)

According to the QBA the correlated QRPA vacuum, |QRPA〉, is approximated
with the |BCS〉 vacuum. Thus, using

〈BCS|
[

Aab(JM), A†
cd(J

′M ′)
]

|BCS〉 =δacδbdδJJ ′δMM ′ ,

〈BCS
[

Ãab(JM), Ã†
cd(J

′M ′)
]

|BCS〉 =δacδbdδJJ ′δMM ′ ,
(D.23)

we arrive at the relations

〈QRPA|
[

Aab(JM), A†
cd(J

′M ′)
]

|QRPA〉
QBA≈ 〈BCS

[

Aab(JM), A†
cd(J

′M ′)
]

|BCS〉
=δacδbdδJJ ′δMM ′ (a ≤ b, c ≤ d) ,

(D.24)

〈QRPA|
[

Ã†
ab(JM), Ãcd(J

′M ′)
]

|QRPA〉
QBA≈ 〈BCS

[

Ã†
ab(JM), Ãcd(J

′M ′)
]

|BCS〉
=− δacδbdδJJ ′δMM ′ (a ≤ b, c ≤ d) .

(D.25)

In this approximation, Eq.(D.22) becomes

δωω′ = δnn′δJJ ′δMM ′δππ′ = δJJ ′δMM ′δππ′

∑

a≤b

(Xω∗
ab X

ω′

ab − Y ω∗
ab Y

ω′

ab ) . (D.26)

Thus, we obtain Eq.(3.116), i.e. the orthogonality relation of the QRPA

∑

a≤b

(

XnJπ∗
ab Xn′Jπ

ab − Y nJπ∗
ab Y n′Jπ

ab

)

= δnn′ . (D.27)
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The completeness relations are derived as follows. The QBA result in Eq.(D.24)
gives

δacδbd =〈QRPA|
[

Aab(JM), A†
cd(JM)

]

|QRPA〉
=〈QRPA|Aab(JM), A†

cd(JM)|QRPA〉
− 〈QRPA|

[

A†
cd(JM), Aab(JM)

]

|QRPA〉 ,
(D.28)

with the restrictions a ≤ b, c ≤ d. For the QRPA states

|ω〉 ≡|nJπM〉 = Q†
ω|QRPA〉 ,

|ω̃〉 ≡(−1)J+M |nJπ −M〉 ≡ Q̃†
ω|QRPA〉 .

(D.29)

with fixed values for Jπ and M , the completeness relations read

∑

n

|ω〉〈ω| =
∑

n

|nJπM〉〈nJπM | = 1 ,

∑

n

|ω̃〉〈ω̃| =
∑

n

|nJπ −M〉〈nJπ −M | = 1 .
(D.30)

The two latter expressions together with Eq.(D.28) give

δacδbd

=
∑

n

〈QRPA|Aab(JM)Q†
ω|QRPA〉〈QRPA|QωA

†
cd(JM)|QRPA〉

−
∑

n

〈QRPA|A†
cd(JM)Q̃†

ω|QRPA〉〈QRPA|Q̃ωAab(JM)|QRPA〉 ,

=
∑

n

〈QRPA|
[
Aab(JM), Q†

ω

]
|QRPA〉〈QRPA|

[

Qω, A
†
cd(JM)

]

|QRPA〉

−
∑

n

〈QRPA|
[

A†
cd(JM), Q̃†

ω

]

|QRPA〉〈QRPA|
[

Q̃ω, Aab(JM)
]

|QRPA〉 .

(D.31)
Since the scattering amplitudes X and Y are independent ofM , the insertion the
expanded phonon operators together with Eq.(D.23) and the application of the
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QBA to the commutators, yields

δacδbd
QBA≈

∑

n

∑

a′≤b′

c′≤d′

Xω
a′b′X

ω∗
c′d′〈BCS|

[

Aab(JM), A†
a′b′(JM)

]

|BCS〉

× 〈BCS|
[

Ac′d′(JM), A†
cd(JM)

]

|BCS〉

−
∑

n

∑

a′≤b′

c′≤d′

(−Y ω
c′d′) (−Y ω∗

a′b′) 〈BCS|
[

A†
cd(JM), Ac′d′(JM)

]

|BCS〉

× 〈BCS|
[

A†
a′b′(JM), Aab(JM)

]

|BCS〉

=
∑

n

(Xω
abX

ω∗
cd − Y ω∗

ab Y
ω
cd)

=
∑

n

(
XnJπ

ab XnJπ∗
cd − Y nJπ∗

ab Y nJπ

cd

)
.

(D.32)
The last result coincides with the first QRPA completeness relation that is given
in Eq.(3.117). For the second completeness relation, working in a similar manner
we have

0 =〈QRPA|
[

Aab(JM), Ãcd(JM)
]

|QRPA〉

=
∑

n

〈QRPA|Aab(JM)Q†
ω|QRPA〉〈QRPA|QωÃcd(JM)|QRPA〉

−
∑

n

〈QRPA|Ãcd(JM)Q̃†
ω|QRPA〉〈QRPA|Q̃ωAab(JM)|QRPA〉 .

(D.33)

As in the previous case, expanding the phonon operator and employing the QBA,
we get

0
QBA≈

∑

n

∑

a′≤b′

c′≤d′

Xω
a′b′ (−Y ω∗

c′d′) 〈BCS|
[

Aab(JM), A†
a′b′(JM)

]

|BCS〉

× 〈BCS|
[

Ã†
c′d′(JM), Ãcd(JM)

]

|BCS〉

−
∑

n

∑

a′≤b′

c′≤d′

Xω
c′d′ (−Y ω∗

a′b′) 〈BCS|
[

Ãcd(JM), Ã†
c′d′(JM)

]

|BCS〉

× 〈BCS|
[

A†
a′b′(JM), Aab(JM)

]

|BCS〉

=
∑

n

(Xω
abY

ω∗
cd − Y ω∗

ab X
ω
cd)

=
∑

n

(
XnJπ

ab Y nJπ∗
cd − Y nJπ∗

ab XnJπ

cd

)
,

(D.34)
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which nothing else but the second completeness relation of the QRPA given in
Eq.(3.118).

D.4 Coefficients entering the quasi-particle rep-

resentation of pp - nn QRPA

The residual two-body interaction with respect to the BCS vacuum is given
by Eq.(3.61)

Vres =
1

4

∑

αβγδ

v̄αβγδN
[

c†αc
†
βcδcγ

]

BCS
. (D.35)

By substitution of the Bogoliubov-Valatin (BV) transformation of Eq.(3.21) into
the latter, we get

Vres =
1

4

∑

αβγδ

v̄αβγδN
[ (
uaa

†
α − vaãα

) (

uba
†
β − vbãβ

)

×
(

udaδ − vdã†δ
) (
ucaγ − vcã†γ

)]

BCS
.

(D.36)

Then, by changing the summation indices and using the symmetry properties of
Eq.(3.30), we arrive at the result

Vres =
1

4
v̄αβγδ

[

uaubvcvda
†
αa

†
βã

†
δã

†
γ − 2uaubucvda

†
αa

†
βã

†
δaγ

+uaubucuda
†
αa

†
βaδaγ − 2uavbvcvda

†
αã

†
δã

†
γ ãβ − 4uavbucvda

†
αã

†
δãβaγ

−2uavbucuda†αãβaδaγ + vavbvcvdã
†
δã

†
γ ãαãβ − 2vavbucvdã

†
δãαãβaγ

+vavbucudãαãβaδaγ

]

.

(D.37)

Changing the summation indices the latter becomes

Vres =
∑

αβγδ

v̄αβγδ

[1

4
uaubvcvd

(

a†αa
†
βã

†
δã

†
γ + h.c.

)

− 1

2
(uaubucvd − vavbvcud)

(

a†αa
†
β ã

†
δaγ + h.c.

)

+
1

4
(uaubucud + vavbvcvd) a

†
αa

†
βaδaγ − uavbucvda†αã†δãβaγ

]

≡H40 +H31 +H22 ,

(D.38)

where the definitions ofH40, H31 and H22 correspond to the tree lines of the above
equation.
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In angular-momentum-coupled form, the terms entering the definition of the
residual interaction can be cast as

H40 =
1

2

∑

abcd
J

(−1)JV (40)
abcd (J)

(

[a†aa
†
b]J · [a†ca†d]J + h.c.

)

, (D.39)

H31 =
∑

abcd
J

(−1)JV (31)
abcd (J)

(

[a†aa
†
b]J · [a†cãd]J + h.c.

)

, (D.40)

H22 =
1

2

∑

abcd
J

(−1)JV (22)
abcd (J)[a

†
aa

†
b]J · [ãcãd]J . (D.41)

D.5 The correlation matrix

The QRPA matrix B has elements

Bab,cd(J) = 〈BCS|Aab(JM)Ãcd(JM)H|BCS〉 . (D.42)

Expanding the angular momentum couplings in Aab and Ãcd and using the un-
coupled expression for H40

2, we find

Bab,cd(J)

=
1

4
(−1)J+MNab(J)Ncd(J)

∑

mαmβ
mγmδ

(jamαjbmβ |JM)(jcmγjdmδ|J −M)

×
∑

α′β′γ′δ′

ua′ub′uc′ud′(−1)jc′−mγ′+jd′−mδ′ v̄α′β′,−γ′,−δ′

× 〈BCS|aβaαaδaγa†α′a
†
β′a

†
δ′a

†
γ′ |BCS〉

≡
24∑

i=1

Bi .

(D.43)

2This is the only contributing term of the residual interaction
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The 24 Bi terms arise from all possible contractions in the BCS vacuum expect-
ation value

〈BCS|aβaαaδaγa†α′a
†
β′a

†
δ′a

†
γ′ |BCS〉

=− δαα′δββ′δγγ′δδδ′ + δαα′δββ′δγδ′δδγ′ + δαα′δβδ′δδβ′δγγ′

− δαα′δβδ′δδγ′δγβ′ − δαα′δβγ′δδβ′δγδ′ + δαα′δβγ′δδδ′δγβ′

− δαβ′δβα′δδγ′δγδ′ + δαβ′δβα′δδδ′δγγ′ − δαβ′δβδ′δδα′δγγ′

+ δαβ′δβδ′δδγ′δγα′ − δαβ′δβγ′δδδ′δγα′ + δαβ′δβγ′δδα′δγδ′

− δαδ′δβα′δδβ′δγγ′ + δαδ′δβα′δδγ′δγβ′ + δαδ′δββ′δδα′δγγ′

− δαδ′δββ′δδγ′δγα′ + δαδ′δβγ′δδβ′δγα′ − δαδ′δβγ′δδα′δγβ′

− δαγ′δβα′δδδ′δγβ′ + δαγ′δβα′δδβ′δγδ′ − δαγ′δββ′δδα′δγδ′

+ δαγ′δββ′δδδ′δγα′ − δαγ′δβδ′δδβ′δγα′ + δαγ′δβδ′δδα′δγβ′ .

(D.44)

The contributions in the above expression for Bab,cd, form six groups each having
four equal terms according to

B1 =B2 = B7 = B8, B3 = B5 = B9 = B12 ,

B4 =B6 = B10 = B11, B13 = B15 = B20 = B21 ,

B14 =B16 = B19 = B22, B17 = B18 = B23 = B24 ,

(D.45)

thus, one needs to compute

Bab,cd(J) = 4 (B1 +B3 +B4 +B13 +B14 +B17) . (D.46)

For B1 we have

B1 =
1

4
(−1)J+M+1Nab(J)Ncd(J)uaubvcvd

×
∑

mαmβ
mγmδ

(jamαjbmβ|JM)(jcmγjdmδ|J −M)(−1)jc−mγ+jd−mδ v̄αβ,−γ,−δ
.

(D.47)
Inverting the two-body matrix element to coupled form using the equalities above
we obtain

B1 =
1

4
(−1)J+M+1Nab(J)Ncd(J)uaubvcvd

×
∑

mαmβ
mγmδ

(jamαjbmβ|JM)(jcmγjdmδ|J −M)(−1)jc−mγ+jd−mδ

×
∑

J ′M ′

[Nab(J
′)Ncd(J

′)]
−1

(jamαjbmβ |J ′M ′)(jc −mγjd −mδ|J ′M ′)

× 〈ab; J ′|V |cd; J ′〉 ,

(D.48)
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which by employing the Clebsch-Gordan properties becomes

B1 = −
1

4
uaubvcvd〈ab; J |V |cd; J〉 . (D.49)

Analogously to the case of B1, the term B3 takes the form

B3 =
1

4
(−1)J+MNab(J)Ncd(J)uaudvbvc

×
∑

mαmβ
mγmδ

(jamαjbmβ|JM)(jcmγjdmδ|J −M)(−1)jc−mγ+jb−mβ

×
∑

J ′M ′

[Nad(J
′)Ncb(J

′)]
−1

(jamαjdmδ|J ′M ′)(jc −mγjb −mβ|J ′M ′)

× 〈ad; J ′|V |cb; J ′〉 .

(D.50)

The four Clebsch-Gordan coefficients with the phase factors sum into 6j symbol,
thus B3 becomes

B3 =−
1

4
Nab(J)Ncd(J)uaudvbvc

∑

J ′

[Nad(J
′)Ncb(J

′)]
−1

× Ĵ ′
2
{
ja jb J
jc jd J ′

}

〈ad; J ′|V |cb; J ′〉

=
1

4
Nab(J)Ncd(J)uaudvbvc〈ab−1; J |Vres|cd−1; J〉 .

(D.51)

The term B4 is treated as B3. The result is

B4 =(−1)jc+jd+J+1B3(c↔ d)

=
1

4
(−1)jc+jd+J+1Nab(J)Ncd(J)uaucvbvd〈ab−1; J |Vres|dc−1; J〉 .

(D.52)

The terms B13 and B14 are deduced from B4, while B17 is obtained from B1. The
results read

B13 =
1

4
(−1)jc+jd+J+1Nab(J)Ncd(J)ubudvavc〈ab−1; J |Vres|dc−1; J〉 ,

B14 =
1

4
Nab(J)Ncd(J)ubucvavd〈ab−1; J |Vres|cd−1; J〉 ,

B17 =−
1

4
ucudvavb〈ab; J |Vres|cd; J〉 .

(D.53)

Then, the correlation matrix can be cast in the form

Bab,cd(J)

=− (uaubvcvd + vavbucud)〈ab; J |V |cd; J〉
+Nab(J)Ncd(J)

[

(uavbvcud + vaubucvd)〈ab−1; J |Vres|cd−1; J〉

− (−1)jc+jd+J(uavbucvd + vaubvcud)〈ab−1; J |Vres|dc−1; J〉
]

.

(D.54)
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This expression can be compactly written in terms of the Baranger matrix ele-
ments

G(abcdJ) =− 1

2
[Nab(J)Ncd(J)]

−1 〈ab; J |V |cd; J〉

=− 1

2

√

1 + δab(−1)J
√

1 + δcd(−1)J〈ab; J |V |cd; J〉 ,

F (abcdJ) =− 1

2
〈ab−1; J |Vres|cd−1; J〉 ,

(D.55)

in the form

Bab,cd(J) =2Nab(J)Ncd(J)
[

(uaubvcvd + vavbucud)G(abcdJ)

− (uavbvcud + vaubucvd)F (abcdJ)

+ (−1)jc+jd+J(uavbucvd + vaubvcud)F (abdcJ)
]

.

(D.56)





Appendix E

E.1 Supernova distributions

In Chapt. 4 and Chapt. 5, the calculations concerning Supernova neutrino
scattering assume the Maxwell-Boltzmann neutrino energy spectra, ηSNνα (Eν) ≡
ηMB
να (Eν), given in Eq.(4.74). Here we review two alternative SN neutrino energy-
distributions that have been widely used in the literature, namely the Fermi-Dirac
(FD) and the power-law (PL) ones. For the case of FD, here we provide for the
first time analytical expressions regarding the normalisation constant and the
mean energy.

E.1.1 Fermi-Dirac distribution

For each flavour α = {e, µ, τ}, the emitted neutrino spectrum of a core collapse
Supernova is assumed to resemble a FD energy-distribution

ηFDνα (Eν) = N2(ηdg)
1

T 3
να

E2
ν

1 + exp( Eν

Tνα
− ηdg)

, (E.1)

where ηdg = µ/Tνα is the degeneracy parameter that depends on the inser-
ted chemical potential, µ, and the temperature Tνα. The normalisation factor,
N2(ηdg), is defined as

1

Nn(ηdg)
=

∫ ∞

0

xn

1 + exp(x− ηdg)
dx, x = Eν/Tνα . (E.2)

We find that the latter integral can be solved explicitly in terms of known func-
tions 1, as

∫ ∞

0

xn

1 + exp(x− ηdg)
dx = −Γ(n+ 1)Lin+1(−eηdg) , (E.3)

1With ℜe(n) > −1.
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where Γ(x) is the known gamma-function and Lin(z) the polylogarithm function

Lin(z) =
∞∑

k=1

zk

kn
. (E.4)

Therefore, for n = 2, the normalisation factor of the FD distribution reads

N2(ηdg) =
1

−Γ(2 + 1)Li2+1(−eηdg)
,

=− 1

2Li3(−eηdg )
,

(E.5)

and thus, the FD distribution given in Eq.(E.1) takes the final form

ηFDνα (Eν) = −
1

2Li3(−eηdg)
1

T 3
να

E2
ν

1 + exp( Eν

Tνα
− ηdg)

. (E.6)

From the definition of the mean energy, we have

〈Eνα〉 =
∫ ∞

0

Eν η
FD
να (Eν) dEν ,

=N2(ηdg)

∫ ∞

0

E3
ν

T 3
να

1

1 + exp( Eν

Tνα
− ηdg)

.
(E.7)

By changing variables, we write

〈Eνα〉 =N2(ηdg)Tνα

∫ ∞

0

x3

1 + exp(x− ηdg)
,

=N2(ηdg)
T

N3(ηdg)
,

=− 1

2Li3(−eηdg)
Tνα [−Γ(3 + 1)Li3+1(−eηdg )] ,

⇒ 〈Eνα〉 =3
Li4(−eηdg)
Li3(−eηdg)

Tνα .

(E.8)

By expanding the exact result given in Eq.(E.8), up to ∼ η3dg terms, it yields

〈Eνα〉 =Tνα
{ 7π4

180ζ(3)
+ ηdg

(

3− 7π6

1620ζ(3)2

)

+
η2dg (−2430π2ζ(3)2 − 378π4ζ(3) ln(2) + 7π8)

14580ζ(3)3

+
η3dg (1863π

4ζ(3)2 + 756π6ζ(3) ln(2)− 174960ζ(3)3 ln(2)− 7π10)

131220ζ(3)4

}

,

(E.9)
where ζ(s) =

∑∞
n=1

1
ns is the Riemann zeta function with ζ(3) = 1.20206. How-

ever, for numerical calculations, it is more convenient to write

〈Eνα〉 =
(
3.15137 + 0.125037ηdg + 0.0429024η2dg + 0.00592166η3dg

)
Tνα . (E.10)
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Equivalence with Maxwell-Boltzmann

It is not difficult to show that for ηdg → −∞, the Fermi-Dirac distribution
reduces to the Maxwell-Boltzmann distribution. Starting from FD, one has

ηFDνα (Eν) =

[∫ ∞

0

x2

1 + e(x−ηdg)
dx

]−1
1

T 3
να

E2
ν

1 + e
( Eν
Tνα

−ηdg)
,

=

[∫ ∞

0

x2eηdg

eηdg + ex
dx

]−1
1

T 3
να

E2
νe

ηdg

eηdg + eEν/Tνα
,

=

[∫ ∞

0

x2

eηdg + ex
dx

]−1
1

T 3
να

E2
ν

eηdg + eEν/Tνα
,

ηdg→−∞
=

1
∫∞

0
x2e−x dx

E2
ν/T

3
να

eEν/Tνα
,

=
1

Γ(2 + 1)

E2
ν/T

3
να

eEν/Tνα
,

=
E2

ν

2T 3
να

e−Eν/Tνα ,

≡ηMB
να (Eν) .

(E.11)

E.1.2 Power-law distribution

Often times, the emitted energy spectrum of Supernova neutrinos is described
by the power law distribution

ηPLνα = N(a)

(
Eν

〈Eνα〉

)a

e−(a+1)Eν/〈Eνα〉 , (E.12)

where the flavour dependence is based on the mean energy, 〈Eνα〉, while the
normalisation factor reads

N(a) =
(a+ 1)a+1

Γ(a+ 1)〈Eνα〉
. (E.13)





Appendix F

F.1 Nuclear charge density distribution

The nuclear charge density distribution, ρ(r), is defined as the Fourier trans-
form of the nuclear form factor F (q2) and for a spherically symmetric nuclei in
the plane wave Born approximation is written as

ρ(r) =
1

2π2

∫

F (q2)j0(|q|r)q2 d|q| , (F.1)

where j0(x) is the zero-order Spherical Bessel function and |q| denotes the mag-
nitude of the three-momentum transfer 1. Experimentally it can be studied with
high accuracy from electron scattering data available into a finite momentum
range. In particular the amplitudes of Fourier components of the nuclear charge
density with wavelengths are restricted between 2π/|q|min and 2π/|q|max. In the
literature, several model-independent analyses have been adopted, the most com-
mon definitions and normalisations of which are presented below.

F.1.1 Fourier-Bessel analysis

The Fourier-Bessel analysis is defined as [235]

ρ(r) =

{∑N
v=1 avj0(vπr/R) for r ≤ R ,

0 for r > R ,
(F.2)

where R is the cuttof radius and N = R|q|max/π. In this model, the first N
coefficients of the series are determined directly by the experimental data. It
is worth mentioning that uncertainties in the nuclear charge distribution due
to experimental errors and from the lack of knowledge regarding the large |q|

1Note that, in Chapt. 4 we have also introduced the definition κ = |q| [see Eq. (4.42)].

203



204 Appendix F.

behaviour can be determined separately [56]. The chosen normalisation is such
that the integral over the nuclear charge density reads

4π

Z

∫

ρ(r)r2 dr = 1 , (F.3)

where Z denotes the atomic number of the nucleus.

F.1.2 Other models describing the charge distribution

Fermi models

The two-parameter Fermi model is defined as

ρ(r) = ρ0/(1 + e(r−c)/z) , (F.4)

and the three-parameter Fermi model is written as

ρ(r) = ρ0(1 + wr2/c2)/(1 + e(r−c)/z) , (F.5)

where the parameters c, z, w are determined experimentally.

Gaussian models

The uniform Gaussian model reads

ρ(r) = ρ0

∫

e−(r−x)2/g2x2 dx , (F.6)

while the three-parameter Gaussian model is defined in a similar form to the
three-parameter Fermi model given in Eq.(F.5), as

ρ(r) = ρ0(1 + wr2/c2)/(1 + e(r
2−c2)/z2) . (F.7)

Another useful parametrisation is the so-called sum of Gaussians model [236]

ρ(r) =
∑

i

Ai

[

e−(r−Ri)
2/γ2

+ e−(r+Ri)
2/γ2

]

, (F.8)

where the parameters, Ai, are expressed in terms of the width of the Gaussian,
γ, and the fraction, Qi, of the charge contained in the i-th Gaussian, as follows

Ai =
ZQi

2π3/2γ3(1 + 2R2
i /γ

2)
. (F.9)

The positions, Ri, and the values of Qi (obeying the normalisation
∑

iQi = 1),
are fitted to the data.
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Harmonic Oscillator model

The Harmonic Oscillator model is defined through the simple expression

ρ(r) = ρ0
[
1 + α(r/a)2

]
e−(r/a)2 , (F.10)

with the parameters

α = α0a
2
0

[

a2 +
3

2
α0(a

2 − a20)
]

, (F.11)

a20 = (a2 − a2p)A/(A− 1) , (F.12)

α0 = (Z − 2)/3 , (F.13)

a2p =
2

3
〈r2〉proton , (F.14)

and 〈r2〉proton denoting the mean square radius of the proton charge distribution.
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